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Counting by Coin Tossings

Philippe Flajolet

Algorithms Project, INRIA-Rocquencourt, 78153 Le Chesnay, France
Philippe.Flajolet@inria.fr

Abstract. This text is an informal review of several randomized algo-
rithms that have appeared over the past two decades and have proved
instrumental in extracting efficiently quantitative characteristics of very
large data sets. The algorithms are by nature probabilistic and based on
hashing. They exploit properties of simple discrete probabilistic models
and their design is tightly coupled with their analysis, itself often founded
on methods from analytic combinatorics. Singularly efficient solutions
have been found that defy information theoretic lower bounds applicable
to deterministic algorithms. Characteristics like the total number of ele-
ments, cardinality (the number of distinct elements), frequency moments,
as well as unbiased samples can be gathered with little loss of informa-
tion and only a small probability of failure. The algorithms are applicable
to traffic monitoring in networks, to data base query optimization, and
to some of the basic tasks of data mining. They apply to massive data
streams and in many cases require strictly minimal auxiliary storage.

1 Approximate Counting

Assume a blind man (a computer?) wants to locate a single black sheep amongst
a flock of N — 1 white sheep. The man can only ask an assistant questions with
a Yes/No answer. Like for instance: “Tell me whether the black sheep is amongst
sheep ranked between 37 and 53 from the left”. This is a variation on the theme of
“Twenty Questions”. Clearly, about logy N = lg N operations are both necessary
and sufficient. (The proof relies on the fact that with ¢ bits of information, you
can only distinguish between 2° possibilities, so that one must have 2¢ > N,
hence £ > 1g N.) This simple argument is of an information-theoretic nature. It
implies the fact that one cannot keep a counter (the “black sheep”) capable of
recording counts between 1 and N with less than lg N bits.

Assume that we want to run a counter known a prior: to be in the range
1..N. Can one beat the information-theoretic lower bound? Yes and No! Not
if we require an exact count as this would contradict the information theoretic
argument. But, ... Say we relax the constraints and tolerate an uncertainty on
the counts of at most 10% (say) in relative terms. The situation changes dramat-
ically. We now just need to locate our count amongst the terms of a geometric
scale, 1, A, A%, A3 ... (till N), where A = 1.1. The problem then becomes that of
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finding an interval in a collection of about log 4 N intervals. Information theory
then tells us that this cannot be effected in fewer than

lglogy N =~ lglg N + 2.86245

bits, but it also tells us that the “amount of information” contained in an approx-
imate answer is of that very same order. For instance, it is conceivable that an
algorithm could exist with which counts till N = 216 = 65536 can be maintained
using 8 + 3 = 11 bits instead of 16.

This is the situation which Robert Morris encountered at Bell Labs in 1977.
He needed to maintain the logs of a very large number of events in small registers,
since the space available at the time was too small to allow exact counts to be
kept. A gain by a factor of 2 in memory against a degradation in accuracy
by some 30% was perfectly acceptable. How to proceed? Information theory
provides a theoretical possibility, not a solution.

Morris’s solution [23], known as the APPROXIMATE COUNTING Algorithm,
goes at follows. In its crudest (binary) version, you maintain a counter K that
initially receives the value K := 0. Counter K is meant to be a logarithmic
counter, in the sense that when the exact count is n, the value K of the counter
at that time should be close to lgn. Note that the single value that gets stored is
K, which itself only requires lg K = lglgn bits. Morris’ ingenious idea consists in
updating the counter K to its new value K* according to the following procedure:

K* = K +1 with probability 2~ ¥; K* = K with probability 1 — 27K

As time goes, the counter increases, but at a smaller and smaller pace. Im-
plementation is especially easy given a (pseudo)random number generator of
sorts [21].

The notable fact here is the appeal to a probabilistic idea in order to increment
the counter. A plausible argument for the fact that K at time n should be close
to lgn is the fact that it takes 1 impulse for the counter to go from value 0
to value 1, then on average 2 more impulses to from 1 to 2, then on average 4
more impulses from 2 to 3, and so on. In other words, a value K = & should be
reached after about

14+2+4+4+---4281=2F_1

steps. Thus, provided this informal reasoning is correct, one should have the
numeric and probabilistic approximation 2 =~ n. Then, the algorithm should
return at each instant n° = 2% as an estimate of the current value of n.

We have just exposed the binary version of the algorithm, which can at best
provide an estimate within a factor of 2 since the values it returns are by design
restricted to powers of 2. However, it is easy to change the base of the counter: it
suffices to replace 2 by a smaller number ¢ typically chosen of the form g = 2/7.
Then, the new counter gets updated at basically r times the rate of the binary
counter. Its granularity is improved, as is, we may hope, the accuracy of the
result it provides.



