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Preface

Xi

This text is written for a one-semester or one-quarter course in plane trigonometry. Upon
completion, the student will be prepared for many technical courses, including some physics
courses and the analytic geometry and calculus sequence. Every student wishing to pursue a
study of mathematics must know trigonometry. The prerequisites for a trigonometry course are
2 years of high-school algebra and a study of plane geometry or the equivalent of these
COUTSEs.

Trigonometry is basically concerned with the six circular (or trigonometric) functions.
Because these functions are important in the mathematics courses that follow trigonometry, a
functional approach is used throughout this text.

The wrapping function on the unit circle is first introduced, and its properties are studied
as a springboard to the sine and cosine as circular functions (see Note to the Instructor below).
The remaining four circular functions are presented after an in-depth study is made of the sine
and cosine. The six functions are later defined as trigonometric functions on the dorain of
generated angles. Both the unit circle and the generated angle approaches are used because
each has its own merits in the theoretical development and applications of trigonometry.

Other features of the text are as follows:

1. It is written for the student. The main topics are illustrated by examples, solved in detail,
which guide the reader in the solution of homework exercises. Over 275 solved examples
are presented.

2. Many applications of trigonometry are included to show its usefulness. Applied problems
are found in the appropriate exercise lists.

3. Historical references discuss the origin and development of trigonometry. These notes add
perspective and present trigonometry as a work of humanity.

4. Several sections feature instructions for using an electronic calculator to solve problems,
and some exercise lists have problems specially designed to be solved in that manner;

E
these problems are indicated by the symbol . It is recommended that students should
purchase scientific calculators that have keys for the trigonometric and inverse trigono-
metric functions. An adequate scientific calculator can be purchased for less that the price
of this book, and the money will be well spent in terms of the time saved and the accuracy
gained when solving the homework exercises.

It is not necessary to have a calculator when using this text because exercises marked
for a calculator can be omitted, and a full course in trigonometry still remains. In the
absence of a calculator, the tables of Appendix E are sufficient for exercises that are not

marked . Instructions for using these tables are given in the appropriate sections.

5. An extensive list of exercises found in each section ranges in difficulty from drill-type
problems to problems that challenge the student. Other exercises question the student about
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the definitions, theorems, and theoretical aspects of trigonometry. A comprehensive set of
review exercises concludes each chapter. Exercises are also included in Appendix A,
Preliminary Algebraic Topics, and Appendix B, Mathematical Induction. Approximately
2700 exercises appear in the text; the answers to most odd-numbered problems are at the
back of the book, and answers to the even-numbered problems are found in the instructor’s
manual.

6. Chapter O includes those geometric facts most essential for trigonometry. The necessary

algebraic facts are found in Appendix A and in Sections 1.1 and 7.1.

Note to the Instructor

Use of the wrapping function on the unit circle is exploited to its fullest in this text. The
advantages of this approach are as follows:

1. The wrapping function W is a periodic function. W is used to define the six circular
functions, which ‘‘inherit”” the periodic nature of W. For example, from W(8) =
W(O + 2mk) we obtain sin@ = sin(@ + 2mwk). The periodic nature of the circular (or
trigonometric) functions is one reason for their importance in scientific applications and in
higher mathematics.

2. W is defined with reference to the unit circle x¥* + y* = 1. The sine and cosine have the
same domain as W and “‘inherit’’ their ranges from the fact that on the unit circle |x| =< 1
and [y| = 1.

3. In Chapter 1, several important properties of W are exploited to quickly yield identities
for the circular functions. For example, from the fact that W is defined on the unit circle
2 + y* = 1, we obtain cos’® + sin’® = 1. Also, one of the first theorems states that
if W) = (x, y) then W(—0) = (x, —y). This implies that cos(—8) = cos 0

and sin(—0) = —sin 6. In a similar fashion, the following identities are obtained in
Chapter 1: sin(w — 0) = sinf; sin(w + 0) = —sind; cos(w — ) = —cosO; and
cos(mm + 0) = —cos 6.

4. The identities of number 3 (above) are obtained early in the course and are important for
the reference numbers (or reference angles) needed in Chapter 1 for solving trigonometric
equations and in reading tables.

The spiral approach is one of the pedagogic methods. of this text. After a topic has once
been introduced and explained it is presented again at a later time in a different context and/or
in greater depth. This procedure is repeated as often as is necessary or appropriate. The rein-
forcement afforded by this method is definitely advantageous. For example, in Chapter 1 when
the sine and cosine functions are studied the topic of identities is first introduced. It is met
again in Chapter 2 with the tangent function; in Chapter 3 with the cotangent, secant, and
cosecant functions; and finally attains its broadest treatment in Chapter 5. Other topics are
presented in a similar fashion.

The words “‘Include if time permits’” appear in parentheses following the title of some
subsections. These subsections can be omitted from the course without disturbing its continuity.
Interesting sidelights are contained in these subsections, and if they can be included the stu-
dents will have a better understanding of trigonometry.

In closing I wish to thank Richard Jones of Wadsworth Publishing Company, for his
many valuable suggestions that helped shape this text.

Richard T. Kuechle



Table of Contents

vii

Preface

0

0.1
0.2
0.3

PRELIMINARY TOPICS

What is Trigonometry?
Essential Geometric Topics, Part One

Essential Geometric Topics, Part Two

Review Exercises

1.1
1.2
1.3
14
15
1.6
1.7
1.8
19

CIRCULAR FUNCTIONS, IDENTITIES, AND CONDITIONAL
EQUATIONS: A FIRST LOOK

The Wrapping Function and Periodic Functions

Properties of the Wrapping Function

Coordinates of Special Points on the Unit Circle

The Sine and Cosine Functions

Identities and Conditional Equations: A First Look

Evaluating Sine and Cosine by Calculator and by Tables: More Conditional Equations
Graphs of the Sine and Cosine

Phase Shifts and Period Changes for the Sine and Cosine

Graphing by Addition of Ordinates

Review Exercises

2

2.1
2.2
2.3

THE TANGENT FUNCTION

Definition of and Identities for the Tangent
Graph of the Tangent

Conditional Equations Involving the Tangent, Sine, and Cosine

Review Exercises

27

27
38
43
49
58
65
77
85
95

102

102
110
119
12§



viii TABLE OF CONTENTS

3 THE RECIPROCAL CIRCULAR FUNCTIONS: COTANGENT,
SECANT, AND COSECANT 127
3.1 Definitions of the Reciprocal Circular Functions 127
32 Graphs of the Reciprocal Circular Functions 136
33 Identities and Conditional Equations with the Reciprocal Circular Functions 142
Review Exercises 148
4 TRIGONOMETRIC FUNCTIONS 150
4.1 Units for Angle Measurement; Formula for Arc Length 150
4.2 Definitions of the Trigonometric Functions 159
4.3 Evaluating Trigonometric Functions for Degree Measure 167
4.4 Right-Triangle Trigonometry 174
4.5 Applications of Right-Triangle Trigonometry 182
4.6 More Applications of the Trigonometric Functions 190
4.7 Historical Notes: The Origins of Trigonometry 201
Review Exercises 202
5 MORE FUNDAMENTAL IDENTITIES AND EQUATIONS 207
5.1 Identities for Cos(u — v) and Cos(u + v) 207
52 Sum and Difference Identities for Sine and Tangent; Identities for 2u 213
53 Identities for w/2 219
54 Proving More Identities 225
5.5 Identities for Interchanging Sums and Products; More Trignometric Equations 230
Review Exercises 239
6 SOLUTION OF OBLIQUE TRIANGLES 242
6.7 The Law of Sines 243
6.2 The Ambiguous Case and Area of a Triangle 250
6.3 The Law of Cosines; Area of a Segment of a Circle 258
64 Vectors in the Plane 266
6.5 Applications of Vectors 275
Review Exercises 281
7 THE INVERSE TRIGONOMETRIC FUNCTIONS 284
7.1 The Inverse of a Function 284
7.2 The Inverse Sine and Inverse Cosine Functions 289
7.3 Other Inverse Trigonometric Functions and Relations 298

Review Exercises 305



TABLE OF CONTENTS

8 COMPLEX NUMBERS AND POLAR COORDINATES
8.1 Polar Coordinates

8.2 The Complex Numbers

8.3 Subtraction and Division with Complex Numbers

8.4 Geometric Representation of Complex Numbers

8.5 Integral Powers and Roots of Complex Numbers

Review Exercises

Appendix A PRELIMINARY ALGEBRAIC TOPICS

Al Solution of Equations in One Variable
A2 Absolute Value and Inequalities
Appendix A Exercises

Appendix B MATHEMATICAL INDUCTION

Appendix B Exercises

Appendix C GEOMETRIC INTERPRETATION OF LINEAR
INTERPOLATION

Appendix D COMPUTATION WITH APPROXIMATE DATA

Appendix E TABLES

Answers to Selected Exercises
Index

ix

308

308
313
321
327
334
343

347

347
349
351

353

355

357

359

363

377
405



Preliminary Topics

0.1

WHAT IS TRIGONOMETRY?

Have you ever heard of a trigon? Perhaps not, but we are acquainted with particular
types of polygons such as pentagons, hexagons, and octagons, which have five, six,
and eight sides, respectively. How many sides does a trigon have? By now you
should have guessed that it is another name (Greek) for a triangle. So trigonometry
has something to do with triangles, but what about the suffix metry? It, too, is Greek
and refers to “‘the process or science of measuring.”” Upon joining the two with the
letter “‘0’" we see that trigonometry is “‘the process or science of measuring trian-
gles.”” In particular, if we have some, but not all, information about the lengths of
sides and sizes of angles of a triangle, can we accurately calculate the dimensions of
the other parts? Finding the magnitudes of these unknown parts is at the heart of a
process known as indirect measurement. Indirect measurement is used for many
purposes, among which are finding the distances to and sizes of the moon, sun,
planets, and other heavenly bodies. This type of problem concemed the ancients who
originated the subject of trigonometry, but in our time other applications of trigonom-
etry have assumed greater importance.

There are six different ratios involving the lengths of sides of a right triangle.
These ratios are essential to the process of indirect measurement, and over the cen-
turies they evolved into the six trigonometric functions. Basically, trigonometry is the
study of these six functions, their inverse functions, and the ramifications of both.
The trigonometric functions are important in most higher mathematics courses, and a
complete study of analytic geometry, calculus, and differential equations is impossi-
ble without them.

Many phenomena in our world are periodic. That is, a particular behavior is
exhibited over and over again with a high degree of predictability. Examples of these
phenomena include sound waves, light waves, alternating-current electricity as used
in our homes, the movement of a piston in an automobile engine, and the electro-
magnetic waves by which radio and television signals are transmitted. The trigono-
metric functions are periodic functions and provide an excellent means of describing
these and other real-life periodic phenomena in a precise mathematical fashion. Many
of today’s technological advances would not exist if it were not for trigonometry.
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0.2 ESSENTIAL GEOMETRIC TOPICS, PART ONE

Axiomatic Systems

Angles

Before attempting a study of trigonometry it is mandatory that the student have two
years of high-school algebra (or its equivalent) and a course in plane geometry. A
description of those geometric topics most important to the development of trigonom-
etry is contained in this and the succeeding section. Some of the essential algebraic
topics necessary for trigonometry are found in Appendix A and in Sections 1.1 and
7.1.

All branches of mathematics are axiomatic systems. Certain words called undefined
terms are used to write definitions of other technical terms, which, in turn, can be
used to define more terms and symbols. For example, the words poinz, line, and
plane are undefined terms in geometry and are used to write definitions of other
words such as angle and transversal. Then the undefined and defined terms are used
to write implicative statements. Implicative statements consist of two parts: the first
is called the hypothesis and the second, the conclusion. We shall be concerned with
those implicative statements in which the truth of the conclusion depends upon the
truth of the hypothesis. For example, consider the implicative statement “‘If two
points are equidistant from the ends of a line segment, then they determine the per-
pendicular bisector of that segment.”” The hypothesis is ‘“Two points are equidistant
from the ends of a line segment,”” and the conclusion is ‘‘They determine the per-
pendicular bisector of that segment.”” This particular implicative statement is a theo-
rem. If we start with the truth of the hypothesis, by using the rules of logic we can
deduce that the conclusion is frue. Hence a theorem is an implicative statement that
must be proven true. On the other hand, there must be some initial ‘‘truths’’ upon
which we base the proofs of theorems. That is, a minimum number of implicative
statements must be accepted as true without being proven. These are known as axi-
oms and are the fundamental truths upon which the axiomatic system is based. Trig-
onometry as an axiomatic system depends upon algebra and geometry in the sense
that the undefined terms, definitions, axioms, and theorems of those two subjects
form the foundation for the definitions and theorems of trigonometry. No new, un-
defined terms or axioms will be necessary for our studies. We will develop trigonom-
etry through new definitions and theorems only.

Line and point are two undefined terms in geometry. Two distinct points determine
exactly one line. A particular line can be named by a single letter or by using any
«—>
two points on the line. In Figure 0.01 the line has the namesT BA, and (A_Bi where
the double-headed arrow indicates the infinite extent of the line in both directions.
—>

Note the contrasting ray or half-line CD; its end point is C and it extends indefinitely
—_—_ —

from C only in the direction of D. (Note that CD # DC.) Unlike a line or ray, a

line segment has a finite length and is named by the points at its extremities. Both

EF and FE name the line segment in Figure 0.01. Associated with each line segment

is a unique real number that is the measure of its length, depending upon the unit of

measure used. FE and EF both designate the length of EF.
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An angle is the set of points formed by two rays having a

common end point. Raysﬁ) and BC form the angle shown in
E Figure 0.02, and the rays are the sides of the angle. One name for
this angle is ZABC, where the symbol £ is interpreted as ‘“‘an-
gle.”” The middle letter of the three used to name the angle is the
F " common end point of the two rays. This is B, which is the vertex
Line segment  Of the angle. The vertex does not lie on either side of the angle.
EF or FE The other two letters, A and C, come from the two different rays
that form the angle. ZCBA is also a correct name for the angle.
Since there is only one angle having point B as its vertex, then 2B

is another name for ZCBA.
The concept of angle that is needed in trigonometry goes be-
yond the present description. We need to de-
. fine a generated angle, which adds the con-
Terminal . o . —
side cept of rotation. We arbitrarily designate BC
as the initial side and BA as the terminal
side of ZCBA in Figure 0.02. The angle

shown can be ‘‘generated,”’ or formed, by a
Initial counterclockwise rotation of the initial side

side - .. . = d
BC to the position of the terminal side BA.
This direction of rotation is defined to be pos-
itive, and the angle so formed, 0, is shown
with a curved arrow in the counterclockwise
direction. (0 is the Greek letter ‘‘theta.”’) A

Figure 0.02 negative generated angle is formed by a

clockwise rotation from the initial to the ter-
minal side, and in Figure 0.02 3 is such an angle. (B is the Greek letter ‘‘beta.”’)

The amount of rotation is another factor to be considered. In Figure 0.02, if FC_‘)

makes one additional complete rotation before coming to rest onﬁ the generated
angle Za is formed. (o is the Greek letter “‘alpha.’”) The curved arrow again iden-
tifies the amount and direction of rotation. This process could continue indefinitely,
making additional clockwise or counterclockwise rotations to form an infinite number

of generated angles, all of which share BC as the initial side and BA as the terminal
side. o, 3, 0, and all angles so formed in Figure 0.02 are known as coterminal
angles. Each generated angle has a unique real number, called its measure, associated
with it. The most common unit of measure is the degree. A comprehensive discus-
sion on the measurement of angles is found in Section 4.1. An acute angle has a
measure between 0° and 90°, a right angle has a measure of 90°, the measure of an
obtuse angle is between 90° and 180°, and the measure of a straight angle is 180°.
If the initial side of a generated angle makes one complete counterclockwise rotation
before reaching the terminal side its measure is 360°. Two angles are complementary
if the sum of their measures is 90°. If the sum of the measures of two angles is 180°
they are supplementary. Two or more angles are congruent if they have the same
measure. For example, all right angles are congruent, since their common measure is
90°. The symbol = means ‘‘is congruent to.”” Hence if the measure of LZOMP =
12° = the measure of ZRNS, we may write ZOMP = /RNS. The = symbol also
applies to line segments that have the same length. If two line segments, RS and TU,
have the same length, this can be expressed as RS = TU.
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Zo, and

Lo, are

vertical angles.

S

B Lo, and Lo, are
alternate interior
angles. Lo, = Za,.

Za, and Za, are

< — corresponding
D angles. Za, = La,.
ZB, and 2, are
vertical angles. AB is parallel to CD.
Figure 0.03 EF is a transversal.
Figure 0.04

Triangles

Vertical angles, which are always congruent, are formed when two lines inter-
sect. In Figure 0.03 there are two pairs of vertical angles: Zo; = Lo, and £ =
ZB,. If two lines or rays intersect so that a right angle is formed, then the lines or
rays are perpendicular. Two intersecting line segments can also be perpendicular if
the lines determined by the segments are perpendicular. If two lines are the same
distance apart at all points they are parallel lines, and any line that intersects them
is known as a transversal. Refer to Figure 0.04. The alternate interior angles, Lo,
and Za,, are congruent, as are the corresponding angles, 2o, and Zqs.

When three noncollinear points of the plane are connected by three line segments, a
triangle is formed. Each point is a vertex of the triangle, and the letters at the
vertices are used to name the triangle. Hence, in Figure 0.05, we have triangles ABC,
DEF, HIJ, and KLM. The symbol AABC means ‘‘triangle ABC.”’ The line segments
forming the triangle are its sides. Triangles are classified according to the relative
sizes of their angles and sides, as shown in the following chart.

Obtuse and
isosceles

A
C F
Scalene and E
acute L
H
e
0@“\)%
we Leg
J 1 K
Leg M
Equilateral and
Right triangle equiangular

Figure 0.05
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Triangle Classification by Sides

Name Sides Example in Figure 0.05
Scalene All sides of unequal lengths AABC o
Isosceles Two congruent sides ADEF with DE = EF
Equilateral All sides congruent AKLM

Triangle Classification by Angles
Name Angles Example in Figure 0.05
Acute All angles acute AABC
Obtuse One obtuse angle ADEF with obtuse £DEF
Right One right angle AHIJ with right £ HIJ
Equiangular All angles congruent AKIM

A right angle will sometimes be identified by the symbol I placed within the
angle at its vertex, as in ZHIJ of Figure 0.05. In a right triangle the side opposite
the right angle is called the hypotenuse, and the other two sides are known as legs.

N
A/

C

AT_’and BB’ are altitudes.
AC is the base for BB'.
BC is the base for AA’.

Figure 0.06

D

F g

Legs DE and FE are
also altitudes.

If a line segment extends from any ver-
tex of a triangle perpendicular to the line con-
taining the opposite side, then its length is an
altitude of the triangle. The line segment is
sometimes called the altitude. In Figure 0.06
AA’ and BB’ represent two of the three alti-
tudes of AABC. The legs of a right triangle
are also altitudes. DE and FE are altitudes of
right ADEF. A base is the length of the side
to which an altitude is perpendicular. The
name also refers to the line segment itself. In
Figure 0.06, BC is the base for altitude AA’,
and AC is the base for altitude BB'. Likewise,
DE is the base for altitude FE. The numerical

meanings of ‘‘base’’ and “‘altitude’” are employed in the formula for the area of a

triangle.

1
Area of a triangle = 5 (base) (altitude)

The following theorem is of paramount importance for the study of trigonometry:

0.2.1 Theorem: Sum of Angles of a Triangle

In any triangle, the sum of the measures of its angles equals 180°.
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From this theorem we can deduce that a triangle can have no more than one right
angle or one obtuse angle, and the acute angles of a right triangle are complementary.

Cartesian Coordinates

In trigonometry it is necessary to locate points in the plane by means of a coordinate
system. The Cartesian or rectangular coordinate system is based upon two perpen-
dicular number lines that intersect at a point called the origin. See Figure 0.07. The

y-axis
_______ S T Vertical axis
(—2.3) 7
2t
1 %/ Origin
1 1 l S S W I x-axis
—4 -3 -2 -1 1 2 3 4
|
) % Horizontal axis
-3 }.
Figure 0.07
y

QUADRANT II
X negative
¥ positive

QUADRANT I
X positive
y positive

QUADRANT 111
X negative
y negative

QUADRANT IV
X positive
¥ negative

Figure 0.08

horizontal line is called the x-axis, while the
vertical line is known as the y-axis. Each
point on the x-axis (or y-axis) corresponds to
exactly one real number and vice versa. Or-
dered pairs of numbers are formed where the
first number in each ordered pair is the ab-
scissa or x-coordinate, and the second is the
ordinate or y-coordinate. The Cartesian co-
ordinate system associates these ordered pairs
with points in the plane. The system depends
upon the axiom that says each point in the
plane corresponds to exactly one ordered pair,
and each ordered pair corresponds to exactly
one point of the plane. To locate the point
corresponding to a given ordered pair we pro-
ceed as follows, using (—2, 3) as an exam-
ple. Locate the point on the x-axis corre-
sponding to the abscissa, —2, and draw a
line through this point perpendicular to the x-
axis. See Figure 0.07. Next draw a line per-
pendicular to the y-axis where y = 3. The
intersection of these two lines locates the
unique point whose Cartesian (or rectangular)
coordinates are (—2, 3). The point which
corresponds to a given ordered pair is called
the graph of the ordered pair, and the ab-
scissa and ordinate of the ordered pair are the
coordinates of the point.

The coordinate axes divide the plane
into four nonintersecting regions called quad-

rants. Refer to Figure 0.08. The coordinate axes themselves are not part of any
quadrant but serve to separate one from another. All points on the x-axis have y-
coordinates that are zero, and all points on the y-axis have x-coordinates that are zero.
The origin has coordinates (0, 0). It is important to know in which quadrants the x-
and y-coordinates are positive and negative, as shown in Figure 0.08.

Pythagorean Theorem and Distance Formula

If two points lie on the same vertical or horizontal line, it is a simple matter to find
the distance between them. For example, points A and B, having coordinates (3, 5)



Example 1

Solution:

Solution:

A
Clx;, ¥5)
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and (3, —7), respectively, both lie on the vertical line x = 3, and the distance
between them is equal to the absolute value of the difference in the y-coordinates.
Hence AB = |5 — (—7)| = 12. How do we find the distance between points which
do not lie on the same vertical or horizontal line? The method depends upon the
Pythagorean theorem, which is stated here for reference.

0.2.2 Pythagorean Theorem

If the lengths of the legs and hypotenuse of a right triangle are a, b, and c,
respectively, then a® + b* = .

Find the length of the indicated side in each of the given right triangles.

F=a + b =24+ 7 =576 + 49 = 625. c=7?
¢ = V625 = 25. b=1
a=24
b=27
¢’ = a* + b implies that b = \/¢Z — a2
b =17 - & =144 — 36 = VI8 = 6v3. ¢=6 - 12

The formula for calculating the distance between any two points in the plane is
found in the next theorem, whose proof depends upon the Pythagorean theorem.

0.2.3 Theorem: Distance Formula

For any two points in the Cartesian plane having coordinates (x;, y,) and
(x2, ¥2), the distance d between the points is

d= V0 — P+ (: — nP

Ay, ¥,) Proof: Refer to Figure 0.09, where d = AB is the distance

N L1

I and I, they can be in any quadrant or on any axis, and the

to be found. Although points A and B are shown in quadrants
/ , generality of the proof will not be affected. Through A and B,

B(x,, _\v])n/

/ - construct horizontal and vertical lines that intersect at C,

forming right triangle ABC whose hypotenuse is AB. The co-
ordinates (x;, y;) of B and (x;, y,) of A are known. The coordinates

of C must be (x;, y,), sincejR‘> is parallel to the x-axis a.ndEE‘) is
parallel to the y-axis. In the following calculations we use the facts

Figure 0.09 that
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AC = |X2 - xl" BC = b’z - Y1‘v ixz - x1|2 = (x — x1)2, and
lya — »1[* = (y2 — y1)>. By the Pythagorean theorem
(AB)* = (ACY* + (BC)?
o = + Iy, — »
= (x; — x)* + (2 — »)?
Therefore AB = d = V(x; — x)% + (y, — y)?,
the final step in the proof.

,2

The application of the distance formula is explained in Example 2.
Example 2  Find the distance between two points whose coordinates are (1, —12) and (—4, 0).

Solution:  Since (x; ~ x7)* = (x; — x,)° and 02 — y)? = (1 — ¥2)% it makes no difference
whether (1, —12) = (x;, y1) or (x5, ;). We arbitrarily choose (I, —12) = (x5, y,)
and (-4, 0) = (x4, y1).

y d= Vi —x)? + (y, — »n)?
=V[I = (9P +[-12 - 0 =V5% + (—12)2
x = V25 + 144 = V169 = 13 = 4.

-

(=4,0

\(I, - 12)

Circles

Our introduction to trigonometry in Chapter 1 will include both the wrapping function
and two of the circular functions. Circles play an important role in both types of
functions. A circle is a set of all points in the plane that are at a fixed distance r
from a fixed point having coordinates (a, b). The radius of the circle is r and its
center is (a, b). (Note: We sometimes use the coordinates of a point in place of the
name of the point. Hence, point P, whose coordinates are (a, b), can be written as
point (a, b).) If the radius and center of a circle are known, the circle has an equation
of a particular type. This is the subject of the following theorem.

0.2.4 Theorem: Equation of a Circle
If (x, y) is any point on a circle C, having radius r and center (@, &), then
@x-a’+@-b'=r

is an equation of C.

The proof of 0.2.4 depends upon the distance formula and is left for the list of
exercises. The following examples utilize 0.2.4.



