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Besides the usual “talks” on various topics of interest to the readership of
the Séminaires, this volume contains a presentation by A. Lejay of the the-
ory of rough paths, and some of the talks presented in September 2002 at
the Journées de Probabilités held in La Rochelle. Other talks given at these
Journées will be published in the next volume (volume XXXVIII).

The organizers of the Journées and the Séminaire are thankful to the
Conseil Régional de Poitou-Charentes for its support.

The typographical presentation of the contributions has become much
more homogeneous than in previous volumes; this meets a demand of our
publisher Springer-Verlag, but does not mean that we aim to become a Jour-
nal! On the contrary, we are determined to keep using non-scientific acceptance
criteria in addition to mathematical ones; the spirit of the Séminaire remains
the same: discussing recent results by young (and not so young) researchers,
making specialized courses widely available.

This new presentation would not have been possible but for the invaluable
TEXnical assistance of Anthony Phan. Many thanks to him for his help and
the time and skill he devoted to the finish of this volume.

J. Azéma, M. Emery, M. Ledoux, M. Yor

PROGRAMME

comegjcience
L3

Poitou-Charentes



Paul André Meyer est décédé subitement a Strasbourg le 30 janvier 2003.

C’est avec une profonde tristesse et une immense reconnaissance que
nous saluons la mémoire de celui qui créa et développa sans relache le
Séminaire de Probabilités, et dont les qualités scientifiques et humaines fai-
saient l'admiration de tous.

Ce volume est dédié a son souvenir.

J. Azéma, C. Dellacherie, M. Elllery,
M. Ledoux, M. Weil, M. Yor



An Impression of P. A. Meyer
As Deus Ex Machina

Frank B. Knight

When I came to the University of Illinois in 1963 I remember hearing that
Meyer had recently spent a semester there, working with J. L. Doob. I believe
my first sight of Meyer in person was in 1967 in Madison, Wisconsin at the
Chover Symposium on Probability and Potential. Meyer gave a 3-in-1 talk,
starting a separate topic on each of the three available blackboards, and ending
(no doubt) with a grand unification (but by that time I was lost).

I got the feeling of a sort of Napoleon of probability, both in appearance
and in accomplishment. Thus I was agreeably surprised to find at the Dinges
and Snell conference in Oberwolfach (1970) that he was in fact quite accessible.
There was Meyer standing at the end of a long polished table occupied by 10
or 15 other participants, answering questions in such a calm and resourceful
way that I could understand the discussion. It was not long before I, too,
was asking questions, and, to make a long story short, we developed a fruitful
correspondence. In 1974 I paid my first visit to Strasbourg as a guest of CNRS.
That was the year when the volume X of the Séminaire de Probabilités was
being aired (and the year of J. L. Doob’s 65'"" birthday), so this is ancient
history and we may skip forward to my second visit to Strasbourg in 1982.

I shall recount the incidents preceding publication of the papers [1] and [2],
both because even now they seem novel, and also because they are typical of
Meyer’s skill and generosity in dealing with colleagues. But the main reason
for presenting them now is because they complete the proof of an assertion
(Theorem 1.4 of [2]) which Meyer himself found “really beautiful” and which
may still be relevant to the subject.

At that time my paper [1] had been submitted to the Ann. Sci. Ec. Norm.
Sup., and it turned out that Meyer was acting as both editor and referee.
I do not know whether he first obtained the paper as the referee or directly
from me. In any case he returned it to me for revision, but with special
praise for Theorem 1.4. Meanwhile he obtained a very closely related result
which was more general insofar as it included the non-Gaussian processes, but
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not comparable inasmuch as it applied only for t = oo, whereas Theorem 1.4
was for t < oo. Unfortunately neither of us remarked on this distinction until
after Meyer made the decision (sufficiently magnanimous to me) to publish
my revision followed by a “Remark” by him containing his simplified proof.
And that is how it turned out, except for a breakdown at the last moment.
Namely, in the proofreading stage, I discovered a flaw in my original proof of
Theorem 1.4. Thereupon (there was no other alternative) I deleted my proof
entirely and referred instead to [2]. It was after November 23, 1982 and too
late to make any more changes, so it was a shock when I finally noticed the
gap between t < oo and t = oo. Not being able to fill it in despite considerable
effort, I again called upon Meyer. In a matter of weeks (or days). he came up
with the following simple and brilliant solution. (See also [3] Theorem 3.38.)
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An Introduction to Rough Paths
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Summary. This article aims to be an introduction to the theory of rough paths, in
which integrals of differential forms against irregular paths and differential equations
controlled by irregular paths are defined. This theory makes use of an extension of
the notion of iterated integrals of the paths, whose algebraic properties appear to
be fundamental. This theory is well-suited for stochastic processes.

1 Introduction

This article is an introduction to the theory of rough paths, which has been
developed by T. Lyons and his co-authors since the early '90s. The main results
presented here are borrowed from [32, 36]. This theory concerns differential
equations controlled by irregular paths and integration of differential forms
against irregular trajectories. Here, x is a continuous function from [0, 1] to R%,
and the notion of irregularity we use is that of p-variation, as defined by
N. Wiener. This means that for some p > 1,

k—1
g (P
sup |zt — 24, |7 < +o0.
k21, 0Sto< << 1]

partition of [0,1]

As we will see, the integer |p| plays an important role in this theory.
In probability theory, most stochastic processes are not of finite variation,
but are of finite p-variation for some p > 2. We show in Sect. 10 how to apply
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this theory to Brownian motion. But the theory of rough paths could be used
for many other types of processes, as presented in Sect. 12.
Firstly, we give a meaning to the integral

t
f(zs)dxs, or equivalently, / f (1.1)
0 2([0,t])
for a differential form 1
f@)=>_ fi(z)da'. (1.2)
i=1

We are also interested in solving the controlled differential equation

dye = f(yr) day, (1.3)

where f is the vector field
d 9
fly) = ;fi(y)a—%-

This will be done using Picard’s iteration principle, from the result on integra-
tion of one-forms. Using the terminology of controlled differential equations,
x is called a control.
 The theory of rough paths also provided some results on the continuity of
the map x — y, where y is given either by (1.1) or (1.3).

The theory of rough paths may be seen as a combination of two families
of results:

(1) Integration of functions of finite g-variation against functions of finite
p-variation with 1/p +1/q > 1 as defined by L.C. Young in [52].

(2) Representation of the solutions of (1.3) using iterated integrals of z: this
approach is in fact an algebraic one, much more than an analytical one.

Let us give a short review of these notions.

(1) Young’s integral

Let z and y be two continuous functions respectively 1/p and 1/¢-Holder
continuous with § = 1/p + 1/q > 1. Then, Young’s integral f: yrdx, of y
against x is defined as the limit of I, (IT) = Zf;ol yi,(T¢,,, — xr,) when the
mesh of the partition IT = {¢;|s <ty < - - <t <t} of [s,t] goes to zero (see
for example [12, 52]). It is possible to choose a point ¢; in IT such that

1
[Ls,e(1T) — I (1T \ {t; })| < mmt — sl

)0
for some constant C' that depends only on the Hélder norm of x and y. What-
ever the size of the partition I7 is, |1, (IT)| < |ys(xs —xs)|+ |t — 5]°¢(0), where
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CO) =35 1/n?. The limit of I,,(IT) as the mesh of IT goes to 0 may be
considered.

One may be tempted to replace y by f(x), where the regularity of f de-
pends on the irregularity of z. But to apply directly the proof of L.C. Young,
one has to assume that f is a-Holder continuous with a > p — 1, which is
too restrictive as soon as p > 2. To bypass this limitation, we construct when
x; € R? the integral Zf’:l f; fi(z,)dal as

k d

9f; i.(j2.1)
lim T ;]‘ — e I (g Y200
. ,,H)Z(,Zl e )et, =)+ Z R
= 1. 2_
d
o1y () GLpseendt)
TR S Z _—8I (,I)lr (I(")xf f:+;“ 1 (1.4)
J1remdipy=1 el Lja
with formally
xi‘_(,j’ """ n = / dali - dxll. (1.5)
s<8;<-<1Kt

This expression (1.4) is provided by the Taylor formula on f and the more x
is irregular, i.e., the larger p is, the more regular f needs to be.

What makes the previous definition formal is that the “iterated integrals”
of z have to be defined, and there is no general procedure to construct them,
nor are they unique. The terms x¥ (1) for k = 2,..., |p| are limits of
iterated integrals of piecewise smooth approximations of x, but they are sen-
sitive to the way the path x is approximated. Due to this property, the general
principle in the theory of rough paths is:

The integral Z f fj(x;)dzl is not driven by z but, if it exists, by
X = (x1 (”),xz (" Zz),...,x“’J e "Lm))i1
formally to (1.5).

4 corresponding

(2) Formal solutions of differential equations

Assume now that z is smooth, and let x’ ,( i) e ts iterated integrals de-

fined by (1.5). Given some indeterminates X', ..., X? we consider the formal
Y ;
non-commutative power series:

[s t —1+Z Z Xi1... Xikyx k(z. ..... i)

k21 (i, ik )€{ 1,....d }*

As first proved by K.T. Chen in [6], &([s, ], z) fully characterizes the path x,
and for all s <u < t,

D([s,u], x)P([u, t], x) = D([s, t], x). (1.6)



4 Antoine Lejay

This relation between iterated integrals is also used to prove that the limit
in (1.4) exists. If exp is the non-commutative exponential (defined by a power
series), then there exists a formal series ¥([s,t],z) such that ®([s,t],z) =
exp(¥([s,t],z)) and

dy k(i1 50k
)= 2. Bty i) s ey KOy st

k21 (iy,.ig)E{1,...,d }*

where F;, u)(X , X%) belongs to the Lie algebra generated by the in-
determinates X1, . .. ,X‘i, i.e., the smallest submodule containing X*,..., X4
and closed under the Lie brackets [Y,Z] =Y Z — ZY.

If f=(f1,...,fa) and each of the f; is linear, i.e., fi(y) = Ciy where C;
is a matrix, then the solution y of (1.3) is equal to

w = exp(([s, 1], ) ) s,

where ¥([s, 1], z) is equal to ¥([s,#],x) in which X' was replaced by the ma-
trix C;. If f is not linear, but is for example a left-invariant vector field on
a Lie group, then a similar relation holds, where X is replaced by fi, and
the Lie brackets [-,-] are replaced by the Lie bracket between vector fields.
Here, the exponential is replaced by the map defining a left-invariant vector
field from a vector in the Lie algebra, i.e., the tangent space at 0 (see for
example [13]).

This result suggests that when one knows x, he can compute its iterated
integrals and then formally solve (1.3) by replacing the indeterminates by f.
In fact, when z is irregular, the solution y of (1.3) will be constructed using
Picard’s iteration principle, i.e., as the limit of the sequence y" defined by

"+1 = yo+f0 (y™) dz,.. But it corresponds, if (2%)s- is a family of piecewise
bmooth approximations of z and f is smooth, to

y = %inll) y® with yf — exp(@([(), t], :I,‘ﬁ))y“.

However, in the previous expression, we need all the iterated integrals of x.
Yet, even if x is irregular, there exists a general procedure to compute them
all, assuming we know x defined formally by (1.5). However, different families
of approximations (z)s~¢ may give rise to different x. Thus, the solution y
of (1.3) given by the theory of rough paths depends also on x and not only
on x, and the general principle stated above is also respected.

Geometric multiplicative functionals

As we have seen, we need to construct an object x corresponding to the
iterated integrals of an irregular path up to a given order |p]. Since x may be
reached as the limit of smooth paths together with its iterated integrals, x may
be seen as an extension by continuity of the function z +— @([s, t], z) giving the



