Lecture Notes Iin

Mathematics

Edited by A. Dold and B. Eckmann

1270

C. Carasso P-A. Raviart D. Serre (Eds.)

Nonlinear Hyperbolic Problems

Proceedings, St. Etienne 1986

@ Springer-Verlag



Lecture Notes In
Mathematics

Edited by A. Dold and B. Eckmann

1270

C. Carasso P-A. Raviart D. Serre (Eds.)

Nonlinear Hyperbolic Problems

Proceedings of an Advanced Research Workshop
held in St. Etienne, France
January 13-17, 1986

SpringerVerlag

Berlin Heidelberg New York London Paris Tokyo



Editors

Claude Carasso

Denis Serre

Analyse Numérique,

23 rue du Dr. Paul Michelon

42023 Saint Etienne Cedex 2, France

Pierre-Arnaud Raviart
Université Pierre et Marie Curie
Analyse Numérique

4, place Jussieu

75230 Paris Cedex 05, France

Mathematics Subject Classification (1980): 35L, 65M, 76N

ISBN 3-540-18200-4 Springer-Verlag Berlin Heidelberg New York
ISBN 0-387-18200-4 Springer-Verlag New York Berlin Heidelberg

This work is subject to copyright. All rights are reserved, whether the whole or part of the material
is concerned, specifically the rights of translation, reprinting, re-use of illustrations, recitation,
broadcasting, reproduction on microfilms or in other ways, and storage in data banks. Duplication
of this publication or parts thereof is only permitted under the provisions of the German Copyright
Law of September 9, 1965, in its version of June 24, 1985, and a copyright fee must always be
paid. Violations fall under the prosecution act of the German Copyright Law.

© Springer-Verlag Berlin Heidelberg 1987
Printed in Germany

Printing and binding: Druckhaus Beltz, Hemsbach/Bergstr.
2146/3140-543210



PREFACE

The International Conference on Non-linear Hyperbolic Problems
was held in Saint-Etienne on January 13-17, 1986. Our aim was to get an
overview of a branch of applied mathematics which has been expanding very
fast over the last few years. As we all know applications are possible in
many fields (aerodynamics, multifluid flows, combustion, detonics...), but
this involves difficulties of a theoretical as well as a numerical nature. It is
therefore not surprising that, in the end, papers dealing with theoretical
problems raised by the resolution of non-linear hyperbolic systems
outnumbered those which concentrated on numerical methods.

The number of participants, the diversity of the teams,
researchers and countries represented do not leave any doubt as to the
opportuneness of such a conference. It was particularly useful in as much as
it produced the original papers contained in this volume and also because it
helped establish conditions of scientific cooperation between research
teams. We are confident that the wish expressed by many participants to see
the conference become a regular fixture will be fulfilled.

The success of such an undertaking requires the help of many
people and organizations. We are particularly grateful to :

le Centre National de la Recherche Scientifique (CNRS),

the National Science Foundation (NSF),

la Direction des Recherches et Etudes Techniques (DRET, contrat

n°85/1392),

the European Research Office of the United States Army,

I'Académie des Sciences de Chine,

le Commissariat a I'Energie Atomique (CEA),

le Centre National d'Etudes Spatiales (CNES),

la Société de Mathématiques Appliquées et Industrielles (SMAI),

la Société Mathématique de France (SMF),

les collectivités territoriales (Mairie and Conseil général),

for their precious support.

We also wish to thank Nohra RAHMANI and Hélene CHABREUIL who
greatly contributed to the success of the conference by attending to its
practical organization.

Claude CARASSO, Pierre-Arnaud RAVIART, Denis SERRE



PREFACE

Le Congrés International sur les Problémes Hyperboliques Non
Linéaires s'est déroulé a Saint-Etienne du 13 au 17 janvier 1986. Nous
souhaitions, par cette rencontre, faire le point sur un secteur des
Mathématiques Appliquées qui s'est considérablement développé ces
derniéres années. Les domaines d'application sont en effet multiples
(aérodynamique, écoulements multiphases, combustion, détonique...) mais
également difficiles, tant du point de vue théorique que numérique. Il n'est
d'ailleurs pas étonnant que les communications sur les problémes théoriques
soulevés par la résolution des systémes hyperboliques non linéaires aient, en
définitive, été plus nombreuses que celles portant sur les méthodes
numériques.

Le nombre de participants, la variété des équipes, des chercheurs
et des pays représentés montrent a I'évidence qu' une telle rencontre était
nécéssaire. Elle a été utile d'une part par les contributions originales
contenues dans ce volume, et d'autre part par les liens de coopération
scientifique qui ont pu s'établir entre les équipes de chercheurs. Nous
sommes certains que le souhait des participants d'une rencontre périodique
sur le méme théme pourra étre exaucé.

La réalisation d'une telle rencontre nécessite des aides multiples,
gu'elles soient matérielles ou humaines. Nous remercions particulierement:

le Centre National de la Recherche Scientifique (CNRS),
the National Science Foundation (NSF),
la Direction des Recherches et Etudes Techniques (DRET, contrat
n°85/1392),
the European Research Office of the United States Army,
I'Académie des Sciences de Chine,
le Commissariat a I'Energie Atomique (CEA),
le Centre National d'Etudes Spatiales (CNES),
la Société de Mathématiques Appliquées et Industrielles (SMAI),
la Société Mathématique de France (SMF),
les collectivités territoriales (Mairie et Conseil général),
pour leur aide, ainsi que Nohra RAHMANI et Hélene CHABREUIL qui ont assuré
le succés matériel du Congres.

Claude CARASSO, Pierre-Arnaud RAVIART, Denis SERRE

P.S. Ce Workshop était classé U.S.-French conference, ainsi que
Journées SMF. Le présent document a été établi en exécution du contrat
n°85/1392 passé par la direction des recherches et études techniques,
direction scientifique, section soutien a la recherche (Délégation générale
pour l'armement).
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APPROXIMATE S2LUTIOM OF TME GENERALIZED
RIEMAMM PROEBLEM 21D APPLICATIONS.

A. Bourgeade(*) , P. Le F]och(**) and P.A. Raviart(***)

(*) C.E.A. Centre d'Etudes de Limeil
B.P. 27, 94190 Villeneuve Sainrt Georges, France.

(**) Centre de Mathématicues Apolicuées, Ecole Polytechniaue,
91128 Palaiseau Cedex, France.

(***) Apalyse Numérique, Université Pierre et Marie Curie,
4 Place Jussieu, 75252 Paris Cedex (5, France.

1. INTRODUCTION.
Let us consider the nonlinear hynerholic system of conservation laws

aU 9
at o ax = 2 1.1)
Y + o5 f(x,t,U) + g(x,t,U) =0 , x€R , t>0 (1.1)

where U 1ds a vector with ©o componants and f,g are smooth functions from
R x (0,=) x R° into R° . Ve are looking for the "entrony" solutior of the Cauchy
problem for the system (1.1) corresnonding to the initial cornditior
UL(x) , x<0
U(x,0) = (1.2)
UR(x) 5 x>0 .

In (1.2), UL (reso. UR) is a smooth function from (- «,0] into R (resp. from
[C,») into RP) such that UL(O) # UR(C) . Ye shall refer to Problem (1.1), (1.2)

as the generalized Riemann problem for (1.1). In fact, vhen the functions UL ard
UQ are constant, we obtain the classical Riemarn problem which can he seolved exoli-
citely at least in the case f = f(U) , g =0 (See [€] for irstance). T"2 nurncse
of this lecture is to derive an explicit approximation of the "entronv" scolution U
of Problem (1.1), (1.2) in a reighborhrood of the origin.

This question arises naturally in conrexion with the row classical Yar Leer's
scheme [7 ] of numerical approximation of the Cauchy vcrohlem for (1.1). Let us
briefly recall the main features of Van Leer's method. Giver a uniform space incre-
mert Ax and a time ster At , we set :

A= — , X, =73Ax |, tn =n At .

Then, starting from an aooroximation vl of the exact solution U(-,tn) at the
time tn of the form
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i Xj_1/2<X<X

j+1/2 (+:3]

(i.e., Y 1is a piecewise affire function which ds discontinuous in gereral at the

points Xip1/2 = (j-+%)Ax) , e defipe el as fellows
(i) we solve the Cauchy nrohlem
M2 f(x,t +t,H) + a(x,t +t,M) =0, xER , t>0 (1.4)
3t X *tn 3! 3 N ) ’ AN = <)
n
M(x,0) = Vv'(x) (1.5)
(ii) ve "nroject" M(.,at) (vhich is irdeed an aroroximatior of U(-,t .,)) onto
yr+l

the soace of piecewise affine functions, vhich gives

In fact, the two stens (i) and (ii) of the method cannot he nerfcrmed exactly

and need to be annroximated. However, in any case, ve define V:+1 hy
X3
ntl _ 1 J+1/21,
Vj e J (x,at)dx . (1.6)

Xj-172
Herce, integratirg (1.5) in the rectangle [Xj—l/Z ’Xj+1/2] x [0,at] in the (x,t)-
olane gives
At

n+l _n 1 1 -
R B~ Jo Hlxgp172 0 tht 05 Mx54q/200)
T gy s Bt Es kg s B
At X,
- L T2 g0t + £4(x,t) )dx dt
0 Xj—1/2

Next, if we aporoximate the time and snace integrals hy means of the mid-roint rule
and the tranezoidal rule resnectively, ve obtain the finite-difference scheme

V?+1

S

i ! At
= V5= M (4100t (K1 /207)

- (1.7)

, at
Xj-1/2 1722 X51/207)))

at at , at
T 790G /20 b1 20 K127 P91 20 e 20 X207 ) -

Therefore, we have only to determine N(xj+1/2,%;) for j € Z . Novw, if ve assume that
At is chosen small enough, the various vaves issued from the noints Xj+1/2 do not
interact during the time interval (0,at) . Herce, we reed only to solve locally
generalized Riemann oroblems of the form (1.1), (1.2) vhere UL and “R are affine
functions. Thus, a critical stage ir Var Leer's scheme corsists in deriving an anoro-

ximation of U(O,t) for t small erough where U 1ds the "entrony" soluticn of



