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Preface

This book is a revised version of my 2005 thesis [71] for the degree of Doctor
of Philosophy at the Royal Institute of Technology (KTH) in Stockholm. The
whole idea of writing a monograph about graph complexes is due to Professor
Anders Bjorner, my scientific advisor. I am deeply grateful for all his com-
ments, remarks, and suggestions during the writing of the thesis and for his
very careful reading of the manuscript.

I spent the first years of my academic career at the Department of Mathe-
matics at Stockholm University with Professor Svante Linusson as my advisor.
He is the one to get credit for introducing me to the field of graph complexes
and also for explaining the fundamentals of discrete Morse theory, the most
important tool in this book. Most of the work presented in Chapters 17 and
20 was carried out under the inspiring supervision of Linusson.

The opponent (critical examiner) of my thesis defense was Professor John
Shareshian; the examination committee consisted of Professor Boris Shapiro,
Professor Richard Stanley, and Professor Michelle Wachs. T am grateful for
their valuable feedback that was of great help to me when working on this
revision.

The work of transforming the thesis into a book took place at the Tech-
nische Universitat Berlin and the Massachusetts Institute of Technology. I
thank Bjorner and Professor Giinter Ziegler for encouraging me to submit the
manuscript to Springer.

Some chapters in this book appear in revised form as journal papers:
Chapters 4, 17, and 20 are revised versions of a paper published in the Jour-
nal of Combinatorial Theory, Series A [67]. Chapter 5 is a revised version of a
paper published in the Electronic Journal of Combinatorics [70]. Chapter 26
is a revised version of a paper published in the STAM Journal of Discrete
Mathematics [72]. T am grateful to several anonymous referees and editors
representing these journals, and also to anonymous referees representing the
FPSAC conference, who all provided helpful comments and suggestions.

In addition, I thank two anonymous reviewers for this series for provid-
ing several useful comments on the manuscript and the editors at Springer
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for showing patience and being of great help during the preparation of the
manuscript.

Finally, and most importantly, I thank family and friends for endless sup-
port.

For the reader’s convenience, let me list the major revisions compared to the
thesis version of 2005:

e Chapter 1 has been extended with a more thorough discussion about ap-
plications of graph complexes to problems in other areas of mathematics.

e Recent results about the matching complex M,, and the chessboard com-
plex M,,, ,, have been incorporated into Sections 11.2.3 and 11.3.2.

e Section 15.4 has been updated with a more precise statement about the
Euler characteristic of the complex DGr, , of digraphs that are graded
modulo p and a shorter proof of a formula for the Euler characteristic of
DGrn = DGrr1.11+l~

e Section 16.3 has been updated with a proof that the complex NXM,, of
noncrossing matchings is semi-nonevasive.

e Section 18.5 is new and contains a brief discussion about the complex of
disconnected hypergraphs.

e Section 19.4 is new and contains a generalization of the complex NC?I of
not 2-connected graphs along with yet another method for computing the
homotopy type of NC;Z,. The theory in this section is applied in Section 22.2,
which is also new and contains a discussion about the complex DNSC? of
not strongly 2-connected digraphs.

e At the end of Section 23.3, we discuss a recent observation due to
Shareshian and Wachs [121] about a connection between the complex

NEC’,ZP 41 of not p-edge-connected graphs on kp + 1 vertices and the poset
b1 p'?_(;d P of set partitions on kp+ 1 elements in which the size of each part
is congruent to 1 modulo p.

Cambridge, MA, Jakob Jonsson
March 2007



Preface VII

Summary. Let GG be a finite graph with vertex set V' and edge set E. A graph com-
pler on G is an abstract simplicial complex consisting of subsets of E. In particular,
we may interpret such a complex as a family of subgraphs of G. The subject of this
book is the topology of graph complexes, the emphasis being placed on homology,
homotopy type, connectivity degree, Cohen-Macaulayness, and Euler characteristic.

We are particularly interested in the case that (i is the complete graph on
V. Monotone graph properties are complexes on such a graph satisfying the addi-
tional condition that they are invariant under permutations of V. Some well-studied
monotone graph properties that we discuss in this book are complexes of match-
ings, forests, bipartite graphs, disconnected graphs, and not 2-connected graphs.
We present new results about several other monotone graph properties, including
complexes of not 3-connected graphs and graphs not coverable by p vertices.

Imagining the vertices as the corners of a regular polygon, we obtain another
important class consisting of those graph complexes that are invariant under the
natural action of the dihedral group on this polygon. The most famous example
is the associahedron, whose faces are graphs without crossings inside the polygon.
Restricting to matchings, forests, or bipartite graphs, we obtain other interesting
complexes of noncrossing graphs. We also examine a certain “dihedral” variant of
connectivity.

The third class to be examined is the class of digraph complexes. Some well-
studied examples are complexes of acyclic digraphs and not strongly connected di-
graphs. We present new results about a few other digraph complexes, including
complexes of graded digraphs and non-spanning digraphs.

Many of our proofs are based on Robin Forman’s discrete version of Morse theory.
As a byproduct, this book provides a loosely defined toolbox for attacking problems
in topological combinatorics via discrete Morse theory. In terms of simplicity and
power, arguably the most efficient tool is Forman’s divide and conquer approach via
decision trees, which we successfully apply to a large number of graph and digraph

complexes.



Contents

Part I Introduction and Basic Concepts

1

Introduction and Overview ................................ 3
1.1 Motivation and Background .................. ... .. ... ... 6
1.1.1 Quillen Complexes ..............ciiiiiiiieaon... 6
1.1.2 Minimal Free Resolutions of Certain Semigroup Algebras 7
1.1.3 Lie Algebras .. ........ ... ... ... 3
1.1.4 Disconnected k-hypergraphs and Subspace Arrangements 9
1.1.5 Cohomology of Spaces of Knots ..................... 10
1.1.6 Determinantal Ideals. ... ..... ... ... ... ... ... ... 11
1.1.7 Other Examples. .. ........ ... .. .. ... .. ... ..... 12
1.1.8 Links to Graph Theory....... ... .. ... ... .. ... ... 13
1.1.9 Complexity Theory and Evasiveness ................. 14
1.2 OVEIVIEW . ..o 14
Abstract Graphs and Set Systems ...................... ... 19
2.1 Graphs, Hypergraphs, and Digraphs ..................... .. 19
211 Graphs. . ... .c.cocmomeome cnsasiimeansas st iasis sms 20
2.1.2 Paths, Components and Cycles. . ........... ... .. ... 20
2.1.3 Bipartite Graphs .. ... .. 21
214 Digraphs :o:se:ws swins sns smiay swg gpanws ame ameme sy 21
2.1.5 Directed Paths and Cycles. .......... ... ... ..... ... 21
2.1.6 Hypergraphs........ ... .. .. .. .. .. ... 22
2.1.7 General Terminology . ............... ... .. .. ....... 22
2.2 Posets and Lattices . .......... ... ... 23
2.3 Abstract Simplicial Complexes ........ ... .. ... ... ........ 23
2.3.]. Bagic Defimitions: : co:ms sus susms swserses amsns ras s 24
2.3.2 DImension............... 24
2.3.3 Collapses . .. ... 24
2.3.4 Joins, Cones, Suspensions, and Wedges. .............. 25
235 Alexander DUAIS : :rvuws sws s sms smsswsms spams cms amas 25



X Contents

2.3.6 Links and Deletions .......... ... .. ... ... .. ... 25
2.3.7 Lifted Complexes.............coiiiiiinni.. 25
2.3.8  Order Complexes and Face Posets ................ ... 25
2.3.9 Graph, Digraph, and Hypergraph Complexes
and Properties .. ... .. ... . .. 26
24 MELEOIAS s vus vrms cmsms smsmmsms smasmasms somsmmams swama sws ows 26
2.4.1 Graphic Matroids ...........c.ciiiiiiiiiinniiinn.n. 27
2.5 Integer Partitions........... ... ... ... ... . .. 28
3 Simplicial Topology . ............... ... . 29
3.1 Simnplicial HOMOOBY . sszes sms sosws sme smamasug gwmems sws wws 29
32 Relative Homology :«: csies cus swisms sms smsms s@s smams sms sms 31
3.3 Homotopy Theory ....... ... . .. . i 32
3.4 Contractible Complexes and Their Relatives ................ 35
3.4.1 Acyclic and k-acyclic Complexes .................... 35
3.4.2 Contractible and k-connected Complexes . ............ 36
3.4.3 Collapsible Complexes . ............c.cuuiiieninen.. 37
3.4.4 Nonevasive Complexes ............................. 38
3.5 Quotient Complexes . ............ i 33
3.6 Shellable Complexes and Their Relatives ................... 40
3.6.1 Cohen-Macaulay Complexes ........................ 40
3.6.2 Constructible Complexes . .......................... 41
3.6.3 Shellable Complexes . ......... .. ... . ... .. ... ...... 41
3.6.4 Vertex-Decomposable Complexes .................... 42
3.6.5 Topological Properties and Relations Between
Different Classes : su: smims sms swsms sussmsms smamasgs s 43
3.7 Balls and Spheres .. ...... .. ... ... 46
3.8 Stanley-Reisner Rings .. ...... ... ... .. .. . .. .. 47
Part IT Tools
4 Discrete Morse Theory ............. ... ... ... ... ... ....... 51
4.1 Informal Discussion .. ........ ... .. ... . .. 51
4.2 Acyclic Matchings . ... ... . 53
4.3 Simplicial Morse Theory.......... ..., 55
4.4 Discrete Morse Theory on Complexes of Groups . ............ 59
4.4.1 Independent Sets in the Homology of a Complex ...... 61
4.4.2 Simple Applications . ............. .. . . oL 64
5 Decision Trees .............. i, 67
5.1 Basic Properties of Decision Trees .. ...... ... .. ... ... ..... 69
5.1.1 Element-Decision Trees ....... ... .. ... ... ....... 69
5.1.2  Set-Decision Trees . ........ .. ... . .. . . 70
5.2 Hierarchy of Almost Nonevasive Complexes ................. 72



Contents XI

5.2.1 Semi-nonevasive and Semi-collapsible Complexes ... ... 73
5.2.2 Relations Between Some Important Classes
of Complexes ... ... ... . . . 76
5.3 Some Useful Constructions ................. ... .. 79
5.4 Further Properties of Almost Nonevasive Complexes ... ...... 81
5.5 A Potential Generalization............ ... ... ...... ... ... 86
Miscellaneous Results .......... ... ... ... ... ... ... ....... 87
6.1 POSetS ... 87
6.2 Depth. ... 88
6.3 Vertex-Decomposability ....... .. .. ... ... ... .. .. ... ... 92
6.4 Enumeration............. .. ... 93

Part III Overview of Graph Complexes

7

10

Graph Properties . ........ ... ... .. 99
7.1 List of Complexes .......... ... ... . .. . 100
7.2 THustrations ... .. ... ... ... .. 104
Dihedral Graph Properties ............ ... .. ... ... ... ... .. 107
8.1 Basic Definitions . ....... ... ... .. 108
8.2 List of Complexes ............. .. . ... 109
83 IHNustralions: wx sws swsms sms ssvms c08 s8eEs 208 ABsEs 502 §FsEs ¢ 111
Digraph Properties ....... ... ... ... ... ... 113
9.1 List of Complexes .......... ... ... .. ... 113
9.2 THUStrations . ......... ...t 117
Main Goals and Proof Techniques ......................... 119
10.1 Homology . ... .. 119
10.2 Homotopy Type . ... 120
10.3 Connectivity Degree . ... ... .. .. ... .. .. ... ... 120
104 Deptlt: c:ss cssseims sarsnems swems sms casss 1as susns 598 amams 120
10.5 Euler Characteristic . ............. .. ... .. . ... 123
10.6 Remarks on Nonevasiveness and Related Properties........ .. 123

Part IV Vertex Degree

11

Matchings . ... 127
11.1 Some General Results .. ... .. ... .. ... ... ... ... .. .. ... 128
11.2 Complete Graphs. . ... .. . . 130

11.2.1 Rational Homology .......... ... ... i, 130

11.2.2 Homotopical Depth and Bottom Nonvanishing
Homology . ... . . . . . 131



XII Contents

11.2.3 Torsion in Higher-Degree Homology Groups .......... 136
11.2.4 Further Properties........... .. .. .. .. . ... ... 141

11.3 Chessboards . ... 143
11.3.1 Bottom Nonvanishing Homology .................... 143
11.3.2 Torsion in Higher-Degree Homology Groups .......... 145

11.4 Paths and Cycles .. ... .o i 148
12 Graphs of Bounded Degree ................................ 151
12.1 Bounded-Degree Graphs Without Loops.................... 152
12.1.1 The Case d =2 . ... .ot 153
12.1.2 The General Case ......... ... ... 155

12.2 Bounded-Degree Graphs with Loops ...... ... ... .. ... .... 161
12,3 Eitler ChafaCteriStiC o :ws swemecas swemmsms smomn cwe amome s s 165

Part V Cycles and Crossings

13 Forests and Matroids . .......... ... ... ... .. . .. 171
13.1 Independence Complexes .............. .. ..., 172
13.2 Pseudo-Independence Complexes .......................... 173

13.2.1 PI Graph Complexes. ........ ... ... ..o ... 175
13.3 Strong Pseudo-Independence Complexes.................... 176
13.3.1 Sets in Matroids Avoiding Odd Cycles ............... 181
13:3.2 SPI Graph CompleXes . :u: cpssvcmensnsms sasms smns smsn 182
13.4 Alexander Duals of SPI Complexes ........................ 184
13.4.1 SPI* Monotone Graph Properties ................... 186

14 Bipartite Graphs ............ ... .. .. .. 189
14.1 Bipartite Graphs Without Restrictions ..................... 190
14.2 Disconnected Bipartite Graphs . ........ ... .. ... ... ... .. .. 192
14.3 Unbalanced Bipartite Graphs ........ ... .. ... .. .. .. .... 193

14.3.1 Depth ... . 194
14.3.2: Homotopy Types : sscwe cassrsns sosms sws cwanms vmems eu 195
14.3.3 Euler Characteristic ........... ... ... ... .. ....... 198
14.3.4 Generalization to Hypergraphs . ..................... 203

15 Directed Variants of Forests and Bipartite Graphs ......... 205
15.1 Directed Forests .« s: sss.5: sms soisms v smsws ensmeses suime o 206
15.2 Acyclic Digraphs . ... ... . . . 206
15.3 Bipartite Digraphs....... ... ... .. . . 208
15.4 Graded Digraphs . ......... ... .. . 209
15.5 Digraphs with No Non-alternating Circuits ................. 213

15.6 Digraphs Without Odd Directed Cycles .................... 213



Contents  XIII
16 Noncrossing Graphs ......... ... ... ... ... .. ... ... ... 217
16.1 The Associahedron :::s.o: m: 56 cms smene sus sosms sws vwans 218
16.2 A Shelling of the Associahedron ........................... 219
16.3 Noncrossing Matchings . . ........ ... ... . ... .. ... ..., 222
16.4 Noncrossing Forests . ......... .. ... .. ... ... .. ..., 226
16.5 Noncrossing Bipartite Graphs .. ... ... ... .. ... ... ... 229
17 Non-Hamiltonian Graphs ........... ... .. ... ............. 233
17.1 Homotopy Type . ... . 234
17.2 Homology . ... oo 240
17.3 Directed Variant ........... ... . . .. ... 242
Part VI Connectivity
18 Disconnected Graphs ....... ... ... ... ... .. ... .. .. .. 245
18.1 Disconnected Graphs Without Restrictions ................. 246
18.2 Graphs with No Large Components .. ...................... 247
18.2.1 Homotopy Type and Depth...... ... ... ... ... ... 248
18.2.2 Bottom Nonvanishing Homology Group .............. 253
18.3 Graphs with Some Small Components...................... 258
18.4 Graphs with Some Component of Size Not Divisible by p ... .. 262
18.5 Disconnected Hypergraphs. ........ ... ... ... ........... 262
19 Not 2-connected Graphs .. ........ ... .. ................... 263
191 Homotopy TYDe :s: ssses sms qosns susmsemns spsss sma nwamn s s 263
19,2 HOMOIOZY . v:i: s 50 5.05 s65 0ims (05 ma0s 658 a5 $0E SHI0E 6T 8 268
19.3 A Decision Tree .. .. ... 269
19.4 Generalization and Yet Another Proof ...... .. ... .. ... .. 271
20 Not 3-connected Graphs and Beyond ...................... 275
20.1 Homotopy Type . ..o oottt ian i iannn e 275
20.2 Homology ... ..o 283
20.3 A Related Polytopal Sphere.......... .. ... .. .. ... ... ... 287
20.4 Not k-connected Graphs for &k >3 ... ... ... ... .. ... 289
21 Dihedral Variants of k-connected Graphs .................. 291
21.1 A General Observation ............... .. ... . ... ........ 292
21.2 Graphs with a Disconnected Polygon Representation......... 292
21.3 Graphs with a Separable Polygon Representation . ........... 294
21.4 Graphs with a Two-separable Polygon Representation..... ... 298
22 Directed Variants of Connected Graphs.................... 301
22.1 Not Strongly Connected Digraphs .........................301
22.2 Not Strongly 2-connected Digraphs ........................306
22.3 Non-spanning Digraphs ......:ccovviivuncsencinssinssss 307



XIV  Contents

23 Not 2-edge-connected Graphs..............................309
23.1 An Acyclic Matching . ...................................310
23.2 Enumerative Properties of the Given Matching . .............318
23.3 Bottom Nonvanishing Homology Group ....................321
23.4 Top Nonvanishing Homology Group........................323

Part VII Cliques and Stable Sets

24 Graphs Avoiding k-matchings .............................329

25 t-colorable Graphs.............. ... ... ... ... ... .. ......333

26 Graphs and Hypergraphs with Bounded
Covering Number ........ ... ... ... ... ... .............337
26.1 Solid Hypergraphs .......... ... ... ... ... ... .............338
26.2 A Related Simplicial Complex.............................340
26.3' An Acyclic: Matching . .c:ws cosapsns swsmains swsmmams smsses 341
26.4 Homotopy Type and Homology ...........................343
26.5 Computations . .. ......... .ot 347
26.6 Homotopical Depth . ........ .. ... .. ... . ... ... ...........350
26.7 Triangle-Free Graphs ....................................351
26.8 Concluding Remarks and Open Problems...................352

Part VIII Open Problems

27 Open Problems ........... ... ... ... .. ... ... ... ... .. .....3b7

References . .. ... ... ... . 363



Part 1

Introduction and Basic Concepts






1

Introduction and Overview

This book focuses on families of graphs on a fixed vertex set. We are partic-
ularly interested in graph complexes, which are graph families closed under
deletion of edges. Equivalently, a graph complex A has the property that if
G € A and e is an edge in GG, then the graph obtained from G by removing e is
also in A. Since the vertex set is fixed, we may identify each graph in A with
its edge set and hence interpret A as a simplicial complex. In particular, we
may realize A as a geometric object and hence analyze its topology. Indeed,
this is the main purpose of the book.

o e o e o
M I—o o o e o
Fig. 1.1. A contains all graphs isomorphic to one of the four illustrated graphs.

As an example, consider the simplicial complex A of graphs G on the
vertex set {1,2,3.4} with the property that some vertex is contained in all
edges in G. This means that G is isomorphic to one of the graphs in Figure 1.1.
Denoting the edge between i and j as ij, we obtain that

A ={0,{12}, {13}, {14}, {23},{24}, {34}, {12,13}.{12,14}, {13, 14},
{12,23},{12,24},{23,24},{13,23},{13,34},{23.34}. {14, 24},
{14,34},{24.34},{12,13,14},{12,23,24},{13,23,34},{14,24, 34} }.

See Figure 1.2 for a geometric realization of A. It is easy to see that A is
homotopy equivalent to a one-point wedge of three circles.

Monotone Graph Properties

In the above example, note that a given graph G belongs to A if and only if
all graphs isomorphic to G belong to A. Equivalently, A is invariant under the
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Fig. 1.2. Geometric realization of the complex A.

action of the symmetric group on the underlying vertex set. A family of graphs
satisfying this condition is a graph property. We will be mainly concerned with
graph properties that are also graph complexes, hence closed under deletion
of edges. We refer to such graph properties as monotone graph properties.
In this book, we discuss and analyze the topology of several monotone
graph properties, some examples being matchings, forests, bipartite graphs,
non-Hamiltonian graphs, and not k-connected graphs; see Chapter 7 for a
summary. Some results are our own, whereas others are due to other authors.
We restrict our attention to topological and enumerative properties of the
complexes and do not consider representation-theoretic aspects of the theory.

Remark. Some authors define monotone graph properties to be graph prop-
erties closed under addition of edges. While such graph properties are not
simplicial complexes, they are quotient complexes of simplicial complexes and
hence realizable as geometric objects; see Sections 3.2 and 3.5.

Other Graph Complexes

Monotone graph properties are not the only interesting graph complexes. For
example, for any monotone graph property A and any graph G, one may
consider the subcomplex A(G) consisting of all graphs in A that are also
subgraphs of G; this is the induced subcomplex of A on G. In some situations,
A(G) is interesting in its own right; we would claim that this is the case for
complexes of matchings, forests, and disconnected graphs. In other situations,
A(G) is of use in the analysis of the larger complex A; one example is the
complex of bipartite graphs.

With graph properties being invariant under the action of the symmetric
group, a natural generalization would be to replace the symmetric group with
a smaller group. In this book, we concentrate on the dihedral group D,,. This
group acts in a natural manner on the family of graphs on the vertex set
{1,....n}: Represent the vertices as points evenly distributed in a clockwise
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manner around a unit circle and identify a given edge with the line segment
between the two points representing the endpoints of the edge. We refer to
this representation of a graph as the polygon representation; the vertices are
the corners in a regular polygon. The action of the dihedral group consists
of rotations and reflections, and combinations thereof, of this polygon. The
associahedron is probably the most well-studied graph complex with a nat-
ural dihedral action. Some other interesting “dihedral” graph complexes are
complexes of noncrossing matchings, noncrossing forests, and graphs with a
disconnected polygon representation. See Chapter 8 for more information.

Finally, we mention complexes of directed graphs; we refer to such com-
plexes as digraph complezes. Some important examples are complexes of di-
rected forests and acyclic digraphs. We also discuss some directed variants of
the property of being bipartite and the property of being disconnected. See
Chapter 9 for an overview.

Remark. As is obvious from the discussion in this section, our graph complexes
are completely unrelated to Kontsevich’s graph complexes [83, 85].

Discrete Morse Theory

The most important tool in our analysis is Robin Forman’s discrete version
of Morse theory [48, 49]. As we describe in more detail in Chapter 4, one may
view discrete Morse theory as a generalization of the concept of collapsibility.
A complex A is collapsible to a smaller complex ¥ if we can transform A
into X via a sequence of elementary collapses. An elementary collapse is a
homotopy-preserving operation in which we remove a maximal face 7 along
with a codimension one subface o such that the resulting complex remains a
simplicial complex (i.e., closed under deletion of elements).

To better understand the generalization, we first interpret a collapse as
a giant one-step operation in which we perform all elementary collapses at
once, rather than one by one. This way, a collapse from a complex A to a
subcomplex X boils down to a partial matching on A such that X' is exactly
the family of unmatched faces. Dropping the condition that the unmatched
faces must form a simplicial complex, we obtain discrete Morse theory.

More precisely, under certain conditions on a given matching — similar
to the ones that we would need on a matching corresponding to an ordi-
nary collapse — Forman demonstrated how to build a cell complex homotopy
equivalent to A using the unmatched faces as building blocks. Indeed, this
very construction is the main result of discrete Morse theory. As an immedi-
ate corollary of Forman’s construction, we obtain upper bounds on the Betti
numbers.

Remark. We should mention that some aspects of the above interpretation
of discrete Morse theory are due to Chari [32]. In addition, while we discuss



