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Preface

In this book I have attempted to give an introduction to the theory and use of
irreducible tensor operators. The fact that the text is aimed at chemistry graduates has
controlled both the mathematical level and the choice of illustrative examples. That
part of the theory devoted to systems having spherical symmetry comes within the
range of what physicists would call the theory of angular momentum, and has been
summarized authoritatively by Fano and Racah (1959). The theory as applied to
molecules is the subject of a monograph by Griffith (1962). Since the publication of
these classic treatises there have been advances in technique most of which have not
been incorporated into textbooks or treatises. The range of applications, especially in
chemical physics. has increased rapidly in the last few years. | have included the
developments in technique, in particular the use of second quantization, real Cartesian
tensors, off-diagonal operator equivalents, and coupling and recoupling coefficients for
spinor groups. In addition I have given an introduction to vector spherical harmonics
and subsequently described the multipole expansion of light waves and the expression
of the coherency matrix in terms of irreducible tensors. This material is used in the
summary of the modern formalism for light scattering which concludes the book. The
close relationship of the theories for spherical and lower symmetry has been stressed
throughout the text.

The amount of mathematics required of the reader is modest. A little elementary
group theory goes a long way. Physicists, mathematicians, or theoretical chemists may
feel that depth has been sacrificed. Not as a concession to them, but as a pointer to the
average chemist, there are, scattered in the text, brief-almost vanishing—paragraphs
hinting at the delights of Lie groups, contragredience. time reversal, and other imagi-
nary beings (Borges, 1974).
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xiv Preface

The examples are almost all taken from the recent research literature and have been
worked through in considerable detail. | believe all the examples to be of interest in
their own right, but their main purpose is to illustrate the practical application of the
theoretical techniques.

The godfather of this book is Professor Ruben Pauncz, an invaluable colleague to
have just down the corridor. My thanks are due to critical students at the Technion
and the Weizmann Institute for forcing me, against the demands of entropy, to order
my thoughts.

The manuscript was expertly and intelligently typed by Mrs. Norma Jacob.

I thank those at Academic Press involved in the production of this book. Their
cooperation, care, and professionalism made it a pleasure to work with them.
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“Then the king's colour changed, and his
thoughts alarmed him; his limbs gave way,
and his knees knocked together. The king
. cried aloud to bring in the enchanters, the
1 iie ] T 2 ‘Chaldeans, and the astrologers. The king said
i i 3l ek : s to the wise men of Babylon, ‘Whoever reads
this writing, and shows me its interpretation,
shall be clothed with purple, and have a
chain of gold about his neck, and shall be

third ruler in the kingdom." "'
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The use of symmetry to simplify problems in atomic and molecular quantum me- -
“chanics is familiar to those chemistry or physics undergraduates who have taken a
course in elementary group theory and learned to classify wave functions and opera-
fors accordmg to group representations. The almost trivial derivation of selection rules
i;ton} this classification is the best known demonstration of the power of group theory
to reveal generalizations without the need for computation. Roughly speaking the
meducnble tensor method is designed to derive all those properties of a system which
are consequences of its spatial symmetry. The method may be regarded as a branchof
group theory, or, in its appllcauon to atomic systems, as a part of the theory of
“angular momentum.

The cpncept of irreducible tensors and the development of a formalism for making
practical use of them are due mainly to Guilio Racah whose four classic papers (Racah,
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xvi Introduction

1942a,b, 1943, 1949) are recognized as a breakthrough in atomic spectroscopy.
Racah’s methods for handling multielectron systems were soon seized upon by nuclear
physicists, who realized the close mathematical relationship between two central field
models: the electrons in an atom and the nucleons in the nuclear shell theory (cf.
de-Shalit and Talmi, 1963).

Racah’s work was not created in a vacuum, but was partially based on, and devel-
oped concurrently with advances in the theory of angular momentum made by Eugene
Wigner. Two authoritative texts summarize their work: “Irreducible Tensorial Sets” by
Fano and Racah (1959) and “Group Theory and Its Application to the Quantum
Mechanics of Atomic Spectra” by Wigner (1959). In Part 1 of this book there is an
account of those parts of the theory of angular momentum that are needed for an
understanding of the irreducible tensor method. At the end of Part I, in Chapter 9, we
derive the few basic expressions needed for a wide range of applications. Part II
consists mainly of a variety of applications.

Wigner’s work on angular momentum was largely couched in the language of group
theory, and he pointed out that much of the theory was directly applicable to point
groups (Wigner, 1940). This aspect was left untouched until the 1950s when the
theory of irreducible tensors for point groups was developed, predominantly by
Yukito Tanabe in Japan and subsequently by John Griffith in England whose mono-
graph “The Irreducible Tensor Method for Molecular Symmetry Groups” (Griffith,
1962) is the'most comprehensive summary of the theory. Part 111 is partly a presenta-
tion of Griffith’s work. In addition there is an account of more recent work on spinor
(double) groups. The techniques are again based on a correct classification of states
and operators, but this time in terms of the transformations induced by a usually finite
group-of symmetry -operations. The similarities between the methods for handing
point group and spherical symmetries are many and pleasing and will be commented
on frequently. Part IV includes applications of the theory given in Part Il and also a
short account of the use of second quantization.

In evaluating matrix elements in multielectron states it is convenient to make use of
coefficients of fractional parentage (cfp). These coefficeints allow us to build up
antisymmetric states of multielectron systems from states containing fewer electrons.
The advantages of this procedure will, it is hoped, become apparent in Chapter 21. The
use of cfp was developed almost entirely by Racah who was concerned with problems
of atomic spectroscopy. The idea spread into nuclear sheﬂ theory and then into
molecular electronic structure.

The basic and related concepts of symmetry and transfon'nanonal properties can be
applied to vector fields. Mulnpole expansions of fields have been used in physics for
many years, for example, in connection with nuclear spectroscopy (Rose, 1955). The
phys:cal properties of molecules (e.g., polanzablllty, electric charge distribution) are
frequently described by multipole expansions. In dealing with the interaction of static
fields or radiation with molecules it seems natural to use multipole expansions of the
relevant fields. In Part V an analysis is given of the transformations of vector fields
under coordinate rotations.
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The reader should net beé discouraged by the occasionally forbidding formalism. The
mathematical background oY the average chemist is more than sufficient to overcome
any difficulties. Some sections are marked (=) to indicate that they are digressions and
are temporarily or permanently dispensable. The form that these asides take is often
that of a hint at the wider or deeper aspects of some part of the text, and in such cases
the reader should not expect to find a substitute for serious discussion.

The text is a set of variations on a single simple theme—the behavior under coordi-
nate transformations of scalar, spinor, and vector fields. We have limited ourselves to
coordinate rotations and inversions. Even within these boundaries there are far more
sophisticated developments which we do not touch, but which are primarily of impor-
tance to atomic and nuclear spectroscopists (cf. Judd, 1963, 1967). Further still,
beyond these horizons, are the wide plains of general transformation theory, where
roam the herds of exotic groups and transformations tamed by the physicists. The
tensor methods which are our concern represent but a small domain within the empire
of symmetry.

‘Although those pointing out the inevitable errors in the text will not be appointed
third ruler in the kingdom, they will gain the author’s gratitude.
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