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. RECENT PROGRESS IN FOURIER ANALYSIS

The following contributions were presented at the Seminar on Fourier
Analysie which was held in El Escorial from 30 June to 5 July 1983.
This meeting was sponsored by the Asoctfacidn Matemdtica Espanola
with financial support frocm the Comisidn Asesora de Investigacidn

Cientifica y Téenica (project 4192).

A decisive factor with respeet to the organization was the financial
help, together with the facilities, provided by the Vicerrectorado
de Investigacidn of the Universidad Autdnoma de Madrid.

The articles we present give a good idea of how work in the area has
evolved and of ‘the scientific charactier of the meeting. The friendly
and cordial atmosphere meant that the organization, far from being a
chore, became a pleasurable experience. For this we owe our

sincerest thanks to all participants.

Special thanks must also go to the invited speakers for their magni-
ficent collaboration, and to Caroline, without whose presence we
hate to think what could have happened!

We should also like to express our gratitude to our colleagues 1in
the Divisidn de Matemdticas in the Universidad Autdnoma de Madrid,
for their help in correcting proofs, and to Soledad, for typing the

manuseript.

The Editors
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FUNCTIONS OF LP-BOUNDED PSEUbO-DiFFERENTIAL
OPERATORS

Josefina Alvarez Alonso
Universidad de Buenos Aires

The aim of this paper is to construct a functional calculus over
an algebra of LP-bounded pseudo-differential operators acting on
functions defined on a compact manifold without boundary.

The operators we consider here depend on amplitudes or symbols
with a finite number of derivatives, without any hypothesis of homo-
geneity. The manifolds where the operators act are also of class CM
for a suitable M. In this way is it possible to control the number
of derivatives of f that we need in order to give meaning to f(A),
when A 1is a self-adjoint operator in that algebra.

Indeed, this program was carried out in [1] and [2] when p = 2.
In [1] an algebra of pseudo-differential operators acting on func-
tions defined in R" 1is constructed. The main tool to do that is the
sharp L2 estimates obtained by R. Coifman and Y. Meyer in [3].
Then, functions of those operators are defined by means of the H.
Weyl formula (see [4], for example). Since it seems not to be
possible to obtain directly a polynomial estimate for the exponential
exp(-2mitA) in terms of t, a roundabout argument is employed by
introducing an adapted version of the characteristic operators de-
fined by A. P. Calderdn in [5].

A1l this machinery is extended in [2] to non-infinitely differen-
tiable compact manifolds without boundary.

In order to get the LP version of these results the first thing
to do is to obtain the analogous of the algebra constructed in [1].
The main point is to observe that amplitudes in a subclass of S$,1
give rise to operators on which the classical theory of Calderén and
Zygmund works (see [6]). Unfortunately as far as I know, it is an
open question to get in the euclidean case a non trivial estimate for
the exponential exp(-2mitA). However, when the operators act on

3



4 J. Alvarez Alonso

functions defined in compact manifolds, a suitable estimate can be
obtained and so, a non-infinitely differentiable functional calculus
Tuns.

Given 0 < 6 <1, k=1,2,..., let
k/1-8 if this is an integer
[x/1-6] + 1 if not

We will consider operators K acting on S in thé following way
N-1 . ~
KE = | f e~ 2mixt ps(x,E)E(E)dE + Rf
j=0

where

i) The function p. belongs to the class Sj; that is to say,
pj is a continuous function defined on R" x Rn; it has continuous
derivatives in the variable & wup to the order n+N+2-j and each
function DE p; has continuous derivatives in x,f up to the order
2[n/2]+N+k+2-j, satisfying

apBpY

sup —= - - < o
x’g eRn (-‘.’_Igl) J(Tﬂ"‘l(l'é |B+Y|
a, B, Y

ii) For 1 < Pg < 2 fixed, R 1is a linear and continuous opera-
tor from LP into itself for Pg <P < pa. Moreover, R and the
adjoint R* are continuous from LP into LE, where Lﬁ denotes
the Sobolev space of order k and pé is the conjugate exponent
of Pg-

Let M, be the class of the operators K.

Now, let X be a differentiable compact manifold of dimension n
and class CM, M = 2[n/2]+n+2N+k+5, without boundary; X has a
measure 1y which in terms of any local coordinate system
X = (x1,...,xn) can be express as G(x)dx1 ¥ dxn, where G > 0
is a function of class CY '.

We will introduce the following notation.

Let Uy, U, be open bounded subsets of X or R" 1let
¢ U1 > U2 be a diffeomorphism of class CM; if £ is a function
defined on the ambient space of UZ’ ¢*(f) will denote the function
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defined on the ambient space of Uy which coincides with £°4¢ on
U, and vanishes outside U]. On the other hand, if A 1is an ope-
rator acting on functions defined on the ambient space of U, by
5*(A) we denote the operator acting on functions defined on the
‘ambient space of U, as '

o*(A) (£) = o*[A(e™ "*(£))]

Now, wé are ready to define classes of operators on X.

Given 1 < Py < 2, R belongs to Rk(X) if R 1is a linear
continuous operator from LP(X) into itself for Py <P < pé and
R, R* map continuously LP(X) into LE(X) for Pg <P < p6.

Rk(X) is a self-adjoint Banach algebra with the norm

*
Rl, = |R + IR + |r* + |R
L L L L L L L L
* 7k *“k L e S

Now, given 1 < Py < 2, Mk(X) is the class of linear continuous
operators A from LP(X) into itself for Pp <P < pb, which
satisfy the following two conditions

i) Given ¢1,¢2 € Cg(x) with disjoint supports, the operator
¢1 A ¢2 belongs to Rk(X). Here ¢1, ¢Z stand for the operators
of multiplication by the function ¢1, ¢, respectively. £

ii) Let UC X be an open subset and let ¢ : U ~» U1 be a
diffeomorphism of class c¥ extendable to a neighborhood of T,
where u,c R". There exists an operator A, € Mk such €Bat if
6,,0, € CHW),

_ &

Mk\X) is a self-adjoint algebra and Rk(X) is a two-sided ideal of
Mk(X); moreover, operators in Mk(x) are continuous from L;(X)
into itself for p; < p <Py, 0 <mck.

It is possible to endow Mk(X) with a complete norm. In order to
avoid technical details, we will not precise the definition. With
this norm Rk(X) is continuously included in Mk(X) and Mk(x) is
continuously inclpded in L(Lg(x)), the space of linear and
continuous operators from Lg(x) into itself, for Pg S P = pé,

0 <m < k.



6 J. Alvarez Alonso

THEOREM 1. Let P> k and n be such that 1/p0 - k/n < 1/2.

Given a self-adjoint operator A € Mk(X) and.a function £ 1in
the Sobolev space L., where s > 2u + 5/2, u = 2[n/2] +n+k+
+ N(N+3)/2+4, the Bochner integral

-

. [T e TitA 2(4yae

) i

belongs to Rk(X) and coincides with f(A) calculated by means of
the spectral formula in L(LZ(X)).

Remarks:

a) It is possible to impose on f additional conditions under
which the operator f(A) belongs to Rk(X).

b) When Py = 2 the above theorem remains true with s > p + 3/2.

c) The Weyl's formula also allows to define functions of a tuple’
of non-commuting self-adjoint operators.

We will include here the proof of the theorem 1 in a particular
but significant case.

Suppose that & = 0, k = 1; it follows that N = 1. It is
clear that theorem 1 can be deduced from a suitable estimate for
lexp(-2mitA) |y (X) in terms of t € R.

1

In order to get this estimate, some notations and results will be
needed. We fix in X coordinate neighborhoods U., diffeomorphisms
¢j : Uj -~ ¢j(Uj) of class CM, where M = 2[n/2]+n+8, functions

M
ej € CO(Uj)’ ej
class CM, such that supp(ej)C: U; whenever supp(ej) N supp(e;)#

#0; 6; =1 in a neighborhood of supp(nj) if j=1i or if

S“PP(HJ) n SUPp(ni),'# 9.

> 0 and a finite partition of unity {nj} of

ﬁow, we define an space of symbols for operators in M1(X). More
exactly, for_each j we consider the restriction to ¢j(Uj) of a
function p(J) e S°. We define a norm of such a restriction as

(pgpéoY ) (x,6)|

(1 + [g))71Y*8I

“where the supremum is taken over x € ¢j(Uj), £ e R g < n+3,
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lasg| < 2[n/2]+4, j.
We note H1(X) this space. With the poinfwise multiplication
(D(J))-(Q(J)] = (p(J)qLJ))

as 2 product, E](X) becomes a commutative Banach algebra.

7 LEMMA. Let H = (p(J)) be an element in N,(X); we suppose that

each p 3} e a real funetion. Then, 7if t € R,

jexp(-2mitH)| < Cl (1 + JH]) (1 + ]t|)|u

whzre C = C(X) > 0, u = 2[n/2]+n+7.

Tt

Since ®,(X) is a Banach algebra, the exponential = exp(-2mitH)
1s well defined; moreover it is equal to exp(—Zvitp(J))j.
According to the norm that the space ﬂl(X) has, the conclusion

follows.

Now, we will introduce the space M1(X) in the following way

An element K of IM1(X) is an operator R in R](X) and a vector

(p(j)) in H‘(X) subject to the condition that if Uiﬂ Uj # 0

and 055 = ¢ 00;1, then

j
e = el e i e in Uy,
Such an element K will be - denoted as {(p(j)j,R}.

We define a norm in 1M1(X) as follows

1K1y, - LN + IRIp.

7

Given K eIMI(X) we define an operator A(K) in the following way

*
A(K) = .b.(A.)0.
(K) § nJ¢J( J) j* R
where

fe-Znixi p ) (x,e)F(e)ae if x e ¢;(U5)
(Ajf)(x) =
0 if not
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Ll ‘ .
It can be proved.that A(K) belongs to M1(X). Moreover the linear
map { '
b M, (X) _A Hy(X)-
K ——— A(K)

is into and continuous. Furtbermore, if A e‘M1(X) is self-adjoint,
A = A(K) for some K = {(p(J)LR}, with p(J) real for all j.

It is possible to define a product in M ,;(X) in such a way that
DW1(X) becomes a Banach algebra and the map A above is a conti-
npous homomorphism of algebras.

Finally, let us consider the maps J’
Q

M (X) INl(X)l M (X)
(R —— ) ——— (N, 0

2 1is a continuous homomorphism of algebras and the linear map 91
is a right continuous inverse of Q.

THEOREM 2. Suppose that 1/p0 - 1/n < 1/2.

Let H = {(p(j)),R} be an element of DH(X)_such that A(H)
is a se.f-adjoint operator and the functions p(J are real for all

j. Then, if t e R,

lexp(-2niti)] < o[ + |H|N1)t1 + t])]2ur?

1
where C = C(X) > 0, wu = 2[n/2]+n+7.

Proof

Acgording to the notations above, we set A = A(H), K = Q(H) =
= 00 e w0
We assert that
e-ZﬂitH

) QI(e-ZnitK)

it an element of the form {(0),R(t)}.

In fact, since Q 1is a continuous homomorphism of-algebras and -:
Q, is a right inverse of Q, we have

Q[e-ZﬂltH _ Q](e~2ﬂltK)] = e 2mitK

- an, (e72MtKy o o,
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On the other hand, since Q4 is a continuous map, according to the
lemma it suffices to estimate the norm of {(0),R(t)} in IM1(X),
which coincides with the norm of R(t) in -R1(X).

We have

R(t)

A[e-Z‘nitH e-ZTYitK)]

- 91(

. o-2mitA -2mitk

- AQ1(e ).

I1f we denote with R(t) the derivative of R(t) with respect to t,
we get

R(t) = e ™A 2nin) - g, (e” 2" K (-2mik)) =
[e72MA  ao, (e ¥ (c2min) + Agq (e EH) (2min) -
- ney(e” T K Caniky) = (1) (-2miA) + By(B) M
Since
By (1) = Afn, (e 2" 1tK) (L2nin) - q, (e 31K 2miK))]
and :

-2mitK -2mitK

e[, (e ) (-2miH) - (e (-2mik))] = 0,
we deduce that B1(t) belongs to R1(X) for each t.
Thus,

e-2ﬂitK -2mitK

|B1(t)IR] I2,( ) (-2miH) - (e (-2miK)) Iy,

A

A

c[an + |H§M1)(1 + [tH]¥
where C =iC(X) > 0.

Since R(0) = 0, from (1) it follows that

N t .
R(t) = I B1(s)e‘2“(t'5)A ds (2)
(o] .

But we can also writer

R(t) = (_ZniAje—ZwitA _'AQ1(e-2witK(_2“iK))
or & '
s/ -
~ R(t) = (-2miA)R(t) + Bz(t)
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where Bz(t) € R1(X) for each t and

|B,(t)] , 5 cfr + |”&M1>(1 s tY, c=cx >0

So,
t . .
3 R(t)=[ e 2mi(t-S)h g (5)as (3)
(o]
or
* t 2mi(t-s)A
R (t) = J Bz(s)e ds (4)
o

where * denotes the adjoint.
Now, suppose we show that

es2ri(Emsddy < [0+ Wy (e (sDI¥T )

P 3
L 2,1
We will get the same estimate for

Thus, according to (2) and (4), we can deduce that

2u+2
|R(t)|R1 <c[( + |H|M])(1 + ]
So, it remains to prove (5).

From the definition of the operator R(t), it is clear that it
suffices to obtain the estimate

IR()] P

< el + [Hly )1+ [eH]*!
Lo 1

50

. .

But according to the hypothesis _1/p0 - 1/n < 1/2, the SoBolev
immersion theorem provides the continuous inclusion of L10(X) into
LZ(X); moreover, since Py < 2, we also have a continuous injec-

tion from LZ(X) into LPO(X). Thus, the desired estimate
follows from (3).

This completes the pro$¥ of the theorem 2.



Functions of ¢.D.0. 11

References

1]

(2

(3]
(4]
(s
(el

J. Alvarez Alonso, A.P. Calderdén: "Functional calculi for
pseudo-differential operators, I'". Proceedings of the Seminar
on Fourier Analysis held in El1 Escorial, (1979), pp. 1-61.

"Functional calculi for pseudo-differential
operators, II". Proceedings of the MIT Congress in honour of I.
Segal, (1979). Studies in Appl. Math., vol 8, (1983), pp. 27-72.

R. Coifman, Y. Meyer: "Au dela des opératéurs pseudo-différen-
tiels". Asterisque n2 57, (1978). '

M.E. Taylor: "Functions of several self-adjoint operators'.
Proc. Amer. Math. Soc. 19, (1968), 91-98.

A.P. Calderon: '"Algebras of singular integral uperators'", Proc.
of Symp. in Pure Math., 10, (1965), 18-55.

J. Alvarez Alonso: "An algebra of LP-bounded pseudo-differential
operators'. Journal of Math. Analysis and Appl. 94, (1983),
268-282.






Recent Progress in Fourier Analysis
1. Peral and J.-L. Rubio de Francia (Editors)
© Elsevier Science Publishers B.V. (North-Holland), 1985

ON PROBLEMS RELATED TO THEOREMS A and B
WITH ESTIMATES

E. AMAR
Université de Bordeaux

Introduction

We are interested in theorems of type Cartan A and B, but
with estimates on the growth of the functions.

Type A probhlems

a) The caracterisation of the zero set of a holomorphic func-

tion in a given class. G. Henkin and H. Skoda gave, independently, a

complete answer for thi< problem in the case of the Nevanlinna class
of the unit ball B of €" ,[12], [18]; N. Varopoulos studied the
case of the Hardy classes HP of the unit ball [19].

All of them used the P. Lelong's method leading to solve a
99 equation with estimates.

b) Another example of-type A problem is the corona problem:

let f1,...,fk be bounded holomorphic functions in the unit ball of
¢ such that:

| £4] +...+ Ifkl >8>0 in B;

are there g1s--s8 bounded holomorphic functions in B with:
f]gI AR fkgk = 17

This problem was solved in 1962 by L. Carleson [9] in the case
n =1; L. Hormander [14] showed that the problem can be replaced
by the problem of solving a 3§ equation with bounded solution, and
in 1979 T. Wolff gave a very simple proof of the Corona in one va-
riable. We will show in §1, in generalizing the proof of Wolff to
the unit ball of €", that in fact it is a 233 equation we are
led to solve. liInfortunately we have not the complete answer but
the following:

Theorem [Q. Let f = (fl""’fk)’ k funetions in the Hardy class

13




