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Preface

AISC 2004, the 7th International Conference on Artificial Intelligence and Sym-
bolic Computation, was the latest in the series of specialized biennial conferences
founded in 1992 by Jacques Calmet of the Universitat Karlsruhe and John Camp-
bell of University College London with the initial title Artificial Intelligence and
Symbolic Mathematical Computing (AISMC). The M disappeared from the title
between the 1996 and 1998 conferences. As the editors of the AISC 1998 pro-
ceedings said, the organizers of the current meeting decided to drop the adjective
‘mathematical’ and to emphasize that the conference is concerned with all aspects
of symbolic computation in Al: mathematical foundations, implementations, and
applications, including applications in industry and academia.

This remains the intended profile of the series, and will figure in the call for
papers for AISC 2006, which is intended to take place in China. The distribution
of papers in the present volume over all the areas of AISC happens to be rather
noticeably mathematical, an effect that emerged because we were concerned to
select the best relevant papers that were offered to us in 2004, irrespective of
their particular topics; hence the title on the cover. Nevertheless, we encourage
researchers over the entire spectrum of AISC, as expressed by the 1998 quotation
above, to be in touch with us about their interests and the possibility of eventual
submission of papers on their work for the next conference in the series.

The papers in the present volume are evidence of the health of the field of
AISC. Additionally, there are two reasons for optimism about the continuation
of this situation.

The first is that almost all the items in the list of useful areas for future
research that the editors of the proceedings of the first conference in 1992 sug-
gested in a ‘state of the field” paper there are represented in AISC 2004. Many
have of course been present in other AISC conferences too, but never so many as
in this year’s conference: theorem proving, expert systems, qualitative reason-
ing, Grobner bases, differential and integral expressions, computational group
theory, constraint-based programming, specification (implying verification), and
instances of automated learning, for example. The only major items from the
1992 list that would be needed here to make up what poker players might call a
full house are knowledge representation and intelligent user interfaces for math-
ematical tasks and mathematical reasoning — but while a word search in this
volume may not find them, ingredients of both are undoubtedly present this
year. (For a hint, see the next paragraph.)

The second of our reasons for an optimistic view of AISC is the maturation
of a scientific proposal or prediction that dates back to 1985. In founding the
Journal of Symbolic Computation in that year, one of us proposed that SC
should encompass both exact mathematical algorithmics (computer algebra) and
automated reasoning. Only in recent years has an integration and interaction of
these two fields started to materialize. Since 2001 in particular, this has given
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rise to the MKM (mathematical knowledge management) ‘movement’, which
considers seriously the automation of the entire process of mathematical theory
exploration. This is now one of the most promising areas for the application
of Al methods in general (for invention or discovery of mathematical concepts,
problems, theorems and algorithms) to mathematics/SC and vice versa.

We are happy to be continuing the fruitful collaboration with Springer which
started with the first AISMC conference in 1992 and which permitted the pub-
lication of the proceedings in the Lecture Notes in Computer Science (LNCS
737, 958, 1138) series from 1992 to 1996 and the Lecture Notes in Artificial
Intelligence (LNAI 1476, 1930, 2385) series subsequently.

We, the AISC steering committee, and the organizers of the conference, are
grateful to the following bodies for their financial contributions towards its op-
eration and success: Linzer Hochschulfonds, Upper Austrian Government, FWF
(Austrian Science Foundation), Raiffeisenlandesbank Upper Austria, Siemens
Austria, IBM Austria, and CoLogNET.

Our thanks are also due to the members of the program committee and
several additional anonymous referees, and to those who ensured the effective
running of the actual conference and its Web sites.

In this latter connection, we administered the submission and selection of pa-
pers for AISC 2004 entirely through special-purpose conference software for the
first time in the history of AISC, using the START V2 conference manager de-
scribed at www.softconf.com. This contributed substantially to the efficiency
of the whole process, and allowed us to respect an unusually tight set of dead-
lines. We appreciate the prompt and helpful advice on using this software that
we received from Rich Gerber whenever we needed it.

The effectiveness of the final stage of production of this volume was due
mainly to the intensive work of Theodoros Pagtzis. We express our gratitude to
him.

July 2004 Bruno Buchberger
John Campbell
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The Algorithmization of Physics:
Math Between Science and Engineering*

Markus Rosenkranz

Johann Radon Institute for Computational and Applied Mathematics
Austrian Academy of Sciences, A-4040 Linz, Austria
Markus.Rosenkranz@oeaw.ac.at

Abstract. I give a concise description of my personal view on symbolic
computation, its place within mathematics and its relation to algebra.
This view is exemplified by a recent result from my own research: a new
symbolic solution method for linear two-point boundary value problems.
The essential features of this method are discussed with regard to a
potentially novel line of research in symbolic computation.

1 Physics: The Source and Target of Math

What is the nature of mathematics? Over the centuries, philosophers and math-
ematicians have proposed various different answers to this elusive and intriguing
question. Any reasonable attempt to systematically analyze these answers is a
major epistemological endeavor. The goal of this presentation is more modest:
I want to give you a personal (partial) answer to the question posed above, an
answer that highlights some aspects of mathematics that I consider crucial from
the perspective of symbolic computation. At the end of my presentation, I will
substantiate my view by a recent example from my own research.

According to [4], humankind has cultivated the art of rational problem solving
in a fundamental three-step rhythm:

1. Observation: The problem of the real world is specified by extracting relevant
data in an abstract model.

2. Reasoning: The model problem is solved by suitable reasoning steps, carried
out solely in the abstract model.

3. Action: The model solution is applied in the real world by effectuating the
desired result.

In this view, mathematics is not limited to any particular objects like numbers
or figures; it is simply “reasoning in abstract models” (item number 2 in the
enumeration above). For highlighting its place in the overall picture, let us take
up the example of physics — of course, one can make similar observations for
other disciplines like chemistry, biology, economics or psychology.

We can see physics as a natural science that deals with observations about
matter and energy (item number 1 in the three-step rhythm). In doing so, it

* This work is supported by the Austrian Science Foundation FWF in project F'1322.

B. Buchberger and J.A. Campbell (Eds.): AISC 2004, LNAI 3249, pp. 1-7, 2004.
© Springer-Verlag Berlin Heidelberg 2004



2 M. Rosenkranz

extracts various patterns from the mass of empirical data and tabulates them in
natural laws. It is here that it comes in contact with mathematics, which provides
a rich supply of abstract structures for clothing these laws. In this process,
physicists have often stimulated deep mathematical research for establishing the
concepts asked for (e.g. distributions for modeling point sources), sometimes
they have also found ready-made material in an unexpected corner of “pure
mathematics” (e.g. Rogers-Ramanujan identities for kinetic gas theory); most of
the time, however, we see a parallel movement of mutual fertilization.

As a branch of technical engineering, physics is utilized for constructing
the machines that we encounter in the world of technology (item number 3
in the three-step rhythm). Engineers are nowadays equipped with a huge body
of powerful applied mathematics — often hidden in the special-purpose software
at their disposal - for controlling some processes of nature precisely in the way
desired at a certain site (e.g. the temperature profile of a chemical reactor). If
we are inclined to look down to this “down-to-earth math”, we should not for-
get that it is not only the most prominent source of our money but also the
immediate reason for our present-day prosperity.

Of course, the above assignment 1 ~ natural sciences (e.g. theoretical phy-
sics), 2 ~ formal science (i.e. mathematics), 3 ~ technical sciences (e.g. engi-
neering physics) must be understood cum grano salis: Abstract “mathematical”
reasoning steps are also employed in the natural and technical sciences, and a
mathematician will certainly benefit from understanding the physical context of
various mathematical structures. Besides this, the construction of models is also
performed within mathematics when powerful concepts are invented for solving
math-internal problems in the same three-step rhythm (e.g. 1 ~ extension fields,
2 ~ Galois groups, 3 ~ solvability criterion).

2 Algebraization: The Commitment to Computing

The above view of mathematics prefers its dynamical side (problem solving)
over its static one (knowledge acquisition), but actually the two sides are inti-
mately connected (knowledge is needed for solving problems, and problems are
the best filter for building up relevant knowledge bases). The dynamic view of
mathematics is also the natural starting point for symbolic computation, as I will
explicate in the next section. In fact, one can see symbolic computation as its
strictest realization, deeply embedded in the overall organism of less constructive
or “structural” mathematics.

Within symbolic computation, I will focus on computer algebra in this pre-
sentation. Strictly speaking, this means that we restrict our interest to algebraic
structures (domains with functional signatures and equational axioms like rings).
But this is not a dogmatic distinction, rather a point of emphasis; e.g. fields are
also counted among the algebraic structures despite their non-equational axiom
on reciprocals. In some sense computer algebra is the most traditional branch of
symbolic computation since rewriting functions along equational chains is maybe
the most natural form of “computation with symbols”. What is more important,
though, is the axiomatic description of the algebraic structures in use.
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Judging from our present understanding, it may seem obvious that one should
proceed in this way. Looking at the historical development, however, we perceive
a movement of increasing abstraction that has not stopped at the point indicated
above [9]. We can see four distinct stages in this abstraction process:

1. Concrete Algebra (Weber, Fricke): Virtually any ring considered was a sub-
ring of the integers or of the complex polynomials or of some algebraic num-
ber field (similar for other domains). Various “identical” results were proved
separately for different instances.

2. Abstract Algebra (Noether, van der Waerden): Rings are described by their
axioms; the classical domains mentioned above are subsumed as examples.
All the proofs are now done once, within “ring theory”.

3. Universal Algebra (Graetzer, Cohn): Classes of algebraic structures are con-
sidered collectively; rings are just one instance of an algebraic structure.
Results like the homomorphism theorem can be proved for generic algebraic
structures that specialize to rings, groups, and the like.

4. Category Theory (MacLane, Eilenberg): Categories are any collection of ob-
jects (like algebraic or non-algebraic structures) connected through arrows
(like homomorphisms in algebraic structures). The objects need not have a
set-theoretic texture (as the carriers of structures have).

The role of mathematics as reasoning in abstract models becomes very clear
in the process of algebraization: the mathematical models are now specified pre-
cisely by way of axioms and we need no longer rely on having the same intuition
about them. Let me detail this by looking at one of the most fundamental struc-
tures used in physics — the notion of the continuum, which provides a scale for
measuring virtually all physical quantities. Its axiomatization as the complete
ordered field of reals needed centuries of focused mathematical research culmi-
nating in the categoricity result. Proceeding with computer algebra, we would
now strip off the topological aspects (the “complete ordered” part) from the
algebraic ones (the “field” part) and then study its computable subfields (finite
extensions of the rationals).

If one models physical quantities by real numbers, analyzing their mutual
dependence amounts to studying real functions (real analysis), and the natural
laws governing them are written as differential equations. Their application to
specific situations is controlled by adjusting some data like various parameters
and initial/boundary conditions. Since the latter are the most frequent data in
physical problems [10], boundary value problems (BVPs) will serve as a fitting
key example in the last section of this presentation.

3 Algorithmization: The Realization of Computing

In order to actually “compute” the solution of a problem in an abstract model,
algebraization alone is not enough. We have already observed this in the above
example of the continuum: The field of real numbers is regarded as an algebraic
domain, but it is clearly uncomputable because of its uncountable carrier. In
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view of these facts, Buchberger (7, 3, 5] has defined symbolic computation (in par-
ticular: computer algebra) as that part of algorithmic mathematics (in particular:
algorithmic algebra) which solves problems stated in non-algorithmic domains
by translating them into isomorphic algorithmic representations.

Let us look at three immediate examples:

1. The traditional definition of polynomials introduces them as certain (infi-
nite!) congruence classes over some term algebra in the variety of unital com-
mutative rings [13]. The modern definition starts from a monoid ring [12],
which turns out to be an isomorphic translation of the former, basically
encoding the canonical representatives of the congruence classes.

2. As another example, consider the cardinal question of ideal membership in
algebraic geometry: As infinite sets, ideals cannot directly be treated by
algorithmic methods; representing them via Grobner bases allows a finitary
description and a solution of the ideal membership problem [1, 2, 6].

3. Finally, let us consider an example from a traditional domain of symbolic
computation that does not belong to computer algebra, namely automated
theorem proving. It is based on translating the non-algorithmic (semantic)
concept of consequence into the algorithmic (syntactic) concept of deducibil-
ity, the isomorphism being guaranteed by Godel’s Completeness Theorem.

Returning to the example of boundary value problems introduced above, we
should also note that there are actually two famous approaches for algorith-
mization: symbolic computation takes the path through algebraization, whereas
numerical computation goes through approximation. Simplifying matters a bit,
we could say that symbolic computation hunts down the algebraic structure
of the continuum, numerical computation its topological structure!. But while
industrial mathematics is virtually flooded with numerical solvers (mostly of
finite-element type), it is strange to notice that computer algebra systems like
Maple or Mathematica do not provide any command for attacking those BVPs
that have a symbolic solution. My own research on symbolic functional analysis
can be seen as an endeavor to change this situation.

4 Symbolic Functional Analysis:
Conquering a New Territory for Computing

I will now sketch my own contribution to the exciting process of conquering more
and more territory through algebraization and algorithmization. As mentioned
before, it deals with certain boundary wvalue problems. More precisely, we are

! The ideal algorithmic approach to problem solving would be to combine the best
parts of both symbolic and numerical computation, which is the overall objective
of a 10-year special research project (SFB) at Johannes Kepler University. My own
research there takes place in the subproject [17] on symbolic functional analysis; for
some details, see the next section.
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given a function f in C*°[0, 1] say?, and we want to find a solution u in C'*°[0, 1]
such that

Tu = f,

e 5 M
ouU = UQy- .-, Bn_lu = Unp-1 -
Here T is a linear differential operator like T = 2 D?—2e*D+1 and By, ..., B,—1
are boundary operators like u — u’(0) — 2u(1), whose number n should coincide
with the order of T'. Furthermore, we require the boundary conditions to be such
that the solution u exists and is unique for every choice of f; in other words, we
consider only regular BVPs.

In my own understanding, BVPs are the prototype for a new kind of problem
in symbolic computation: Whereas “computer algebra” focuses on algorithmi-
cally solving for numbers (typical example: Grobner bases for triangularizing
polynomial systems) and “computer analysis” does the same for functions (typ-
ical example: differential algebra for solving differential equations), the proper
realm of “computer operator-theory” or symbolic functional analyis would be
solving for operators. See [17] for more details on this three-floor conception of
the algebraic part of symbolic computation.

Why are BVPs an instance of solving for operators? The reason is that the
forcing function f in (1) is understood as a symbolic parameter: One wants to
have the solution u as a term that contains f as a free variable. In other words,
one needs an operator G that maps any given f to u. For making this explicit,
let us rewrite the traditional formulation (1) as

TG =1,
_ _ (2)
ByG=0,...,B,_1G=0.

Here 1 and 0 denote the identity and zero operator, respectively. Note also that I
have passed to homogeneous boundary conditions (it is always possible to reduce
a fully inhomogeneous problem to such a semi-inhomogeneous one).

The crucial idea of my solution method for (2) is to model the above op-
erators as noncommutative polynomials and to extract their algebraically rel-
evant properties into a collection of identities. For details, please refer to my
PhD thesis [14]; see also [16,15]. The outcome ot this strategical plan is the
noncommutative polynomial ring C({D, A, B, L, R} U {[f]|f € §%}) together
with a collection of 36 polynomial equalities. The indeterminates D, A, B, L, R
and [f] stand for differentiation, integral, cointegral, left boundary value, right
boundary value and the multiplication operator induced by f; here f may range
over any so-called analytic algebra (a natural extension of a differential algebra),
e.g. the exponential polynomials. The 36 polynomial identities express proper-
ties like the product rule of differentiation, the fundamental theorem of calculus,
and integration by parts.

2 The smoothness conditions can be dispensed with by passing to distributions on
[0,1]. Of course one can also choose an arbitrary finite interval [a,b] instead of the
unit interval. See [15] for details.



