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Nonseparable QMF pyramids

Eero P. Simoncelli’ and Edward H. Adelsont

The Media Laboratory
TDepartmont of Electrical Engineering and Computer Science
+ 5 5,5 5
+Department of Brain and Cognitive Science
Massachusetts Institute of Technology
Cambridge, Massachusetts 02139

It is widely recognized that effective image processing and machine vision must involve the use of information
at multiple scales, and that models of human vision must be multi-scale as well. The most commonly used image
representations are linear transforms, in which an image is decomposed into a sum of elementary basis functions.
Besides being well understood, linear transformations which can be expressed in terms of convolutions provide
a useful model of early processing in the human visual system. The following properties are valuable for linear

transforms that are to be used in image processing and vision modelling:

Scale Specificity (Radial Spatial Frequency): As noted above, one property that is considered to be impor-
tant in image processing is an explicit representation of scale. Basis functions which represent a particular
scale are restricted to localized annular region in the frequency domain.

Orientation tuning (Angular Spatial Frequency): Orientation tuning is an important propérty of most cor-
tical cells and psychophysically inferred channels. In machine vision it is important in the detection of lines
and edges. Basis functions which are oriented are restricted to angularly localized regions in the frequency
domain.

Spatial localization: In addition to localization in the frequency domain, it is often important for a representation
to retain some locational information; thus the basis functions (and sampling functions) should be restrictad
to some spatial region. This may also improve computational efficiency.

Completeness (Invertibility): Invertibility guarantees that the transformation does not discard any mfogmatlon
about the image. In the standard linear algebra terminology, the basis set of an invertible transformation is
sald to be complete. .~

Orthogonality (Self-inversion): In many cases it is advantageous to work with representations that are orthog-
onal, or more generally, self-inverting. A self-inverting transform is one whese basis functions and inverse or
sampling functions are identical. In the case of a linearly independent basis set, this condition is equivalent
to orthogonality.

Computational Efficiency: A final property worth considering is that of computational efficiency. There are two
ways to achieve efficiency in convolution-based linear transforms: one can use basis functions which have a
small region of support, or one can use basis functions which are computable as cascades of simple operations.
Both are typically employed in the construction of pyramids. o

o -

The first three requirements given above are conflicting: localization in one domain leads to a lack of local-
ization in the other. This joint localization issue was characterized by Gabor [1], who described a set of functions
which were optimally localized in both domains. Unfortunately, the corresponding sampling functions for his basis
set are very poorly localized in both domains, limiting the use of the transform in praotical situations.

We have developed an image transform that captures all of the properties mentioned above. It is computed
using quadrature mirror filters (QMF’s) with hexagonal symmetry. QMF’s form an orthogonal basis set that is well
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Figure 1: Idealized diagram of the partition of the frequency plane resulting from a four-level pyramid cascade
of hexagonal filters. The top plot represents the frequency spectrum of the original image. This is divided into
four sub-bands at the next level. On each subsequent level, the lowpass sub-band (outlined in bold) is sub-divided
further.

localized in space and spatial frequency [2, 3]. Most research with two dimensional QMF’s has involved separable
filters, in which one of the subbands contains mixed orientations [4, 5, 6], or non-separable filters which are not
‘orientation-specific [4]. We have previously described a hexagonal QMF pyramid in which all bands are oriented [2].
In the present work we apply such a pyramid to several tasks. We also note that the same concept can be extended
to three dimensions; if the third dimension is taken to be time, the resulting filters will be tuned for motion. A
more detailed discussion may be found in [7].

Figure 1 illustrates the partition of the frequency domain produced by the hex QMF pyramid transform. The
image must be sampled on a hexagonal grid, and its spectrum is assumed to be band-limited to a hexagonal region
of the Fourier plane. At each stage the pyramid subdivides the spectrum into four subbands; one is low-pass and the
other three are oriented and band-pass. The subbands are subsampled by a factor of four, and the transformation
is recursively applied to the low-pass subband. The resulting pyramid constitutes a self-similar orthogonal image
transform. To illustrate the decomposition into oriented subbands, we have applied the hex QMF pyramid to a
disk image; this is shown in figure 2.

We have also used the pyramid for image data compression, as shown in figure 3. The pyramid coefficients
were quantized and entropy coded, to reduce the data rate from 8 bit/pixel to 0.25 bit/pixel.
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Figure 2: Results of applying a hexagonal QMF bank to an image of a disk. On the left is the original image.
In the center is the result after one application of the analysis section of the filter bank. The image has been
decomposed into a low-pass and three oriented high-pass images at 1/4 density. On the right, we have applied
the filter bank recursively to the low-pass image to produce a two-level pyramid decomposition.

Figure 3: Data compression using the 4-ring hexagonal filter bank. On the left is the original “Lena” image at
256 x 256 pixels. On the right is a the compressed image. The entropy of the quantized pyramid was 0.25 bits
per pixel for a total of 16384 bits.
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Figure 4: On the left is the original image of Albert Einstein. On the right is an oriented line drawing produced
by using linear combinations of the oriented hexagonal filter outputs to measure the strength and orientation of
the local image anisotropy.

Because all of the high-pass filters are oriented, they offer a useful set of measurements of local image properties.
In figure 4 we illustrate their use in analyzing local orientation of an image, using a technique developed by Freeman
and Adelson [8]. Oriented energy measures were taken over the Einstein image, and these were used to derive the
both the strength and angle of the local orientation.

The concepts used in the design of the hexagonal QMI’s may be extended to three dimensions. Just as
a hexagonal lattice is tightest packing of disks in two dimensions, a rhombic dodecaheral lattice is the tightest
packing of spheres in three dimensions. It is possible to design three dimensional QMFE pyramids, in which the
basis functions are tuned for various three dimensional orientations. If the third dimension is time, the filters will
isolate local motion information (7].
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