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" The Bondi-Mass Type Estimate on a
Closed CR 3-Manifold with Nonnegative

Paneitz Operator*

Shu-Cheng Chang ! Chin-Tung Wu }

. Abstract

In this paper, we show the CR analogue of Bondi-mass type estimate on
a closed CR 3-manifold with nonnegative CR Paneitz operator. With its ap-
plications, by combining Harnack-type estimate, Hamilton rescaling method
and Gromov compactness theorem, one obtains the long time existence and
asymptotic convergence of solutions of the Calabi flow on a closed CR 3-
manifold with nonnegative CR Paneitz operator. As a consequence, we have
an affirmative answer to the CR Yamabe problem on a closed CR 3-manifold
with the positive Yamabe constant and nonnegative CR. Paneitz operator. In
particular, there exists a contact form of positive constant Tanaka-Webster
curvature on a closed CR 3-manifold with positive Yamabe constant and
vanishing pseudohermitian torsion.

Keywords and Phrases: CR Calabi flow, CR Bochner formula, Tanaka-
Webster curvature, Pseudoharmonic manifold, CR Paneitz operator, Sub-
Laplacian, CR Yamabe constant, Positive mass theorem.

1 Introduction

Let (M?"*1,J) denote a closed (2n + 1)-dimensional CR manifold. The CR Yam-
abe problem is to find a contact form on M with constant Tanaka-Webster cur-
vature. “In serial papers ([JL1|, [JL2], [JL3]), D. Jerison and J. Lee initiated the
study of this problem . They confirmed the CR Yamabe problem in case of the CR
Yamabe constant A(M) is less than the one A(S2"t1) for a standard CR sphere
(S2n+1, T )- Their methods can be compared to the partial completion of the proof
of Riemannian Yamabe problem by T. Aubin ([?]). By the pseudohermitian ana-
logue, the remaining cases should be solved using a CR analogue of the positive
mass conjecture which is not available at this present stage of research.

*1991 Mathematics Subject Classification. Primary 53C21; Secondary 58G03. Research sup-
ported in part by NSC of Taiwan.

tDepartment of Mathematics, Tsing Hua University (Taiwan), Taipei. E-mail:scchang@math.
nthu. edu. tw.

fDepartment of Applied Mathematics, PingTung University of Education (Taiwan), PingTung
90003. E-mail: ctwu@mail. npue. edu. tw.
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However in the present paper, due to the previous works on the so-called
Bondi-mass type estimate of the Calabi flow on a Riemannian manifold ([Chruy],
[Ch6]), we do have the CR analogue of Bondi-mass type estimate of the CR Calabi
flow on a closed CR 3-manifold with nonnegative CR Paneitz operator.

With its application of the CR Bondi-mass type estimate, we have an affirma-
tive answer to the CR Yamabe problem on a closed CR 3-manifold with A\(M) > 0
and nonnegative CR Paneitz operator Py. In particular, there exists a contact
form of positive constant Tanaka-Webster curvature on a closed CR 3-manifold
with positive Yamabe constant and vanishing pseudohermitian torsion.

Let 6 be a fixed background contact form and [0] be the fixed contact class.
Write 0 = 62’\0, we can associate the so-called Tanaka-Webster curvature W.
Let du = 0 A df denote the volume form. We define the energy functional £(6)
associated with 6 as follows:

£(6) = /M W2dy,

for 6 =e2A.
We consider the negative gradient flow of £(f) as follows:
06
— = 2(AW)8.
gy~ AWl
Now if § = €2*8 for some real (smooth) function A on'M x [0,T). Then we
can express the so-called Calabi flow on a CR 3-manifold (M, [9]) :

G = AW,
0= 62)\07 )‘O(p) = )‘( ’O)a (11)
Jueodi= f,, dn.

Here A denotes the sub-Laplacian operator with respect to 6. Also it is easy to
see that the volume

/d/L:/ 0/\d9:/ e**dii , where dﬁ:@\/\d@\.
M / M M

is preserved under the flow (1.1) by the divergence formula in pseudohermitian
geometry ([L2]).

Note that the linearization of the right side of (1.1) is a fourth-order subel-
liptic operator (the leading term basically is the negative square sublaplacian) So
the short time solution and uniqueness follows from a standard argument paral-
lel to the parabolic (or elliptic) case. The analogous situation on a Riemannian
4-dimension manifold has been studied by the first author ([Ch6]). On the other
hand, the Calabi flow on a CR 3-manifold is corresponding to the Calabi flow on
a Riemannian 4-manifold.

Since (1.1) is a fourth-order flow, there doesn’t seem to be any proper maxi-
mum principle. Therefore we have to invoke some kind of integral estimate. The
idea is to get the so-called Bondi-mass loss formula which comes from the work
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of P. T. Chrusciel ([Chru]). He studied the 2-dimensional Calabi flow on a closed
surface Y. , known as the Robinson-Trautman equation. The corresponding inte-

gral
/ €3>\dﬂ
=

is known to be the so-called Bondi-mass in the theory of general relativity. More-
over, the first author generalized this type estimate to the higher dimensional case
([Ch2], [Ch4], [Che], [CW3)]).

Before state the main theorems, we recall several definitions as below.

Definition 1.1. The CR Yamabe constant Q on (M, J,[8]) is defined by

. Eo(p)
YD = B Tepant

where du = 0 A df is the volume form and Eg is

Ep(p) Z/lvbsoli du+/Ws02 d.

Note that Ez(p) = Eg(uyp) for 6 = u20. This implies that Q(M, J) is a CR
invariant. Next we define

P = (p1'1 +iA1p" )8 = Py = (Pp)f’,

which is an operator that characterizes CR-pluriharmonic functions. Here P p =
p1l1 +iA1n1¢! and Py = (P1)01, the conjugate of P.

Definition 1.2. The CR Paneitz operator Py is defined by
Pop = 4 (5,(Pp) + 65(Py)) , (1.2)

where 8y is the divergence operator that takes (1,0)-forms to functions by &,(016') =
o1, and similarly, 6(c76') = oy 1.

We observe that
_ 1
/(Pv + Py, dyp)ry dp = ~1 /Pow “pdp (1.3)

with dp = 6Adf. One can check that P, is self-adjoint, that is, (Pyp, 9) = (¢, Pop)
for all smooth functions ¢ and . For the details about these operators, the reader
can make reference to [GL], [L1], [GG] and [FH].

Definition 1.8. On a complete pseudohermitian 3-manifold (M, J,8), we call the
CR Paneitz operator Py with respect to (J,6) nonnegative if

/ Py -pdp 20
M

for all real C*® smooth functions.
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Remark 1.4. 1. The nonnegativity of Py is a CR invariant in the sense that it
is independent of the choice of the contact form 6.

2. Let (M, J,0) be a closed pseudohermitian 3-manifold with free torsion.
Then the corresponding CR Paneitz operator is nonnegative ( [CCC]).

Now we are ready to state our main theorem on the long-time existence of
solutions of (1.1).

Theorem 1.5. Let (M, [1/9\]) be a closed CR 3-manifold with nonnegaitive CR
Paneitz operator. Then there exist solutions {e2*go} of (1.1) on M x [0, 00).

For the asymptotic behavior of solutions of (1.1), we have

Theorem 1.6. Let (M,[6]) be a closed CR 3-manifold with nonnegative CR
Paneitz operator. If Q > 0 with w < 0 in a ball B(po, po), there erists a sub-
sequence of solutions {€**go} of (1.1) on M x [0, c0) which converges smoothly to
a positive constant Tanaka- Webster curvature metric geo.

Remark 1.7. 1. For any closed CR 3-manifold (M, 5) with @ > 0, there always
ezists a metric 01 of positive Tanaka- Webster curvature which is pointwise confor-
mal to 6. Due to CR analogue of [KW, Lemma 6.2] and [CHJ, there is a metric
0y which is CR equivalent to 01 with w < 0 in a ball B(po, po) with Q([02]) > 0.

2. Note that the nonnegativity of Py is preserved with respect to 05 due to
Remark 1.4.

From the previous remark, one obtains the following Yamabe problem on a
closed CR 3-manifold with positive Yamabe constant.

Corollary 1.8. There exists a contact form of positive constant Tanaka- Webster
curvature on a closed CR 3-manifold with positive Yamabe constant and nonneg-
ative CR Paneitz operator.

In particular, from Remark 1.4, one obtains

Corollary 1.9. There ezists a contact form of positive constant Tanaka- Webster
curvature on a closed CR 3-manifold with positive Yamabe constant and vanishing
pseudohermitian torsion.

We also have the corresponding results on a closed CR 3-manifold with non-
positive Yamabe constant @ and nonnegative CR Paneitz operator .

Theorem 1.10. Let (M, [0]) be a closed CR 3-manifold with nonnegative CR
Paneitz operator. If Q < 0 or Q = 0, there erists a subsequence of solutions
{e**q0} of (1.1) on M x [0,00) which converges smoothly to a constant Tanaka-
Webster curvature metric goo.

In section 2, we drive the CR analogue of Bondi-mass type estimate by the
CR Bochner formula. In section 3, based on [CY], [Ch2], [Chru], we obtain the C°-
bound and the higher order S*:2-estimates of the solution for (1.1) if we have the
LP-bound of the Tanaka-Webster curvature, p > 2. Then the long-time existence
of solutions of (1.1) follows easily under the curvature assumption.
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In section 4, based on the CR Bondi-mass type estimate, we first obtain the
Harnack-type estimate for the equation (1.1). That is, one can have the uniformly
bound on f,, e®*dfi if we have the uniformly lower bound for solution A(t) of (1.1)
plus the LP-bound of the Tanaka-Webster curvature. Second, we are able to get
the uniformly lower bound for solution A(¢) of (1.1) if we have the LP-bound of the
Tanaka-Webster curvature. Then we have the asymptotic convergence of solutions
of (1.1) under the curvature assumption. In section 5, our aim is to characterize
the asymptotic behavior of solutions of the Calabi flow as ¢ — T. Moreprecisely,
we need to analysis the behavior of the type I and type II singularities. If the
singularity occurs as t — T' < oo, one can blow up the solution by using rescaling
techniques ( [H3]). This will lead to a contradiction with a result of [Yau]. Then
we are done.

Note that due to another proof of Riemannian Yamabe problem by A. Bahri,
recently N. Gamara and Y. Yacoub ([GY]) gereneralized it to CR category.

2 Bondi-mass estimates and CR Paneitz operator

We first give a brief introduction to pseudohermitian geometry (see [L1], [L2] for
more details). Let M be a closed 3-manifold with an oriented contact structure €.
There always exists a global contact form 6, obtained by patching together local
ones with a partition of unity. The characteristic vector field of 4 is the unique
vector field T such that 6(T) = 1 and L76 = 0 or d§(T,-) = 0. A CR-structure
compatible with £ is a (smooth) endomorphism J : €€ such that J2 = —identity.
A pseudohermitian structure compatible with ¢ is a CR-structure J compatible
with € together with a global contact form 6.

Given a pseudohermitian structure (J,6), we can choose a complex vector
field Z1, an eigenvector of J with eigenvalue 4, and a complex 1-form @' such that
{0,0%,6"} is dual to {T, Z1, Z1}. It follows that df = ih,;0*A8! for some nonzero
real function hy1. If A7 is positive, we call such a pseudohermitian structure (J, 9)
positive, and we can choose a Z; (hence 6') such that k3 = 1. That is to say

do = i6* A6 . (2.1)

We'll always assume our pseudohermitian structure (J,6) is positive and
hiy = 1 throughout the paper. The pseudohermitian connection of (J,6) is the
connection V on TM®C' (and extended to tensors) given by

VZi =w'®Z1,VZ; = wi'®Z;, VT = 0

in which the 1-form w1?! is uniquely determined by the following equation with a
normalization condition:

dol = 9 Awr ! + Al7ON6T (2.2)

wit+wit =0.
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The coefficient Al is called the (pseudohermitian) torsion. Since h;7 = 1,
A1 = h7 A = Aly. And A, is just the complex conjugate of Ar7. Differentiat-
ing wi! gives

duwnt = WAL + 2iIm (A1 10 A6)

where W is the Tanaka-Webster curvature.

We can define the covariant differentiations with respect to the pseudohermi-
tian connection. For instance, fi = Z1f, fi1 = Z1Z1f ~w1'(21)Z1f, fo=Tf fora
(smooth) function f. We define the subgradient operator V; and the sublaplacian
operator Ay by

Vivf = fiZ1 + f1Z7,
Apf = fi1 + fr1s

respectively. We also define the Levi form <, >4 by

< VU >¢= 2d0(‘/, JU) = V1Uj + ViU

for V=121 +v1Z1, U = u1Z7 + urZ; in €. The associated norm is defined as
usual: |V|3 =< V,V >p. Next we define the divergence operator &, by

51,(V) = ’U11 + Ufl

for V=v1Z21 +viZ; in &
We recall what the Folland-Stein space S%? is. Define

(V,U)gz/ <V,U >9 0 Ndb.
M

For a vector X € &, we define |X|? =< X, X >4 . It follows that |V,f|2 = 2fi f1
for a real valued (smooth) function f. Also the square modulus of the sub-Hessian
Vif of f reads [V3f|2 = 2f11 fi1 + 2f11f11- Let D denote a differential operator
acting on functions. We say D has weight m, denoted w(D) = m, if m is the
smallest integer such that D can be locally expressed as a polynomial of degree m
in vector fields tangent to the contact bundle £. We define the Folland-Stein space
SkP of functions on M by

S*P = {f € L? . Df € L” whenever w(D) < k}.

We define the LP norm of Vf, Vif, ... to be ([ |Vyf[P A df)1/P, (J IV2f|P6 A
d6)*/?, ..., respectively, as usual. So it is natural to define the $¥? norm of f € Sk»

as follows: .
Fllser = ( D NIVEFIE)YP.

0<ji<k

The function space S¥P with the above norm is a Banach spacefor k> 0,1 <p<
oo. There are also embedding theorems of Sobolev type. For instance, §%2 ¢ §1:4
(for dimM = 3). We refer the reader to, for instance, [FS] and [Fo] for more
discussions on these spaces.




The Bondi-Mass Type Estimate on a... 9

Let (M, J, 5) be a closed pseudohermitian 3-manifold. Let {b\, ’0‘1,§T} sat-
isfy (2.1). Now consider the change of contact form: 6 = e2*§. Choose ! =
G —0—_22')\15) such that hi; = hy7 (=1 by assumption). One checks easily that
{6,60%,6'} also satisfies (2.1). Then the associated Tanaka-Webster curvature W
and the sublaplacian operator Ay transform as follow:

W = e (W — 4R\ — 4|V, 02), (2.3)
AW = e" A (AW +2 < VW, VA >), (2.4)

where the operators or quantities with “hat” are with respect to the coframe
{#, g ,6%}, and so are the covariant derivatives of A. Define Tor(Vof,Vsf) =

ZAllflfl iAu frfr

Now we can state the CR Bochner formula.

Proposition 2.1. ([CC2]) For a (smooth) real function ¢ on M, we have

1
‘ EAb|Vb<pl2 |V (p|2+ < Vi, Velpp >4 +W|Vb<p|2 (2.5)
+Tor(Vop, Vip) — 2i(p1997 — P1001)

Proof. First it is easy to see that

‘Ab|vb90|2 |V ‘P|2 +e1(enT + ) + e1(pni1 + 1m1)- (2.6)

By the commutation relations, we compute
PTIT = P11 — “PoTs
Y = ‘P111 — bp10 + Wor = o111 — g1 + iAo + Wt

Substituting the above equation and its complex conjugate into (2.6) and observing
that

< Voo, Velhpp >9= 01(p117 + ¢1117) + 210111 + 0170 )s

thus we obtain the identity (2.5).
We also have the following identity from the equation (3.5) in [CC2]. O

Proposition 2.2. ([CC2|) For a (smooth) real function ¢ on M, we have

1
[ wortdu= [ @aupran+ [ TorVue Vg~ 3 [ Poo-gdn, (27
M M M 2 Jm
where Py is the CR Paneitz operator.
In this section, we will drive the key estimates of equation (1.1) from the

Bochner formula (2.6) and the identity (2.7). This is the so-called Bondi-mass
type estimates as in ([Ch2]).
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Lemma 2.3. Under the flow (1.1), one has

QW = —2WAW — 4AZW,

5 o —du = 40N Wdu (2.8)

ot

/duz/ e4x\dﬁ=/ e‘“ﬂdﬁ:/ dp. (2.9)
M M M M

Proof. The evolution equation (2.8) follows from (1.1) and (2.3) by a straight-
forward computation. While (2.9) comes from integrating the second identity of
(2.8) over M. Since |, v DeWdu = 0, by the divergence formula in pseudohermitian
geometry. 0

and

Lemma 2.4. Under the flow (1.1), we have

d
— / W2dy = -8 / (A W)2dp.
As a consequence,
/ W2du < C(W, Xo),
M
for all t.

Proof. From (2.8) and (2:9),

54 [ Widp
{ W2 A;,)I;Vdu+ 2 [\ (—W2A,W + 2W AW )dps
(AyW)2dp

d 2
2| w2au<o. O
dt/M du <0

Now we have the followings integral estimates:

1
2

Thus

Theorem 2.5. Suppose the Paneitz operator associated with g is positive and A
satisfy (1.1) on M x [0,T) with

/M |WPdy < K, for some p > 2 (*)

for a positive constant K which is independent of t. Then there exists a subsequence
{t;} as in (4.3) such that

d ~
—/ e i < I + 12/ e i — 13/ e DNV, 6 < o < 46/7

where the constants I; are independent of t.
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Proof. From (2.3) and (2.4), for a'> 4, we compute

dt f ea'\d“

e* (53 )di

e~ (AbW)du

= [ e DNA,W +2 < VW, Uy A >)dp
= (a—4) [elo~ 2))‘W[Ab)\ + (a— 2)]Vb)\| i
= (a— 4)fe(a‘4)>‘[WAb)\ +(a - 2)W]V;,/\|2 4(ApA)?
—4{a — l)Ab)\lVb)\|2 4(a— 2)]Vb)\l jtm

=R l'—‘

nu

Now let f = e{4=®)X_ Then

oM = (o - 422D f _
Aph = (a— )2V f2 — (a— 4711 Af.
Hence
o dt f eaAdM o~
=2(a—4) fel~ 4)’\W|Vb)\]2du (a—4 fe(a DX < VW, Vi > dfi
—4(a—4)"t 3 Abf)zd,u+ 12(a —4) 2a —3) f f* A f| Vo fl2dh
— 8(a— 4)~3(a — 3)% [ £75|V, f|*d. s

Again let F = f7, for some r to be chosen later. Then

|V7,,f[2 = r‘ZF“2|VbF|2
Apf =717 F+ 1AF — (r = 1)r 2F+~2|9,F|2.
Thus
adt fea)‘d“’ PN
=2(a—4) [ele 4)’\W|Vb)\[2du (a~4) [ < T, W, VA > dfi

—4(a—4)"1r2 [ F-+2(AF)2dj
+ 4(a — 4)—2r-3[(2r +1)a — (8r +1)] [ F~=3A,F|V,F|2dR
—4(a - 4)3r4r(r + 1)a?
— (87 + 57 — 1)+ 1672 + 4r — 2] [ F~+~4|V, F|*df.

In order to deal with the term [ F~7~3A,F|V,F|%dfi. We need the following
two identities.
0= fM 5(,(F o 2A5FV{,F)d/.L
= fF“—"’(AbF dp+ [ < vb(F---ZAbF) v,,F > dfi
= fF—_—Z(AbF)2d/I, - (1 +2) fF__—3AbF[VbFI2du
+ [F772 < V,AF, v,,F > df, (2.10)

and
0= fMJb(F +=20, |V F2)dR
= [P 2Ry Gy FPdi— (L 4-2) [ F#2 < OB, 0oV, FP2 > di
= [F 28| VoF2dfi+ (L +2) [ F3 3R, FIO, FIPdp
_(1 +2)(1 +3)fF—_—4lval4d‘u (2.11)



