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Preface

This volume contains the proceedings of the 15th International Conference on
Rewriting Techniques and Applications (RTA 2004), which was held June 2-
5, 2004, at the RWTH Aachen in Germany. RTA is the major forum for the
presentation of research on all aspects of rewriting. Previous RTA conferences
took place in Dijon (1985), Bordeaux (1987), Chapel Hill (1989), Como (1991),
Montreal (1993), Kaiserslautern (1995), Rutgers (1996), Sitges (1997), Tsukuba
(1998), Trento (1999), Norwich (2000), Utrecht (2001), Copenhagen (2002), and
Valencia (2003).

The program committee selected 19 papers for presentation, including five
system descriptions, from a total of 43 submissions. In addition, there were
invited talks by Neil Jones, Aart Middeldorp, and Robin Milner.

Many people helped to make RTA 2004 a success. I am grateful to the mem-
bers of the program committee and the external referees for reviewing the sub-
missions and maintaining the high standards of the RTA conferences. It is a great
pleasure to thank the conference chair Jirgen Giesl and the other members of
the local organizing committee. They were in charge of the local organization of
all events partaking in the Federated Conference on Rewriting, Deduction, and
Programming (RDP). Apart from RTA 2004, these events were:

— 2nd International Workshop on Higher-Order Rewriting
(Delia Kesner, Femke van Raamsdonk, and Joe Wells),

— 5th International Workshop on Rule-Based Programming
(Slim Abdennadher and Christophe Ringeissen),

— 13th International Workshop on Functional and (Constraint) Logic Program-
ming (Herbert Kuchen),

— IFIP Working Group 1.6 on Term Rewriting (Claude Kirchner),

— 4th International Workshop on Reduction Strategies in Rewriting and Pro-
gramming (Sergio Antoy and Yoshihito Toyama),

— 7th International Workshop on Termination
(Michael Codish and Aart Middeldorp).

I thank the organizers of all these events for making RTA 2004 more attractive
by collocating with it. Finally, I gratefully acknowledge the financial support of
the Deutsche Forschungsgemeinschaft (DFG).

April 2004 Vincent van Oostrom
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Termination Analysis of the Untyped A-Calculus

Neil D. Jones! and Nina Bohr?

! DIKU, University of Copenhagen
2 IT University of Copenhagen

Abstract. An algorithm is developed that, given an untyped A-expres-
sion, can certify that its call-by-value evaluation will terminate. It works
by an extension of the “size-change principle” earlier applied to first-
order programs. The algorithm is sound (and proven so in this paper)
but not complete: some A-expressions may in fact terminate under call-
by-value evaluation, but not be recognised as terminating.

The intensional power of size-change termination is reasonably high: It
certifies as terminating all primitive recursive programs, and many inter-
esting and useful general recursive algorithms including programs with
mutual recursion and parameter exchanges, and Colson’s “minimum” al-
gorithm. Further, the approach allows free use of the Y combinator, and
so can identify as terminating a substantial subset of PCF.

The extensional power of size-change termination is the set of functions
computable by size-change terminating programs. This lies somewhere
between Péter’s multiple recursive functions and the class of eg-recursive
functions.

1 Introduction

The size-change analysis of [5] can show termination of first-order functional
programs whose parameter values have a well-founded size order. The method is
reasonably general, easily automated, and does not require human invention of
lexical or other parameter orders. This paper applies similar ideas to establish
termination of higher-order programs. For simplicity and generality we focus on
the simplest such language, the A-calculus. We expect that the framework can be
naturally extended to higher-order functional programs, e.g., functional subsets
of Scheme or ML.

1.1 An Example of Size-Change Analysis

Ezxample 1. A motivating example is the size-change termination analysis of a
first-order program, using the framework of [5]. Consider a program with func-
tions f and g defined by mutual recursion:

£(x,v)
glu,v,w)

if x=0 then y else 1: g(x,y,y)
if w=0 then 3:f(u-1,w) else 2:g(u,v-1,w+2)

The three function calls have been labeled 1, 2 and 3. The “control flow graph”
in Figure 1 shows the calling function and called function of each call, e.g.,

V. van Oostrom (Ed.): RTA 2004, LNCS 3091, pp. 1-23, 2004.
© Springer-Verlag Berlin Heidelberg 2004



2 Neil D. Jones and Nina Bohr

Size-change graph set G Control flow graph

xS uSu udx

1
yS vV vhv vy @322
4 v

v w w w

Gi1 G2 Gs

Fig. 1. Call graph and size-change graphs for the example first-order program.

3: g — f. Each call is associated with a “size-change graph”, e.g., G3 for call 3,
that describes the data flow from the calling function’s parameters to the called
function’s parameters.

Termination reasoning: Consider (in order to prove it impossible) any infi-
nite size-change graph sequence M = g1g2... € {G1,G2,G3}¥ that follows the
program’s control flow:

Case 1: M = ...(G2)¥ ends in infinitely many Gs’s: In this case, variable v
descends infinitely.
Case 2: M =...(G1G5G3)¥. In this case, variable u descends infinitely.

Both cases are impossible (assuming, as we do, that the data value set is well-
founded). Therefore a call of any program function with any data will terminate.
End of example.

1.2 Definitions and Terminology

We describe the structure of size-change graphs and state the size-change termi-
nation condition.

Definition 1.

1. A size-change graph A £ B consists of a source set A; a target set B; and
a set of labeled arcs G C A x {=,l} x B. If A, B are clear from context, we

identify A & B with its arc set G. '

2. The identity size-change graph for A is A “a A where id a={x>x|x¢€
A}.

3. Size-change graphs A %t B and C & D are composible if B =C.

4. The sequential composition of size-change graphs A % Band B% C is

A %552 © where
Gl;G2={xi>z| I e{rns|xDByeG andy>dzeGy
forsomeyeB}}
U{x:)z| {=}={rs|x5ye€Gandy >z€G,
for some y € B} }
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Lemma 1. Sequential composition is associative. A S B implies id4;G =
G; idB =@,

Definition 2. A multipath M over a set G of size-change graphs is a finite or
infinite composible sequence of graphs in G. Define

GY ={M = Gy,Ghu,... | graphs G;,Giy1 are composible fori =0,1,2,... }
Definition 3.

1. A thread in a multipath M = Go,G1,Ga,... is a sequence t = a; ki §

aj4+1 "3 .. such that ar 35 ax+1 € Gg for every k > j (and each 1 is
=orl.)

2. Thread t is of infinite descent if rr, = | for infinitely many k > j.

3. A set G of size-change graphs satisfies the size-change condition if every
M € G¥ contains at least one thread of infinite descent.

The size-change condition is decidable; its worst-case complexity, as a function
of the size of the program being analysed, is shown complete for PSPACE in [5].

The example revisited: The program of Figure 1 has three size-change graphs,
one for each of the calls 1:f——>g,2:g——)g,3:g—>f,sog={AE}B,Bgf
B,B % A} where A = {x,y} and B = {u, v,w}. (Note: the vertical layout of the
size-change graphs in Figure 1 is inessential, though intuitively appealing. One

could simply write, for instance, G3 = {u £ x,w — y}.)

The termination reasoning shows that G satisfies the size-change condition:
Every infinite multipath has either a thread that decreases u infinitely, or a
thread that decreases v infinitely.

2 The Call-by-Value A-Calculus

We first summarise some standard definitions and results.

Definition 4. Ezp is the set of all A-expressions that can be formed by these
syntaz rules, where @ is the application operator (sometimes omitted). We use
the teletype font for A-expressions.

e, P ::=x] e@e | Xx.e
X Variable name

— The set of free variables fu(e) is defined in the usual way: fu(x) = {x},
fu(e@e') = fu(e) U fu(e') and fu(Ax.e) = fu(e) \ {x}. A closed \-expression
e satisfies fu(e) =0

— A program, usually denoted by P, is any closed \-ezpression.

— The set of subxpressions of a A-ezpression e is denoted by subezp(e).
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The following is standard, e.g., [9]. Notation: e[v/x] (8-reduction) is the result of
substituting v for all free occurrences of x in e and renaming A-bound variables
if needed to avoid capture.

Definition 5. (Call-by-value semantics) The call-by-value evaluation relation
is defined by the following inference rules, with judgement form e || v where e is
a A-ezpression and v € ValueS. ValueS (for “standard value”) is the set of all
abstractions Ax.e.

(ValueS) —— (If v € ValueS)
vi{v

ApplvS) S JAxeg exdvy  egfva/x] v
(ApplyS) Gy I 0

Lemma 2. (Determinism) Ife | v and e | w then v =w.

Lemma 3. If e is closed and its A-variables are all distinct, then a deduction
of e | v involves no renaming.

3 Challenges in Termination Analysis of the A-Calculus

The size-change termination analysis of [5] is based on several concepts including

1. Identifying nontermination as being caused by infinite sequences of state
transitions.

A fixed set of program control points.

Observable decreases in data value sizes.

Construction of one size-change graph for each function call.

Finding the program’s entire control flow graph, and the call sequences that
follow it.

N Lo O

At first sight all these concepts seem to be absent from the A-calculus, except
that an application must be a call; and even then, it is not a priori clear which
function is being called. We will show, one step at a time, that all the concepts
do in fact exist in call-by-value A-calculus evaluation.

3.1 Identifying Nontermination (Challenge 1)

We will sometimes write e |} to mean e |} v for some v € ValueS, and write e §f
to mean there is no v € ValueS such that e |} v, i.e., if evaluation of e does not
terminate.

A proof of e |} v is a finite object, and no such proof exists if the computation
of e fails to terminate. In order to trace an arbitrary computation, terminating
or not, we introduce the “calls” relation e — €’. The rationale is straightforward:
e — €’ if in order to deduce e | v for some value v, it is necessary first to deduce

.e 7 ... .
T. Applying

e’ || u for some u, i.e., some inference rule has form

this to Definition 5 gives the following.



