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PREFACE

Finding that many instructors would welcome material on graphs and
complex numbers for possible inclusion in their courses in trigonometry,
the authors have prepared chapters on these topics for the second edition
of this text. These chapters have been inserted where it was felt they would
most naturally occur in the development of the subject. They are, however,
completely independent of the other material and may be used or not en-
tirely according to the individual instructor’s needs and wishes.

As this new material was being added, the authors also took the oppor-
tunity of changing the exercises. Except in those cases where it was felt
that there would be a definite loss if particular exercises were altered or
omitted, either entirely new exercises have been prepared or new numerical
data have been included. In making these changes the authors have tried to
retain the best features of the old exercises while at the same time intro-
ducing such variety and improvements as seemed desirable.

As was stated in the preface of the first edition, this text was written for
college and engineering-school courses in trigonometry. Most students in
these courses are preparing themselves for later work, either in more ad-
vanced mathematics, or in physics, engineering, navigation, or other sci-
ences. The need of these students for an understanding of the principles
of trigonometry and for a mastery of the techniques has directed the prep-
aration and presentation of the subject matter of the text.

The aim has been to develop the theory and to illustrate its applications
as clearly and effectively as possible. Care has been taken to make the
explanations sufficiently detailed so that they can be easily followed by the
student. Numerous examples illustrate the principles and methods of the
theory.

A large number of carefully graded exercises have been provided through-
out the text. Along with these written exercises are numerous sets of
“Orals.” These will help the student in learning new methods and for-
mulas as they are first taken up in class, and they will provide material for
rapid drill on topics previously studied. Many practical problems serve
to acquaint the student with the situations in which trigonometry is di-
rectly applied. These problems, taken from various fields, illustrate many
of the uses of trigonometry, particularly in physics, surveying, navigation,
and aviation.

In developing the theory, the general-angle definitions of the trigonomet-
ric functions have been given first. This is to emphasize from the beginning
the general nature of the functions. Because of its extensive use in the cal-



PLANE TRIGONOMETRY

culus, radian measure has been introduced at the very first and used along
with degree measure throughout the book. The proving of trigonometric
identities has been considered not as an end in itself but as a procedure for
simplifying a trigonometric expression or as a means of deriving an equiva-
lent expression with certain different characteristics. This treatment
serves to familiarize the student with the fundamental relations and at the
same time to give him skill in the type of manipulation used in later work.

Logarithms have been discussed in a separate chapter. As this chapter
is independent of the others, it may be taken at the instructor’s conven-
ience. It is suggested that it be studied either at the beginning of the
course or in connection with the solution of triangles.

The text was used in lithoprinted form at the Georgia School of Tech-
nology for several years prior to publication. The authors wish to express
their sincere thanks to their former colleagues in the Department of Mathe-
matics there for their interest and cooperation when teaching the material
in its preliminary form. Their criticisms and suggestions were most helpful
in determining the present form of the text. The authors are particularly
grateful to Dr. D. M. Smith, Head of the Department of Mathematics at
that time, for his sympathetic advice and encouragement. They also wish
to express their sincere appreciation for the suggestions made by the many
users of the text since it first made its appearance.

D. H. B.
F.H:$



CONTENTS

CHAPTER | - ANGLES AND COORDINATES

Introduction, 3 - Angles, 3 - Measurement of Angles: Degrees and Radians, 4 -
Area of a Sector, 5 - Motion on a Circle, 6 - Rectangular Coordinates, 6 -
The Mil, 10 I}

CHAPTER Il - THE TRIGONOMETRIC FUNCTIONS

The Trigonometric Functions, 13 - Certain Relations between the Functions,
16 - Signs of the Trigonometric Functions, 16 - Finding the Other Functions
When the Value of One Is Given, 18 - Trigonometric Functions of an Acute
Angle in a Right Triangle, 19 - Functions of Complementary Angles, 21 -
Further Relations, 21 - Functions of 30°, 45°, and 60°, 23 - Functions of 0°, 90°,
180°, and 270°, 25 - Line Representations of the Sine, Cosine, and Tangent, 28

CHAPTER lll - SOLUTION OF RIGHT TRIANGLES AND APPLICATIONS

Use of Tables of Trigonometric Functions, 30 - Solution of Right Triangles, 31 -
Solution Using Logarithms, 33 - Some Terms Used in Applications, 34

CHAPTER IV - REDUCTION THEOREMS AND FORMULAS

Reduction to Functions of an Acute Angle, 47 - Reduction Formulas for Nega-
tive Angles, 50 - Other Reduction Formulas, 51 - Summary, 53

CHAPTER V - IDENTITIES AND EQUATIONS

Trigonometric Identities and Equations, 56 - The Fundamental Identities, 56 -
Use of the Fundamental Identities in Simplifications, 59 - Proving Identities,
62 - The Simplest Trigonometric Equations, 64 - Other Types of Trigonometric
Equations, 65 - Inverse Trigonometric Functions, 69 - Principal Values of the
Inverse Functions, 69

CHAPTER VI - GRAPHS OF THE FUNCTIONS

The Sine Curve, 72 - The General Sine Curve, 74 - The Cosine Curve, 76 - The
Other Trigonometric Curves, 77 - The Inverse Trigonometric Curves, 80 -
Simple Harmonic Motion, 81

CHAPTER VII - THE ADDITION FORMULAS AND DERIVED RELATIONS

The Addition and Subtraction Formulas for the Sine and Cosine, 84 - Proof of
the Addition Formulas When the Two Angles Are Acute, 84 - Proof of the Addi-
tion Formulas Concluded, 85 - Proof of the Subtraction Formulas, 86 - The Addi-
tion and Subtraction Formulas for the Tangent, 89 - Functions of Twice an
Angle, 90 - Functions of Half an Angle, 93 - Sum and Product Formulas, 97

PAGE

13

30

47

56

72

84



PLANE TRIGONOMETRY

PAGE

CHAPTER VIII - SOLUTION OF OBLIQUE TRIANGLES 100

Numerical Trigonometry, 100 - Solution of Oblique Triangles, 100 - The Law of
Sines, 100 - Area of a Triangle, 101 - Solution of Case I by the Law of Sines, 102 -
Discussion of Case I, 105 - Solution of Case II by the Law of Sines, 106 - The Law
of Cosines, 109 - Solution of Cases III and IV with the Aid of the Law of Cosines,
110 - The Law of Tangents, 111 - Solution of Case III by the Law of Tangents,
112 - The Half-Angle Formulas for the Angles of a Triangle, 115 - Solution of
Case IV by the Half-Angle Formulas, 116 - Summary, 118

CHAPTER IX - COMPLEX NUMBERS 123

Complex Numbers, 123 - Trigonometric Form of a Complex Number, 124 -
Operations with Complex Numbers, Rectangular Form, 126 - Products and
Quotients, Trigonometric Form, 129 - Powers and Roots; DeMoivre’s For-
mula, 131

CHAPTER X - THEORY AND USE OF LOGARITHMS 135

Logarithms, 135 - Properties of Logarithms, 136 - Logarithms to the Base 10;
Characteristic and Mantissa, 138 - Use of a Five-Place Table of Logarithms;
Interpolation, 140 - Use of Logarithms in Computation, 141 - Logarithms to the
Base ¢, 143

SUMMARY OF FORMULAS 145
INDEX 147
ANSWERS 1-10
FIVE-PLACE TABLES 1-84



PLANE TRIGONOMETRY






CHAPTER |
ANGLES AND COORDINATES

1 - Introduction

The beginnings of trigonometry are to be found in the work of certain
Greek and Egyptian astronomers, notably Hipparchus of Nicaea (about
140 B.c.) and Ptolemy of Alexandria (about 140 A.p.). Its name, meaning
triangle measurement, indicates the use for which it was originally devel-
oped. The solution of triangles is still an important application of trigo-
nometry : the solution of plane triangles in surveying and of spherical
triangles in navigation and astronomy. However, since the days of the
ancient Greeks, mathematics and science have been extended in manifold
directions. KEach extension has meant increased use and importance for
trigonometry, entirely apart from its use in the solution of triangles. Today
the formulas and relationships of trigonometry permeate the higher branches
of mathematics, and these branches of mathematics are the language and
tools of the physical and engineering sciences.

2 - Angles

Specifically, trigonometry consists of the study of certain ratios asso-
ciated with an angle, the properties of these ratios, their interrelationships,
and their applications to various problems. The angle, rather than the
triangle, occupies the central position in modern trigonometry.

When the angle plays this fundamental role, its concept is a more gen-
eral one than that employed in plane geometry. An angle AOB (Fig. 1)
is considered as having been generated by a half-line rotating about

B B

FIG. 1

its end point O from an initial position OA to a final position OB. 04
is called the initial side of the angle, OB the terminal side, and O the
vertex. The size of the angle is determined by the amount of rotation, and
the angle is considered positive or negative according as the rotation is
counterclockwise or clockwise. The direction of rotation is often indicated

3
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by an arrowhead. Thus in Fig. 1 the first angle is positive and the second
negative. Since the rotation may be of any amount and in either direction,
this concept enables us to consider angles of any
size whatever, positive or negative.
It is seen that two angles may have the same
initial and terminal sides and yet differ from
each other by an integral number of complete @ A
revolutions. Such angles are said to be coterminal. %
There are an unlimited number of angles coter-
minal with any given angle. We shall use most
frequently angles which are positive and which B
are generated by less than one complete revolution FIG. 2
of the rotating line. We shall call such angles
primary angles. Thus in Fig. 2 the angles a and 3 are (positive) coter-
minal angles, and 8 is a primary angle.

3 - Measurement of Angles: Degrees and Radians

Two units for the measurement of angles are in common use in trigo-
nometry. The first of these is the degree, which is 535 of the angle formed
by one complete revolution of the generating line. The degree is divided
into 60 equal parts called minutes, and a minute into 60 equal parts called
seconds. These units are already familiar to the student.

The second unit of measurement commonly used is the radian,* an angle
which when placed with its vertex at the center of a circle intercepts an arc equal
in length to the radius of the circle (Fig. 3). The number of radians in an
angle is thus determined by the number of times the radius is contained in
the intercepted arc. If € is the measure of an angle in radians, s the length
of the intercepted arc, and r the radius of the circle, then

s
0=;, or s=r10,

or, in words,

The measure of an angle in radians = ML’M_,
length of radius

@

FIG. 3 FIG. 4

*Radian measure is used extensively in the calculus.
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Since central angles in a circle are proportional to their intercepted arcs,
it is logical to use this ratio of the arc to the radius as a measure of angles.
Moreover, the definition of a radian is independent of the circle used, for
if 6 is a central angle intercepting an arc of length s in a circle of radius r,
and an arc of length s’ in a circle of radius " (Fig. 4), then

’

s s
L ,
27r 27y

’
. s_ s
and this gives = St

An angle of 360° intercepts the entire circumference, an arc 2 r in
length. The radian measure of the angle is therefore 2 7, and hence 2 7

radians = 360°, or 7 radians = 180°.

From this we see that

1 radian = 1870 degrees = 57.3° (approx.),

and 1 degree = 1_78%) radians = 0.017 radian (approx.).

The fundamental relation, 7w radians = 180°, is frequently used to ob-
tain a simple expression for the number of radians in an angle whose meas-

ure is given in degrees, and vice versa. For example, 1_2r radians = 1820
= 90°; and 60°, being one third of 180°, equals T vadians. For more com-

3
plicated problems, such as changing 3.736 radians to degrees or 127° 14.7’
to radians, it is simpler to use conversion tables. For reference we list
just a few of these conversion factors:
1 radian = 57.29578 degrees 1 degree = 0.017453 radian
=57°17.7 1 minute = 0.000291 radian
When using radian measure we often omit the word ‘“‘radian.” Thus if

., T T
we write 3 for an angle, we mean an angle of 3 radians.

4 . Area of a Sector

One important use of radian measure is in the
formula for the area of the sector of a circle. If K de- p $
notes the area of the sector AOB (Fig. 5) and s is the
length of the arc AB, then

K _ s,
Tr 2mr
From this, K=1%rs.
This formula was proved in plane geometry and is FIG. 5
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easily remembered by its similarity to that for the area of a triangle. If
now the angle 6 is measured in radians so that s = rf, this takes the more
useful form =1,

5 - Motion on a Circle

Radian measure is also useful in considering the motion of a particle
on a circle. If a point moves from A to B around the circumference of a
circle (Fig. 5), the distance traveled is given by the radian formula

s=r6.
Furthermore, if the point moves with constant velocity, v, in its path, then
vV=rw,

w being the rate at which the angle 6 is changing — the angular velocity.
If the velocity is not constant, but v and w represent the average of the
velocities over a period of time, this same relation holds between them.

6 - Rectanqular Coordinates

In order to define the trigonometric ratios of a given angle, use is made
of a standard rectangular coordinate system. As the coordinate axes of this
system we draw X’'X horizontal and Y'Y vertical, intersecting in the
point O (Fig. 6). Then X'X is called the x-axis, Y'Y the y-axis, and O
the origin.

Any point P in the plane is now located
by means of its distances from the coordi-
nate axes, measured in terms of some con- Px,y)
venient unit. Its distance from the y-axis is T
called the x-coordinate, or abscissa, and is xz L L >X
taken as positive if P is to the right of Y'Y, M Of
and negative if to the left. Its distance from 14 Pu(2,—5)
the z-axis is called the y-coordinate, or ordi- ’
nate, and is taken as positive if P is above
X’'X, and negative if below. The coordi- Y’
nates of a point P whose abscissa is z and FIG. 6
ordinate y are written (z, y), the abscissa
always being written first. Thus (Fig. 6) if a point is 2 units to the right
of the y-axis and 5 units below the z-axis, its coordinates are (2, — 5). To
any point P in the plane there corresponds a unique pair of numbers for
its coordinates, and conversely, to any pair of numbers considered as its
coordinates there corresponds a unique point in the plane.

The coordinates of a point are sometimes represented by directed line
segments, segments whose direction and length both have a meaning as-

6

Y
4
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signed to them. The length of the segment gives the magnitude of the co-
ordinate, and its direction, indicated by the order in which the end points
are written, gives the sign. Segments which represent coordinates are
positive when directed to the right or upward and v
negative when directed to the left or downward.
Thus in Fig. 6 the abscissa of the point P(x, y) is I I
represented by the directed line segment NP, or (=4 +:4)
OM. Each of these is negative, since it is directed X
to the left. The ordinate of P is represented by o
either of the directed line segments MP or ON. (_I’II_) (-l;’v—)
These are positive, since they are directed upward.

Each of the four parts into which a plane is
divided by the coordinate axes is called a quadrant.
These are numbered I, II, III, IV, in a counterclockwise direction begin-
ning at the upper right (Fig. 7). Also indicated in Fig. 7 are the signs of
the abscissa and of the ordinate of points in each of the four quadrants.

In addition to the coordinates of a point, use is
also made of its distance, OP, from the origin.

This is called simply the distance of P and is de- P(x,¥)

noted by r. When P is different from O, r is r
always taken as positive. For any point P(z, y) _|
in the plane (Fig. 8) we have from the Pythagorean @ 0
theorem that

FIG. 7

Y

r2 =2+ o2

In our study of angles it is often convenient to FIG. 8
consider an angle placed so that its vertex is at
the origin and its initial side lies along the positive z-axis. When it is so
placed, an angle is said to be in standard position. Furthermore, an angle
is said to lie in a certain quadrant if, when in standard position, its ter-
minal side falls in that quadrant.

ORALS

1. In the figure: (@) locate the vertex of angle A; (b) locate the initial
side of angle A, angle B, angle A + B; (c) locate
the terminal side of each of these angles; (d) state
which of these angles are in standard position.

2. Name the quadrant in which each of the
following points lies:

(a') (1; 3): (_ 5: 2); (45 - 3)
(b) (—' 2; 1)1 (_ 3, - 1), (27 _6)
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3. Give the distance of each point in the preceding exercise.

4. Give the distance of each of the following points :

@,0, 0,4, 0,0, (=1,0), (—=5,0)

5. Where are all the points for which (a) the ordinate is 3; (b) the
abscissa is — 4 ; (c) the distance is 2; (d) the abscissa is 3 and the distance
is5?

6. Express in degrees the angles of the following number of radians:

T T T T 41 5w -7
@33 % 1 © 3 53m—3
3w 7Tm 3w —bw 2w bw 11w
O 5573 @35 g2

7. Express in radians, in terms of , the angles of the following number
of degrees:
(a) 180°, 90°, 45°, 30° (¢) 120°, 210°, 315°, — 270°
(b) 60°, 150°, 225°, — 90° (d) 135°, 240°, 330°, — 540°

8. Each of the following numbers is the radian measure, correct to two
decimals, of some common angle, such as 30° or 90°. Give the corresponding
degree measure of each of these angles.

(a) 3.14, 0.52, 1.57, 6.28 (b) 2.09, 12.57, 0.79, 4.71

9. Name the quadrant in which each of the following angles lies:

o o o __10n° 27 11w 1837 —5 7
(a) 225°, 160°, 660°, — 100 e
10. Give the primary angle coterminal with each of the following :

(a) 480°, 690°, — 45°, —210°  (b) 3 , 57” =Z = f’; L3
11. How many radians are there in the central angle which intercepts

an arc of 24 inches on a circle of radius 4 inches?

12. What is the length of arc on a circle of radius 4 which is subtended

by a central angle of (a) 1 radian, (b) g— radians, (c) g-radians?
138. What is the length of the arc on a circle of radius 12 which subtends
a central angle of (a) 30° (b) 135° (c) 240°?

14. The minute hand of a clock is 5 inches long. What is the distance
moved by its outer end when the hand has moved 20 minutes?

15. What is the area of the sector cut from a circle of radius 4 by a
central angle of 1 radian?

16. A fan makes 1200 revolutions per minute. What is its angular
velocity in radians per second ?

8
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EXERCISES

1. Locate on graph paper the points of Oral 2.

2. Locate on graph paper the points of Oral 4.

3. Draw in standard position each of the angles of Oral 9.

4. Change (a) 30°, (b) 76° 52.1’ to radians, correct to four decimals.

5. Change 2.57 radians to degrees and minutes, correct to the nearest
tenth of a minute.

6. If the radius of the earth is taken as 3960 miles, find the distance
from the equator to the Tropic of Cancer, latitude 233° N.

7. Find, to the nearest 10 miles, the greatest north-south extent of the
United States, given that the latitude of Sand Key (oft Key West, Florida)
is 24° 27’ N and that the latitude of the tip of the northwest angle of
Minnesota is 49° 24’ N. The radius of the earth is approximately 3960
miles.

8. The mean radius of the earth is 3959 miles. Using this radius find, to
the nearest 10 feet, the length of 1 minute of arc of a great circle on the earth.

Nore. This is approximately the length of the nautical mile, which in the United
States is taken as 6080.27 feet.

9. Find the area of a circular sector of radius 6 inches and angle 40°.

10. The minute hand of a clock is 1% inches long and the hour hand 1 inch
long. Find the total area swept over by the hands from 8 : 00 A.M. to
8 :20 a.M.

11. A flywheel 1 foot in diameter is rotating at the rate of 2400 revolu-
tions per minute. What is its angular velocity in radians per second? What
is the linear velocity of a point on its rim in feet per second?

12. What is the velocity (feet per second) of a belt which passes over a
pulley 20 inches in diameter turning at the rate of 90 radians per minute?

13. A boy is riding a bicycle down the street at 12 miles per hour. If
the outer diameter of the tires is 26
inches, what is the angular velocity
in radians per second of the wheels?

14. The propeller drive of the
Aeronca 65 is direct from the en-
gine. What is the tip speed in feet
per second of the 72-inch (diam-
eter) propeller if the engine is turn-
ing at 2400 revolutions per minute?
What is the angular velocity? (See
sketch.)
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15. The diameter of a Boeing Clipper propeller is 14 feet 10 inches. The
gear-ratio is 16 to 9, that is, the gears convert 16 revolutions of the engine
into 9 revolutions of the propeller. What is the tip speed in feet per sec-
ond at 2000 engine revolutions per minute? What is the angular velocity?

7 - The Mil

Not used in ordinary trigonometry, but employed extensively by the
United States Army, is an angular unit known as the mil. In artillery meas-
urements one complete revolution is divided into 6400 mils; that is,

1600 mills = 90°.

The mil, defined in this way, is also approzimately the angle subtended by
one yard at a distance of a thousand yards, or by one foot at a distance of a
thousand feet, and so forth; from this fact the mil derives its name.

If the yard (or other unit) is measured along the circular arc, it follows
that the mil is approximately 1555 of a radian. Then the formula s= 76
of Sec. 3 becomes

70 . .
s= 1000’ 6 in mils.

In actual practice in the field, however, the yard is usually thought of as
measured along a straight line perpendicular to the line of sight. Thus it
would be considered either as the chord A B of the arc (Fig. 9 a), perpen-

o o//j\s

FIG. 9 a FIG. 9b

dicular at its mid-point to the line of sight OS, or the *“‘half-chord” CD
(Fig. 9b), perpendicular at its end point to the line of sight.* For small
angles the differences between the lengths of the chard, the half-chord,
and the arc are small. Hence, when 0 is small, s in the above formula may
be thought of as representing any one of these.

The army uses the mil to make rapid estimates of angles and distances,
and only approximate results are expected. It is possible to make these
estimates in terms of mils because of the particularly usable relation be-
tween the length of the subtended line and the distance from the observer.
Soldiers, knowing how many mils their fingers and hands subtend when
held at arm’s length, are trained in these approximate calculations. Both

* With this last interpretation 6 mils equals approximately 1000 tan 6 (see Sece. 8 and
12 for definitions of tan 6).

10



