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PREFACE

The first version of these notes was published in Polish by the A,
Mickiewicz University in 1978, under the title "Modular spaces". It
contained Sections 1,3,4,15-22 of the present text, which is enlarged
by the theory of generalized Orlicz spaces. We limit ourselves to the
case of spaces of scalar-valued functions, which is most fundamental
for the applications. The general, not necessarily convex case is
stressed as is modular convergence, not only norm convergence.

The reader who intends to study generalized Orlicz spaces only,
may restrict himself to Sections 1,2 and 5 of Chapter I and proceed
then directly to Chapter II.

The author would like to acknowledge the help of all who have con-
tributed to the present text. Doz. Dr. A. Kozek,’the referee of "Mo-
dular spaces" to "WiadomoSci Matematyczne", was so kind as to communi-
cate to the author his detailed critical remarks. "Modular spaces" was
also read critically by Dr., H., Hudzik and Dr, A, Kaminska, who contri-
buted their valuable remarks. The content of some parts of the present
Section 12 was communicated to the author by Doz, Dr. L. Drewnowski,
and Dr., H. Hudzik is the author of the first draft of Section 14. The
author would like also to express his gratitude to the many others
who helped in any way in preparation of this book.

Julian Musielak
Poznan, March 1983
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CHAPTER I

MODULAR SPACES

§ 1.Modular spaeces

lel.Definition. Let X be a real or complex vector space. A func—

tional ¢ :X—»[0,w] is called a pseudomodular, if there holds for arbi-
trary x,yeX :
1o ¢(0) =0,
2° Q@(-x)= ¢(x) in case of X real
Q(eitx)= €(x) for every real t in case of X complex,
3 §latx+ By) s QX+ @y) for o,A20, at+p= 1.

If in place of 3° there holds
g

o)

florxk Byl g «° €(x)+ (‘)s ¢(y) for &,p70, &% B° =1
with an s €(0,1] , then the pseudomodular ¢ is called s-convex. 1-con-

vex pseudomodulars are called convex. If besides 10 there holds also

)
1°° ¢(rx)= 0 for all A>0 implies x = O,

then £ is called a gsemimodular. If moreover,
1°7  @(x)= 0 implies x = O,

then ¢ is called a modular.

1.2.Examples. I, If X is an s~normed space with an s-homogeneous
norm M lls, then Q(x)::uxlls is an s—-convex modular in X. Similarly, if
I ”s is an s-homogeneous pseudonorm in X, then f(x) =”xns is an s~con-
vex pseudomodular in X. However, in general a modular is not a noxms
among others, it may assume the value +wm.

II. Let X = L¥ over the interval [a,b], then ¢(x)=§z ix)Pat is a
p-convex modular on X for 0<p< 1 and a convex modular on X for p21.

IITI. Let X be the space of real numbers and le%t €(x)2 0 for every
x€eX, ¢(0)= 0. Then 2o means that ¢ is an even function, 30 is equi-
valent to the statement that the function ¢ is nondecreasing for x 20,
end 3°° with s = 1 means that @ 1is a convex function.

1.3.Properties of pseudomodularss

§. elx)g ¢x) for (aIg1,



2

11.6

A
TT™MB

1

2 8
Zaci =1,
i=1

1o4eDefinition. If ¢ is a pseudomodular in X, then
X ={¢{xeX: lim €M x)=0}
§ { A-»0 e

is called a modular sgpace.

Obviously, Xe is a vector subspace of X.

In the following, we shall need the notions of an F-norm (F—pseu—
donorm) and of an s-norm ( s-pseudonorm ) - Let us recall that a func-
tional | |: X-[0,0) in a vector space X is called an F-pseudonorm, if
it satisfies the following conditions: (a) 10|= 0, (b) |-xI=)x| (orjeitxla
|]x| for real t in case of a complex space X) y (¢) Ix+y] £ 1X1+1y1, (d) if
Ol'k-—yac and [x,~%X|-+0, then ld.k - &x|-»0. If, moreover, () I|x|= O im-
plies x = 0, then | | is called an F-norm. Every F-norm (F-pseudonorm)
[ | such that |ax) is a nondecreasing function of o> O for every
x eX is a modular (pseudomodular) in X. It should be noted that for
every F-norm | | one can define an equivalent F-norm satisfying the
above condition (see S.Rolewicz [2], P.16). If | |+ X-»[0,0) satisfies
the above conditions (a@)-(c) and the condition @% |ax|= Ia.ls)xl,0<551,
then | | is called an s-homogeneous pseudonorm or briefly, an s-pseu-
donorm , and adding (e), we obtain an s-norm in X, An s-norm we shall
usually denote | . If s = 1, we obtain a norm which will be denoted
Il i« A space X with an F-norm (s-norm, norm) is a metric vector space
with distance d(x,y)=|x~y|.

1.5.Theorem. If ¢ is a pseudomodular in X, then

|x}e= inf fuy0: e(-{-}i)su}
is an F-pseudonorm in X , having the following propertiess:

I. Af Q(}\x1) < Q()xxz) for every A >0, where X,,X,€ XS“’ then
1 xq1g 2%l

II. if xeX

III, if x|

e then ro('x!g; is a nondecreasing function of oz O,
¢ <1, then §(x)$ | xg.



If ¢ is a semimodular in X, then | lq is an F-norm in X , If @ is an
s-convex pseudomodular, O<sg 1, then
llxllg’ = inf {u>0: 49(-1-1-;—{75) < 14

is an s~pseudonorm in X, and the properties I-III remain valid if we
replace | ’g by I ’%S. If ¢ is an s-convex semimodular, then I H: is
en s-homogeneous norm in X€ (1f s = 1, we shall write also ) J = | ”()

Pro¢f. It is clear that the set {u >0 e( ) < u} is nonempty for
xexg, and so NJETRS and IOI‘:-— 0. Also the symmetry cond1t10n|—xl¢
|X|¢ (or le x[ =lxl¢) is obvious. Moreover, if € is a semimodular and
}x|§= 0, then (u) u for every u»0, and so Q()x)<g’a( )S ,l'\l for
O<u<A and every A>0., Thus @(Ax)= 0 for all A>0, and so x =0
Now, let x,yexg and a >0, u =ixl§ +a, Vv =iy|¢+ b. Then g(—ﬁ) < u and
Q(‘:f) £ V, whence

o) - oG Y < oFh e

Hence ]x+ng wv+2a, and we obtain |x+y,<g|x(e +|yi¢, because a>0 is
arbitrary. Properties I and II follow from the definition of | ’9’ and
from the Property 1.3, immediately. Now, let o, —>a and 'x.k—xlg,—p 0.
Writing &, = oLk—a and Ve = X=X 5 We have 8y -0 anda ixk ¢ 0. Now,

)5 g for suf-

given an E70, we get Q(ak%) -0 as k »®, and so Q(
ficiently large k. Hence ]akxlg,_, 0. Consequently, taking as N a positi-
ve integer such that )dkl ¢N for all k and [ajg N, we have

1\7& X~ o(fogS]O(k(xk-x)]‘, + l(a[k—o()xlc,s ]Nyqu- + ]akx)g. £ lek'? + lakxlg,-vo
as k —»00. We prove now that QLx)glxlefor |x)€<1. Indeed, let les,<u<1,
then e(ﬁ) € u, and so Q(x): e(ui-i)gq(}—:)s u. Since u is arbitrary, this
implies Q(x)s]xlq.

The proof of the second part of the theorem with an s-convex pseu-
domodular ¢ runs along similar lines to the abovey taking o> 0, we
have

lmxll: = inf {u >0: q(o;}cs) < 1f= ocs inf{%s?O: ec
u u/o(s

1.6.Lheorem, Let ¢ be a pseudomodular in X. If xeX¢, and xkeXQ,

)1/) 1Z=o(si|xl|§.

for k = 1,2,0.., then the condition ka—xlq-—po as k -» ® 1is equivalent
to the condition Q(A(xk—x)) —+0 as k-» oo for every 2 >0. If xke-Xf
for k = 1,2,..., then (x,) 1s a Cauchy sequence in the space Xg’ with



respect to the F-pseudonorm ! A¢ , 1f and only if, cz(x\(xk—x_‘_)) >0 as
k;1 — oo for every A>0. If e is an s-convex pseudomodular in X,
then the same statement holds, replacing ) l¢ by ll;-

Proof. We limit ourselves to the proof of the first part of the st
tement, with x = 0. Let ¢(?\xk)->0 for every A>0, then for an arbit-
rary A>0 there exists an index k such that g) ka)< d for k7k °
Hence lxkl l for k>k , and so |x_k1 —- 0. Conversely, let lxk( -aO,
then I/\xkl - 0 for every )\ >0. Taking O< € < 1, there exists a k
such that l)\xkl¢<e for kjyk;. Hence g(Ax)g |,\xk|¢<g for kz k,,
and so €¢(x)-»0.

1

1.T.Definition. A pseudomodular ¢ in X will be called

a) right-continous, if 1lim (;(,\x)-—- @ (x) for all xelxq,
A1+

b) left-continuous, if lim @(Ax)= @) for all xeX,,
A2l=

¢) continuous, if it is both right-continuous and left-continuous.

1.8.Theorem, Let e be an s-convex pseudomodular in X. If ¢ is
right-continuous, then the inequalities llxl)?<1 and ¢(x)<1 are equi-
valent for every x eXe. If g is left-continuous, then the inequalities

Ibcllss 1 and @(x)¢1 are equivalent for every x¢X

S ¢"

This theorem follows from the above definition, immediately. Let us
still remark that the equivalences mentioned in 1.8 are not generally
valid without continuity assumptions on @ » as show the examples where
X is the space of real numbers and €4 (x)= 0 for O¢x¢1, 91 (x)= oo for
x71, or §2(x)— O for O0gx<1, 92(:{)— o for x1, because llxll¢1
leue2 =1x/°.

1.9.Examples. A function f defined in the interval [0,00) , nonde-
creasing and continuous for uy O and such that PO0)= 0, {(u)>0 for uyq,
Yu)»>00 as u > @, is called a lr-function. Let (&,% ,u) be a measure
space, i.e. L is a nonempty set, 2 is a G-algebra of subsets of L and
M 1s a nonnegative, complete measure in Z , which does not vanish iden-
tically.

I. Let X be the space of all real-valued (or complex—valued} S -nea-
surable and /u-a.lmost everywhere finite functions on L2, with equality
lu—almost everywhere. Then

e(x)= S P(lx(t)) dn for xeX
Q0



is a continuous modular in X. If ¢ is additionally an s-convex func-
tion, i.e. Y(aur(Pv) < o® P+ (5 §r) for w,v3; 0, a0 > 0, e (38=1’
where O<s <1, then ¢ is an s-convex modular in X. The respective
modular space X is called an Orlicz space and denoted L‘P(.Q,Z ,,v.) or
briefly L"P; we shall deal with Orlicz spaces and their generalizations
in Chapter II.

II. Let £ be a G-algebra of subsets of a nonempty set 2 and let
(C be a nonempty set, which will be called the set of parameters. Let
us suppose that to every TGT there corresponds a nonnegative, comple-
te measure p. on Z , which does not vanish identically. Let X be the
space of all real-valued (or complex—valued) 5> -measurable functions,
ke ~almost everywhere finite for every veT , with equality Iu_r—almost
everywhere for all veT . Then

o= sup :\;?(Ix(‘c)l)dﬂf

is a moduler in X, If ¥ is additionally s-convex, then g is an s-con-
vex modular in X. In case when thegst T consists of one elsment only,
Example II is reduced to Example I.

III. Let us yet consider the following special case of Example II.
We take both {L and T as the set of all positive integers, and as 3
the G-algebra of all subsets of 2. Given en infinite matrix [a ] of
nonnegative numbers such that for every i there exists an n for which
a ; # 0. For any AcQ we define /“n(A)= i%A a ;- Then the modular
from Example II becomes

gx)= sup Z nltf (1%, ] for x =(ti) .

n i=1
If 8, = 1 for all i and n, we obtain

®
ox) = Z Lf(ltil),
i=1
and the resulting modular space X? is the Orlicz seguence space lq.
IV. Let T and X be defined as in Exemple II. Moreover, let | be
T .
a Hausdorff topological space, ’C’ ¢T and T = U{T} A topology in

(, is defined, taking as nelghbourhoods of ’L' the complements with res-

pect to T of compact sets in T Then

(x)= lim (ix(t))dy_ = inf sup Pl(x(tN) dpe
5 T=7T, Sy Ke U TeUnT ; ’



where U runs over all neighbourhoods of 170 in Z;, is a pseudomodular
in X, If 7 is additionally s-convex, then € 1is an s-convex pseudomo-
dular in X,

Vo Let X be the space of all real-valued (or complex—valued} func-
tions defined in an interval [a,b] and venishing at t = a. The value
(p0ss1bly also o0)

W(X)z sup Z (f( x (&) = x (%, )l),

where the supremum is taken over all partitions Tr:a;to( t1< ...<tm= b
of the interval [a,b], is called the (-variation of the function x¢ X.
The p-variation Vq, is a modular in X, and in case of l,p s-convex, is
an s-convex modular in X.

VI. Turning back to Example 1.2.I of an s-normed space X with an s-
norm | ]{s, 0¢s g1, the s-norm | MS

¢

uxl(s as in Theorem 1.5 is equal to ll , l.€. HXII., =nx[| for all xeX.

defined by means of the modular ¢(xF

We go now back to the definition of the s—peeudonorm ] [/e in X,, gl—
ven in 1.5, and we show that there exists another s-pseudonorm in Xg
equivalent to .

1.10.Theorem. If € is an s—-convex pseudomodular, then the functio-
nal 5 51/5
mxil, = inf ——c—g—“-— = inf u(1+ @(—17‘5))
¢ £>0 wo
is an s-pseudonorm in X§ and

s s s

W
HXHQ < ‘XIHQ LS 2||x||€
for every x€X€°
Proof. In order to prove the triangle inequality for i ms, let x,yc.Xg

and a nimber a >0 be given. Then there exist u,v >0 such tha

S S
Ix g Y llxll(€+
e(x)<”xm+a—1’€<1/s)<' v&"1
v

u/s u
Hence
<] 8
u v Y Mxile +ihylils + 2a
Q(X+L')<_( ) ——( )< 5 v -1,
(v )V/3 Vs wv 2| 1/s Lk
and so
1 S)
lux+ym<s < (uv) [1 + Q( )VS)] < mxmes +my||k. + 2a.
S S 5
Thus i x+ymgs < lllmeS -Hllqu . The condition i orxmc = |of XHIQ is

verified similarly as in the proof of 1.5. In order to prove the inequ~

) s
alities for norms let us first observe that ¢(z)> 1 implies Q(Z’ZHZ|(¢



for any zeXe . Indeed, in the converse case we would have

1 <¢(—«—x’)£17;) S g o= 1,

a contradiction. Thus, supposing Q( 1;5) >1, u>0, we obtain
u

o[r) > ] -4

and so

u(1 +q(u1—}cé—)) > u.(1 + %1 llxnés) z uxuf.

] . X s :
Moreover, if G(-uv—s) <1, then qug < 4, and again

u(1 + Q(Eﬁ—)) > u ;p,x,{?.

. s
Hence leuqss mxme . Now, let us take an arbitrary a>0 and let us wri-

te u= qu(s + a, theng( 17s) < 1, and so
u

x
s)) £ 2u=2 ||x”¢S + 2a.

u(1 + g(u1/

Hence )Ix ms < 2]{3:”? + 2a, and since a is arbitrary, we obtai mxmfss

ZHXMSG
In case of s = 1, the norm | I(== ] IIf in XS’ is called the Luxem-
burg norm and the norm ) ng—- i |H¢ in X(e is called the Amemiya norm.

Applying the notion of the conjugate modular ,g* we shall introduce in
§ 2 s%ill another norm || Hfl , called the Orlicz norm.

§ 2. Conjugate modulars

Let ¢ be a convex pseudomodular in a(real or complex)vector space
and let X: be the space of all linear, continuous functionals (real or
complex) over the normed space <X€’” ”§> with |1xu€= inf{u >0: g(ﬁ)s ‘lf.
Following H.Nakano [1], we shall define a semimodular e* on X; and in-
vestigate the resulting modular space. First, we prove that

2.1.Theorem.A linear functional x* over }(g is continuous with respe-
ct to the norm || [l§ s if and only if, there exists a constent y > 0
such that |x*x| <yE)+1) for every xe€ XKoo

Proof. Supposing the above condition to be satisfied,we have for



every €>0

)X*G;H::—E,_)} < 1ls (”x”g%) + 1)5‘ 2y
and so x¥e X; Conversely, if x*e€ X;, then taking "xug\1 and writing
Y =Ix*) , we have Jx*x| < drux" <y <¥(§x)+1) . Taking {|x;| >1 we see, as
in the proof of 1.10, that Q(x) nxne Hence |x* x|y il x"¢ <0'g(x)5
§(ge+1) .

2.2.Definition, The conjugate modular C“* to ¢ is defined by the
formula

g*(x*):: sup (lx*xl- e@cl) for x% X*.
P s

2.3.Lheorem. If ¢ is a convex pseudomodular over X, then §’* is a
convex, left-continuous semimodular over x*.

Proof. It is easily seen that ¢10/= 0 and ¢{-x)= ¢lw , ¢ 0
for every x*c¢ X;. loreover, taking x*,y*¢ X; and o5 2 0,ax+p=1, we
have

¢* (xx+ (by"“) sup (dlx x|- o« P+ Bly*x|- ﬁf(x)) o(f*(x"l*'ﬁf’k

Finally, let ¢ (,\x"): O for every A> 0. Because ]y"y] 9(yl+ Q"(y"}
for all yéX,, y ke Xf, so taking an arbitrary xexq,a.nd an 41>O such
that g(‘qx)< oo, we have

My ¥l =|AxMn x)| € gOyx)+ @M (Axt)= o(x).
Hence jxkx < e(/)lx /,\12 . Taking A oe, we obtain x™x = 0. Hence
x*= 0. The left-continuity of g* follows from the fact that 1lim

ek(kx*)n sup sup (Alx*x) - ¢(x)= "'(x"). dsd o
§
0{A<1 xeX¢

From the above theorem it follows that one may define in Xﬁ’ a norm
generated by means of the semimodular g
I{x*ﬂef inf{u7 0: '50*(5111}51} for x*¢ X;,
Besides this norm, supposing € to be a convex semimodular in X, one
may define in X; a norm
le*;lé‘: sup { Ix*xj : nxkgh x GXA
In order to investigate the connection between norms MX’(!I* andnxklk*
we prove first the following

2.4.lema. If @ is a convex pseudomodular in X, then ”x”€>1 impli-

es «;LX)>,uxuq. oy
Proof. Let 1(k<”x(’§, then f(ﬁ) > 1 end we obtain L ¢(x) >



e(.}_c)>1, i.e. ¢(x) > k. Hence we conclude 9@c)>"x1‘(3

2.5 heorem, If ¢ is a convex, left-continuous semimodular in X,
then le"'}% l(x"‘nf ZMX""gk for every x (:X;'.

Proof. By Theorem 1.8, the inequalities |x),¢1 and g(x)1< 1 are

equivalent. Hence ||x"1|§ < sup (Q’(XH @"(x"')): 1 + Q"(x*)‘ o Supposing
" ¢(x)¢yxe
LU, we have gg‘*(u)<1 and so "x"[{ <2u, which implies the right-—

hx™ llg,
hand side inequality. In order to prove the left-hand one, let us first
remark that if x*e xg and nx*u:g, then ¢{x%=  suwp (p*x- ¢@)

g (o<1, xe X

Indeed, we have
sup (1x*x| - ¢x))g sup Hx*" li|] (®)< sup (Ixll, - e(x)) § O
o)1 ¢! ( ¢S qe (e )
by Lemma 2.4. Hence

*(x*) = max[ sup ([2¥x - ¢(x)], sup (1x*x - ¢(x))|= sup (|Jx*x|- g(x)].
¢ o y )?(xm : Jf@w ’

Now, since ”x*/ﬂx*ﬂ"' "* =1 for x # 0, we have

= x| *l@k" x[)f
) B < s || S sup (I 1.
’ (ux*ll;‘ ) A (nx*ﬂ; bee ) ﬂf;)(‘}( I 1? ¢(x }?i;lf el = 9GS

But this implies the required inequality.

Applying the conjugate modular e* we define now the Orlicz norm
I ﬂgf in Xg by meens of the formula given below:

2.6.Theorem. If @ is a convex pseudomodular in X, then

Ifx[{§'= sup {]x*x] : x¥e Xg, g}*(x"‘}$1}
is a pseudonorm in X‘,’, and [[xu‘g'sm xmg for every xexq, o If I is a convex
semimodular, then | )7 is a norm in X,

Proof. Let x¢€ Xg. Since l)'c"xls g*(x’% c)(x) for every x*€ Xq , we ob-
tain Hxl]é < 1+ ¢(x)and so O<llx;/€' { oo. Moreover, it is easily seen
that Mo(xﬂq’ = |of HX”C" for every number of . Hence, taking ‘E;O, we have

: gux,'(” = ”5’%’{ 1+ Q(gx)o
Thus “x"q's E_ (1+ Q(gx)) for every §>0, and consequently,"x)ls;s i xu&.
Since the triangle inequality for | "4" is obvious, we conclude that || u(f
is a pseudonorm in X . Now, let us suppose that ||xJ| = O. Then x*x =0
for every x*e X; satisfying ¢f(x*)¢1. Let us take an x¥e Xg with ¢,
then taking y*= x*/gk(x”), we have g*{y*) $ 1, by convexity of @* . Hen-

ce y*x = 0, but this implies x*x = O, Consequently, we obtain x = 0.
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§ 3. P-modular spaces

As we have seen in Theorem 1.5, the F-pseudonorm | ’§ in case of a
general pseudomodular g and the s-norm | ”s in case of an s—convex mo-
dular are given by different formulae and both theories are going para-
llel, but not identical lines. There will be given now a unified theory,
embracing both cases. For this purpose we define an operation on the
real halfline R = [?),oo), which will be denoted by means of the symbol
F(u,v] or u@v for u,v €R .

3.1.Definition. An F-operation in R+ will be defined as a function
F: R+>< R+->R+ having the following properties for u,veR+:

1° P u,v) = F(v,u), 2° F(u,F(v,w) = F(F (u,v) W) 5 3° P (u,0)= F(0,u)=u,

40 F(u,v)is nondecreasing as a function of each of the variables,

separately,

5° F is continuous from R, x R+ to R+.

We shall write also u@v = F(u,v). The operation @ may be extended to
any finite number of terms by means of the formulae
1 2 n n-1
;—91 u o= U, 1®=1 u o= u @, 16—31 ui——-F(i@1 ui,un) for n> 2.
3.2.Properfies. Obviously, we have F(u,v) >0 and F(0,0)= O. The
following properties of F-operations are immediate:
I.If O gu1

II. If F are F-operations for n = 1,2,... and F (wyv) > F (u,v) as

u, and O§v1$v2 , then F(u1,v1)$ F(uz,vz).

n—»o uiformly in R+x R+, then F is an F-operation.

3.3 Exemples. I. F,(u,v)= wrv, II. Fp(u,v)z(up+vp)1/p, P21,

I1T. F_(u,v)= max (u,V),
o wv for wvgl, ugit, v<1

Iv, F(u,v]= 1 for wv21, u<i1, v<.1
mex (u,v)for u21 or vz1.

3 o4 eRemark., Foo is the smallest possible F-operation, i.e. F(u,v)2
Foo(u,v) for any F-operation F and all u,v3z 0. Indeed, we have F (u,v])>
F (4,0)= u and F(u,v)y F(O,v)= v, and so P (u,v)z max(u,v)= Foo(u,v).

%2¢5.Definition.Let h:R+—>R+ be a homeomorphism of R+ onto itself
and let G = HF be defined by G (u,v)= h_"1F(h(u) ,h(v)) for u,veR ,

where h=1 ig the inverse function to h. If such a homeomorphism h



