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PREFACE

This volume consists of the papers presented at the International Sym-
posium on the Theory of Machines and Computations, held at Technion—
Israel Institute of Technology, Haifa, Israel in August 1971. They are repre-
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the typing and preparation of his manuscript for the photocopying process
by which this volume is printed.
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in the organization of the symposium and the screening of the manuscripts.
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M.O. Rabin, Hebrew University, Jerusalem, Israel
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Thanks are due to Technion for supporting the symposium and to
Academic Press for undertaking the publishing of this volume.
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DECIDABLE PROPERTIES OF MONADIC FUNCTIONAL SCHEMAS

Edward Ashcroft ' Zohar Manna

. Computer Science Dept. Computer Science Dept.
University of Wa:berloo Stanford University
Waterloo, Canada . Stanford, Calif., U.S.A.

Amir Pnueli

Applied Mathematics Dept.
Weizmann Institute
Rehovot, Israel

i LR s Abstract

"We define a class of (monadic) functional schemas
which properly includes 'Ianov' flowchart schemas. We show
that the termination, divergence and freedom problems for
functional schemas are decidable. Although it is possible
to translate a large class of non-free functional schemas
into equivalent free functional schemas, we show that this
cannot be done in general. We show also that the equiva-
lence problem for free functional schemas is decidable.
Most of the results are obtained from well-known results in
Formal Languages and Automata Theory.

3 e T Mona.d:i.c Functional Schemas

An alpha,bet i‘.s of ‘& (monadic) f‘unctlonal schema S

consists of one individual varisble x , a finite set of
monadic function variables {F.} (with a designated
initial function variable F )l, a finite set of monadic
function constants {f 1 ; afd a finite set of monadic
predicate constants {p } . Note that individual
constants are not allowed:

The- research repor"ted here was supportefi in part by the
Advanced Research Projects Agency of the Office of the
Secretary of Defense (SD-183).



E. ASHCROFT, Z. MANNA, AND A. PNUELI

A term over I, is any term in the normal sense con-

structed from the monadic function variables {F,} , monadic
function constents {f,} and the variable x , “e.g.,

£ (Fo(f (x))) . A conftitional term over I, is any finite
e;{press on of the form —_— :
if pi‘(x) ."then Tl else 7, ,
where ~ p, is any predicate constant of 'Z, , and T and
T, are “any terms or conditional terms over }:s . A
définition of Fi over }:s’ is of the form
Fi(x) <71,
where T 1is any term or conditional term over ZS . A
(monadic) functional schema S (over an alphabet Zq )

consists of a finite set of definitions over Z, , one for
each function variable F. in . Whenever “the special
function variable F  isTused, ~its definition is con-
sidered to be F (x)®<=F (x) . This definition is usually
omitted. - “

Example 1: Let us F:onsider the functional schema Sl_ :
Fo(x) <= if pl(x) then if pz(x) then Fw(;) else Fl(fl(x))

else x

Fy(x) <= if ps(x) then F (£,(x)) else £;(x) .

Since we are using a very restricted alphabet, parentheses
and the individual variable x may be omitted without
causing any confusion. Therefore the functional schema Sl
can be rewritten as: :

‘F.‘o <= if py then if Py then F_ else F. £

else I

F <= g'._g.p then Ff, else £, ,
¥*
where I stands for the 'identity function® -,J
¥/ It is worth noting that most of the results in this paper
would be trivial if we did not allow the 'identity function'.
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An 1ntemre'ta.t10n g4 of a functional schema S con-
sists of:

1. a non-empty set of elements D (ca.lled the domain)_;

2. an element § of D used as the initia,_l value of x,
and : :

o assigmnents to the constants of z -

(1) a total monddic function (ﬁ'cxn D into D ) for
each ﬁmction constant f s, and

(i) a total monadic predicate (h‘om D “into ({T,F})
for each predicate constant p; -

For a given interpretation ¢ , the pair (S,d) ,
called a functional program, can be computed by evaluating
F with input .gA i E the usual way (see McCarthy [1963]).
The computation e:lther (1) - temminates yielding an element
of D_denoted by val(S,8) , or (ii) diverges (i.e., does
not 'beminate) in which case val(s, 8) is said to be unde-
fined. The method of computetion is described more fully

later for special types of interpretations called 'Herbrand
interpretations’.

A functional schema S is said to terminate/diverge
if for every interpretation 4 , va.l(s,,s) is defined/un-
defined. Two functional schemas and S are said to
be equivalent if for every :Lnterpre%at:.on 3~ either both
vel(S,,d) and val(S,,d) -are undef:.ned or both are

defined ana | Yel(8,59) = val(sg,a)

The same ¢lass of f‘anctiona.l schema.s ha.s been discussed
by DeBakker and Scott {19697+ b

It is straightforward to show that every functional
schema in which any term'contains at most one funétion
variable, occurring on the left-hand side of the term (as
in Example 1 above), can be translated t6 an equivalent
'Tanov! flowchart schema (Ianov [1960], see also Rutledge
[1964]). However, such simple functional schemas as

F, <= if p then I else fF L, '
have no equivalent Ianov flowchart schema. Hence, the
results in this paper generallze known results about Ianov
flowchart schemas.



