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INTRODUCTION

Various problems in physics and engineering lead to a linear ordinary
differential equation whose coefficient of the highest derivative van-
ishes at certain points. Such an equation is called degenerate or sin-
gular, and a zero of the leading coefficient is said to be a singular
point or singularity of the corresponding differential operator. In
Chapters 1 and 2 of these notes we consider linear ordinary differen-
tial operators with a singular point at the origin:

A=xil s 2. e (x)p' , D= d/ax , qe m. (1)
0£1i<1

In case of the homogeneous equation Ay = O with analytic coefficients -
a4, the investigation of singular differential equations has a long
history. In particular, starting with the works of Fuchs and Poincaré
in the second half of the last century, the asymptotic behaviour as

x > 0 of solutions to such equations has been studied by many authors;
see e.g. Sternberg [1], Wasow [1], Ince [1]. In contrast to that, gen-
eral results on the solvability of the degenerate inhomogeneous equa=
tion Ay = £ have been obtained only during the last fifteen years,
using the methods of linear functional analysis.

In order to describe such a result and the material of these notes, it
is necessary to recall some definitions. Let X and Y be linear topo=-
logical spaces, and A : X =Y a 1linear operator with the domain of
definition D(A) C X. If A is a continuous map of X into Y and D(A) = X,
we shall write Ac L(X,Y) and A€ L(X) when X = Y. A is called normally
solvable if its range im A = A(D(A)) is closed in Y. The dimension

dim ker A of the kernel ker A = {xe D(A) : Ax = 0] will be called the
kernel index or nullity of A, and the deficiency dim Y/im A of im A in
Y will be called the deficiency index of A. If A is normally solvable
and its kernel and deficiency indices are both finite, we say that A is
a Fredholm operator, and its index is defined by ind A = dim ker A -

= dim Y/im A. Furthermore, A is called §+- (resp. ?_-)operator if it
is normally solvable and dim ker A < <0 (resp. dim Y/im A < o0 ), For
Fredholm and ?_'_-operatora and their basic properties, we refer to the



exposition in Goldberg [1], ProBdorf [1], Przeworska-Rolewicz and
Rolewicz [1].

Malgrange [1], Komatsu [1] and Korobejnik [1] independently of each
other found a general index formula for the operator (1) in the space
% (L) of analytic functions in a domain §2c§ , 0eS), which we state
here in the special case of a simply connected domain:

If aie,%ﬂ(gl) (i=0y4004y1=1), then Ac L('¥ (L)) is a Predholm operator
with index l=q.

Thus we observe that the index of A coincides with the index of the
principal part x30! in ¥ (50). This result is not true, in general, if
(1) acts in spaces of differentiable functions on an interval [a,b]CR,
O ¢€ [a,b]. Since the end of the sixties there appeared a lot of papers
concerning the index and the solvability properties of the operator (1)
in such spaces. The aim of Chapters 1 and 2 of this work is to fit most
of those results into a general framework and thus to give a review of
the current state of this field. Chapter 1 deals with the special case
of a Fuchsian differential operator and also serves as an illustration
of typical methods and results in the theory of singular ordinary dif-
ferential equations. In Chapter 2 we give a general index formula for
the differential operator (1) in the space of infinitely differentiable
functions and in weighted Lp gpaces on an interval. Furthermore, we
gstudy kernel, range, normal solvability in weighted Sobolev spaces and
hypoellipticity of the degenerate operator (1) as well as its index in
the space of distributions. A preliminary version of Chapters 1 and 2

appeared in Elschner and Silbermann [2].

In Chapter 3 these results will partly be generalized to differential
operators with a finite number of singular points on compact or infinite
intervals. In case of Fuchsian differential operators on a finite inter-
val, the index formula is applied to study essential selfadjointness

and spectrum of boundary value problems for those operators.

We remark that there 1s an increased interest in the development of the
theory of singular ordinary differential operators in connection with
the very active fields of solvability theory for degenerate partial dif-



ferential equations (see e.g. Bolley, Camus and Helffer (1], [2],
Baouendi and Goulaouic [1], Baouendi, Goulaouic and Lipkin [1], Helffer
and Rodino [1], ViSik and Grubin [1], Elschner and Lorenz (3], Lorenz
[{11) and numerical analysis for degenerate ordinary differential equa-
tions (cf. e.g. de Hoog and Weiss [1], [2], Natterer [1], Elschner and
Silbermann (17]).

Chapter 4 illustrates the application of singular ordinary differential
operators in the theory of partial differential equations. Relying on
certain results in Chapters 1 and 2, we study local solvability as well
as normal solvability and index in Sobolev spaces for some examples of
elliptic partial differential operators degenerating at one point. Many
problems in this field are still open.

Various boundary value problems in mathematical physics and complex
function theory lead to singular integro-differential, or more generally,
to pseudodifferential equations on a closed curve. A pseudodifferential
operator i1s called classical if 1ts symbol has an asymptotic expansion
as a sum of symbols which are positive homogeneous in the covariable of
decreasing orders (cf. Chapter 5); it 1s called non-elliptic or degen=-
erate 1f the principal term of the symbol vanishes at certain points on

the cosphere bundle of the curve.

A major part of Chapter 5 is devoted to the author's recent results on
the index and the Fredholm property of degenerate classical pseudodif=-
ferential operators on a closed contour, though, for the lack of space,
we have not covered all of the material in full generality. As an appli=-
cation of these results, theorems on the index and on existence and
uniqueness of solutions of the degenerate oblique derivative problem in
the plane are given. Furthermore, in Chapter 5 we have included an al=-
most self-contained introduction to classical pseudodifferential oper—
ators on a closed curve. For the general theory of pseudodifferential
equations, the reader is referred to Subin [1], Taylor [1]and Treves
[1]. An exposition of the theory of degenerate one-dimensional singular
integral equations which have been studied somewhat earlier can be

found in ProBdorf [1] and Michlin and PrdBdorf [11.



Chapter 6 deals with the Galerkin method using periodic splines as test
and trial functions for the approximate solution of pseudodifferential
equations on a closed contour. It demonstrates the interplay between
certain a priori estimates for pseudodifferential operators, namely the
Gg.rding and Melin inequalities, and convergence results for Galerkin's
method with splines for strongly elliptic and degenerate equations. For
an introduction to the theory of splines and finite element methods, we
refer to Aubin [1], de Boor [1] and Strang and Fix [1]. The reader
should consult the introduction and the section "comments and references"
in each chapter for more information on the contents of these notes and

further references.

Except for Chapter 4, the material is rather self-contained. The reader
is assumed to be familiar with linear functional analysis (see e.g.
Goldberg [1], ProBdorf [1]). In Chapter 4 some previous knowledge of
elliptic differential operators on manifolds is desirable (cf. Narasim-
han [1], Agranovid and Vibik [1]).

Throughout the book the following notation is used. For a domain Qc an.
let C*(£2) (€ (£1)) be the set of infinitely differentiable functions
(with compact support) in Q, and Cw(ﬁ) the set of all infinitely dife
ferentiable functions in £ which together with all derivatives con-
tinuously extend to the closure ﬁ of .Q . For _Q. = (a,b)< R, we sim=-
ply write c®()) = ¢®(a,b), Cw(ﬁ) = ¢ *°[a,b] etc. The support of a
function u is denoted by supp u. In Cw(ﬁ) (resp. C:O(Q_)) one can in=-
troduce the topology of a Fréchet (resp. locally convex) space; see

Hormander [2], Robertson and Robertson [1]. The bilinear form

{u,v) = gQ uv dx
on C?(Q)XG:"(Q) extends to a duality between C:O(Q) and the local=-
1y convex space &'(S)) of all distributions in $2. For Ae L(Cg°(52)),
the transpose tAeL(o’O'(Q)) of A is defined by

LPpu, vy = <u,Av), ued', ve Cg?

Finally, if M is an n-dimensional infinitely differentiable manifold
with or without boundary, let C°°(M) be the set of all infinitely dif=-



ferentiable functions on M; see Narasimhan [1]. Other notation is

either standard or defined upon introduction.
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FUCHS DIFFERENTIAL OP TORS WI ONE SING POINT

In this chapter we consider the Fuchsian differential operator

(Ay)(x) = [xlnl + ;E: ai(x)xiDi]y(x), Dyay)=dy/dx y (16061)
0£i<c1

of order 1 which has a singular point at the origine. We have chosen
this simple class of operators in order to introduce the methods which
are used in the study of more general degemerate ordinary differential
equations in Chap. 2. Furthermore, Fuchsian differential equations
occur in several applications in mathematical physics and mechanics,

which justifies a more detailed investigation of those operators.

Before studying the operator (1.0.1) in certain spaces of differentiable

functions, we consider the corresponding Euler differential operator

A, = x'D' + 2. a.i(O)xiDi. (1.042)
02ic¢1

It turns out that A and Ao are simultaneously Fredholm operators in the
corresponding spaces and their indices coincide since A is a small per-
turbation of Ao in a certain sense. Thus Ao can be considered as the

principal part of A.

1.1. Spaces
In this section we define function spaces in which index and solvabili=
ty properties of the operator (1.0.1) shall be investigated, and collect

some of their properties.

l1elsle Let b> O and Lp(O,b), 14p< o0 , be the space of all complex-

valued measurable functions on (0,b) for which the norm

b
Iyl = ([ ly@IPax)1P , 14 ,
|y Lp(o,b) foly x ' LpLR
Iyl s (o, 3an mnp [yl

is finites For k€ N, Wg(o,b) will denote the Sobolev space of all
functions y for which y(k'1) = Dk"1y exists and is absolutely con-

tinuous on [0,b] and the norm given by

13



- 2 Ly

llyllkab 0¢izc L_(0,b)
p( »b) £ick p( ’

is finite. We set 1.p = w;. Let cX [o,b], ke N, = NV £0} , be the
space of k times continuously differentiable functions om [Q,b] with

norm

"}'“ k = Z‘ max ly(i)(X)l .
c [O,b] Oc£1ick 0&x4bd

Furthermore, we introduce the spaces with weights
Lg(o,b) - w;'9 (0,0) = § x5y s yel(0,0)] , ¢e R,

c°*8[0,b] = § ye c°L0,b] : x~ S[y(x)=y(0)] € c®0,b1] , €20,

and for k € N, ¢20,
k, ¢ _ k=1 . (k). 1€
Wp?5 (0,b) = iyew ~'(0,b) : y' e Lp(o,b)3 ’
c® 800,00 = {yeckTo,b] : yEe %8 [0,01) .

ng’g and Ck’g are Banach spaces with norms defined by

iyl = |yl + Ilx €y ’

W W (0,b) Y Wi1(0,) = le(O,b)

. el -0 [ (k) oy o () (o1l
oo "IV ety 1 L O
+ ly(k)(o)i

where the first term on the right-hand sides is omitted for k=0,

Finally, for k€ INO and 7 € (0,11, let Hk’l’ [0,b] be the space of all
functions ye¢ Ck[o,b] for which y(k) satisfies a Holder condition with
exponent 4 on [0,bl, equipped with the norm

-4
l = |yl (x)=y () [x=t["" 4
AP [0,b] Iy X001 osxszuggbw il |24

1¢1s2. For ¢20, we introduce the closed subspaces

W98 (0,0) = LyeWSf (0,0) 1 y1(0) = 0, 1=0,u00,k1], ke W,
¢Er8 (0,01 = {yec® 90,0 : y)(0) = 0, 1=0,000,k}, ke w,,

of Wlpf’f and Ck’f , respectively. It is easy to check that

14



Nl g= N5y il o = U5 N (1e121)

P
are equivalent norms in ‘%1;’9 and &k’f , respectively. We set Lg = w;'f

= #97¢ (ge ). Pinally, let
#%0,0] = {yer™? (0,6] + y1(0) = 0, 1=0,400,k]
Then
Iyl oy 2 =  sup 1y (x)=y ) (1) |x=t]= % (1.142)

[0,b] O0<4x<4t4bd

is an equivalent norm in the subspace ﬁk,% of Hk’q’ .

1e1e3s PFor 1 € N, let
W f0,0) = {yews S (0,p) 1 x'lye WS (0,0), 1=1,000,1],

where the terms xiDiy are defined in the sense of distributions. Wg’{
’
is a Banach space with the canonical norm
iy 2. =ity .
k’3’(0 b) 04741 w’;'f(o,b)
Analogously

X2 [0,b] = {yec®®0,b] : xiolye c®90,b], i=1,...,1}

is a Banach space endowed with the canonical norm. Since xiDi is a 1li=-
near combination of the terms (J:D):i (j 1),
Il pm 2 M@l o0 lyl o= 20 lleobyl , (e13)
w8 o0sic1 wks € k¥ o0c1c1 cks®
Pyl = P 1
are equivalent norms in W];’f and C]{’f , respectively. We shall also
H]

§
write I.p 1

Lemma 1.1s1e (i) For any ye CI{’Y[O,b],
DI (DY) [y = 3(3=1) eee (3=1+1)(DIy)(0) ,

instead of wg:{.

(1.1.4)
j=0,o'o,k, 151,000,10

(ii) If ye w’;:{ (0,b),k € IN, then (1.1.4) holds for j=O,see,k=1s
Proof. (i) Let j=0 and i=1. Since xDy = Dxy-y on (0,b] and
Dxy | = lim xy/x = y(0)
x=0 x—=20 !

we obtain x.DyIXBO = O, Using the identities
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