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Preface

o

‘

Thisbook is wmten primarily for physxczsts, but also for other scientists and mathe-
maticians to acquaint them with the more modern and powerful methods and
results of the theory of topological groups and of group representations and to
show the remarkable wide scope of applications. In this respect it is markedly
different “* an, and goes much beyond, the standard books on group theory in-
quantun: mechanics. Although we aimed at a mathematically rigorous level,
we tried to make the exposition very explicit, the language less abstract, and
have illustrated the results by many examples and applications. ‘ :

During the past two decades many mvcstxgatxons by physicists and mathemati-
cians have brought a certain degree of maturity and completeness to the theory
of group representatxons We have in mind the new results in the deve]opment
of the general thieory, as well as many explicit constructions of representations
of spccnﬁc groups. At the same time new applications of; in partlcu]ar non-
compact groups revealed interesting structures in the symmetry, as well as in.
the dynamics, of quantum theory. The mathematical sophistication and know-
ledge of the physicists have also markedly increased. For all these reasons it
is timely to collect the new results and to present a book on a much higher level
than before, in order to facilitate further developments and applications of group
representations.

There is no other comparable book on group representations, neither in mathc—
matical nor in physical literature, and we hope that it will prove to be useful
in many areas of research.

Many of the results appear, to our I\nowledge for the first time in book form.
These include, in particular, a systematic exposition of the theory and applica-
tions of induced representations, the classification of all finite- dimensignal irre~
ducible representations of arbitrary Lie groups, the representation theoty of Lic
and enveloping algebras by means of unbounded operators, new integrability
conditions for representations of Lie algebras and harmonic analysis on homo-
geneous spaces.

In the domain of applications, we have discussed the general p»bblem of sym-
metries in quantum theory, in particular, relativistic i invariance, group theoretical
derivation of relativistic wave equations, as well as various applications of group
representations to dynamical problems in quantum theory.
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VIl PREFACE

We have tried to achieve a certain amount of completeness so that the book
can be used as a textbook for an advanced course in mathematical physics on
Lie algebras, Lie groups and their representations. Some of the standard topics
can be found scattered in various texts but, so far, not all under a single cover.

A book in the border area of theoretical physics and pure mathematics is
always problematic. And so this book may seem to be too difficult, detailed and
abstract to some physicists, and not detailed and complete enough for some
mathematicians, as we have deliberately omitted a number of proofs. Fortunately
the demand for knowledge of modern mathematics among physicists is on the’
rise. And to give the proofs of all theorems in such a wide area of mathematics
_is impossible even in a large volume as this one. Where too long technical details
would cloud the clarity and when the steps of the proof did not seem to be essen-
tial for further development of the subject we have omitted the proofs. :

The material collected in this book originated from lectures given by the authors
over many years in Warsaw, Trieste, Schladming, Istanbul, Géteborg and Boulder.
It has passed several rewritings. We are especially grateful to many friends and
colleagues who read, corrected and commented on parts of the manuscript.
We would like to thank Dr. S. Woronowicz for his careful and patient reading
of the entire manuscript and pointing out numerous improvements and cor-
rections. We have discussed parts of the manuscript with many of our friends
and colleagues who made ' constructive criticism, in particular S. Dymus,
M. Flato, B. Kostant, G. Mackey, K. Maurin, L. Michel, I. Segal, D. Stern-
heimer, S. Strom, A. Sym, I. Szczyrba and A. Wawrzynczyk.

A considerable part of this book contains the results of the research carried
out under collaboration between Colorado University in Boulder and Institute
for Nuelear Research in Warsaw. This collaboration was partially supportéd
by National Science Foundation under the contract No. GF-41958. The authors
are particularly grateful to Dr. C. Zalar, Program Manager for Europe and
North America for his kind and effective support for American-Polish scientific
collaboration.

Finally, we would like to express our gratitude to Mr J. Panz, editor in the
Polish Scientific Publishers, for his great help in preparing this manuscript for
printing. We are also obliged to Mrs Z. Osek for her kind help in all phases
of preparing the manuscript for publication. :

A. O. Barut.and R. Rqczka
Boulder and Warsaw, August 1976 "




Outline of the Book

The book begin\s with a long chapter on Lie algebras. This is a self-contained
detailed exposition of the theory and applications of Lie algebras. The theory
of Lie algebras'is an independent discipline in its own right and the chapter
can be read indépendently of others. We give, after basic concepts, the structure
and theory of arbitrary Lie algebras, a description of nilpotent aud solvable
algebras and a complete classification of both complex and real simple Lie
algebras. Another feature is the detailed discussion of decomposition theorems
of Lie algebras, i.e., Gauss, Cartan and Iwasawa decompositions.

Ch. 2 begins with a review of the properties of topological spaces. in order to
introduce the concepts of topological groups. The general propertics of topolog-
ical groups such as compactness, connectedness and metric propertics arc trcated.
We discuss further integration over the group manifold, i.e., the invariant measure
(Haar measure) on the group. The fundamental Mackey decomposition thcorem
of topological groups is also given.

Ch. 3 begins with a review of differentiable manifolds, their analytic structures
and tangent spaces. With these preparations on topological groups and differen-
tiable manifolds we introduce Lie groups as topological groups with an analytic
structure and derive the basic relations between Lie groups and Lic algebras.
The remaining sections of ch. 3 are devoted to the composition and decomposi-
tion properties of groups (i.e., Levi-Malcev, Gauss, Cartan, Iwasawi decomposi-
tions), to the classification of Lie groups and to some results on the structure
of Lie groups and to the construction of invariant measure and of invariant
metric.

In the next chapter, 4, we introduce the concepts of homogencous and sym-
metric spaces on which groups act. These concepts play an important role in the
modern theory of group representations and in physical applications. We further
give a classification of globally symmetric Riemannian spaces associated with
the classical simple Lie groups. Also discussed in this chapter is the concept of
quasi-invariant measure, because invariant measures do not cxist in general
on homoger_xeous spaces. :

The theory of group representations, the main theme of the book, begins in
ch. 5 where we first give the definitions, the general properties of representations,
irreducibility, equivalence, tensor and direct product of representations. We
further treat the Mautner and the Gel'fand-Raikov theorems on the decomposi-
tion and completeness of group representations. fiol =
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XVI OUTLINE OF THE BOOK

The detailed group representation theory is then developed in successive steps
beginning with the simplest case of commutative groups, in ch. 6, followed by
the representations of compact groups, in ch. 7. For completeness we also review
here, as a special case, the representations of finite groups. The representation
theory of compact groups is complete and we give the general theorems (the
Peter-Weyl and Weyl approximation theorems) of this theory. With a view to-
wards applications, we discuss also the projection operators, decomposition of
the representations and of tensor products. : :

Next comes the description of all finite-dimensional irreducible representations
of arbitrary Lie groups (compact or non-compact) (ch. 8). Here we give a more
complete treatment of the propertics of representations of semisimple groups
than is available, to our knowledge, in any other book. The methods for the
explicit construction of the finite-dimensional representations are treated in ch. 10,
after a necessary discussion of tensor operators, enveloping algebras and invariant
. or Casimir operators and their spectra in ch. 9. (These concepts are used to specify
and label the representations.) Among the methods we give the Gel’fand-Zetlin
method, the tensor method, the method of harmonic functions and the method
of creation and annihilation operators.

Ch. 11 deals with the representation theory of Lie and enveloping algebras.

by unbounded operators and the related questions of integrability of Lie algebra
representations to the representations of the corresponding Lie groups. This is
one of the most important chapters of the book. The theory of unbounded oper-
atorsisalso important for applications because most of the observables in quantum
theory are represented by unbounded operators. More specifically, the theory
of analytic vectors for Lie groups and Lie algebras is presented.
. Inchs. 12 and 13 we give a treatment of the role that the theory of group repre-
sentation plays in all areas of quantum theory and specific applications. The
mathematical structure of group representations in the Hilbert space is partic-
ularly adapted to quantum theory. In fact, we can base the framework of quan-
tum theory solely on the concept of group representations. Historically, also,
the concepts of Hilbert space and representation of groups in the Hilbert space
had their origin in quantum theory. We also discuss the concepts of kinematical
and dynamical symmetries, a classification of basic symmetries of physics and
the use of group representations in solving dynamical problems in quantum
mechanics.

The next two chapters (14 and 15) are devoted to harmonic analysis on Lie
groups and on homogeneous and symmetric spaces. Here the theory encompasses
a generalization of the Fourier expansion for non-commutative groups, the cor-
responding spectral synthesis and Plancherel formulas. We discuss the general
theory as well as specific applications to some simple and semi-direct product
groups. : '

The following four chapters, 16-19, are devoted to the theory of induced




OUTLINE OF THE BOOK ©XVH

representations, one of the most important themes of the book. Already in ch. 3
we have used induced representations to obtain a classification as well as the
explicit form of all irreducible finite-dimensional representations of Lie groups
Here the general theory is presented.

2. Topological Space
\ Topological Groups

!

4. Homogeneous

—4 1. Lic Algebras = - 3. Lie Groups Spaces
5. Representation
Theory
6. Representations of] \
ICommutative Groups| 4
7. Representations of
Compact Groups
‘ \
9. Tensor Operators 8.Finite-Dimensional \
Enveloping Algebra Representations = [ | \
10. Explicit Form of
Representations
L 11. Unbounded A 14-15.
Operators Harmonic Analysiy
e o
Quantum Theory
|
Y
20—21. Relativistic 16—19. Induced J
Quantum Theory Representations

Ch. 16 deals with the basic properties of induced representations and the funda-
mental imprimitivity theorem. In the next chapter, 17, the induced representations
of semi-direct product of groups is given, with a derivation of the complete classi-
fication of all representations of the Poincaré group. The further properties of
induced representations (the induction-reduction theorem, the tensor product
theorem and the Frobenius reciprocity theorem) are discussed in ch. 18. In ch. 19
the theory is applied to derive explicitly the induced irreducible unitary, hence
infinite-dimensional, representations of principal and supplefnentary series of
complex classical Lie groups.




XVII OUT. .NE OF THE BOOK

Finally, in chs. 20-21, we take up applications of the imprimitivity theorem
and induced representations of the Poincaré group in quantum physics: first
to the concept of relativistic position operator and to the proof of equivalence
of Heisenberg and Schrédinger descriptions in non-relativistic quantum mechanics
(in ch. 20), next, in ch. 21, to the classification of all finite-dimensional rela-
tivistic wave equations, to ‘applications of imaginary mass representations, to
Gel’'fand-Yaglom type and infinite component relativistic wave equations, and
to the problem of group extension of the representations of the relativity group
by discrete operations and by other symmetry groups.

A number of mathematical concepts which are not so familiar to physicists
and which are essential for the book have been collected in the appendices on
functional analysis, and on other results from algebra, topology, integration
theory, etc.

Each chapter contains at the end notes on further developments of the subject
as well as exercises.




Notations

Our space-time. metric g, is such that goo = —&11 = —&22 = —&ss = 1. The
symbol a* denotes the hermitian conjugation of a matrix or an operator a. The
symbols a and aT denote the complex conjugation and the transposition of a
matrix @. The symbol y denotes the end of the proof of a theorem or of an exam-
ple. The direct sum of vector spaces ¥; is written as Vi o+ V;-.l- ... and the direct
sum of Lie algebras L; as L;®L,® ... The semidirect sum of two Lie algebras
is denoted by L; DL, and the semidirect product of two groups as Gy RG,,
while the direct product of two groups is written as G, x G,. The expression
‘th. 8.6.3’' means theorem 3 of chapter 8 in section 6. The expression ‘exercise
9.7.3.1’ means exercise § 3.1 in chapter 9, section.7. The quotation, say ‘Lunn
1969°, denotes the reference to the paper of the author Lunn from the year 1969:
if there are several papers of the same author in a given year we have additional
index a, b, ..., etc.

The symbol
1 g
[1 ] -7n if n =2r,
—nl = .
“54 —%—(n—l) if n=2r+1;
the symbol

-

{1 } n if .= 2r,
2 %—(n+'1) it =204 ke

We use throughout Einstein summation convention unless stated otherwise.
For the sake of simplicity we use the symbol y/ (...) instead of V(...) for
roots.

XX
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Chapter 1

Lie Algebras

For didactic reasons we have found it advantageous to begin with the discussion
of Lie algebras first then go over to the topological concepts and to Lie groups.
The theory of Lie algebras has become a discipline in its own right.

§ 1. Basic Concepts and General Properties

A. Lie Algebras

Let L be a finite-dimensional vector space over the field X of real or complex
numbers. The vector space L is called a Lie algebra over K if there is a rule of
composition (X, ¥) - [X, Y]in L which satisfies the following axioms:

[aX+B8Y, Z] = alX, Z]+B[Y, Z] for «, pe K (linearity), (1)
[X,Y]= —[Y,X] forall X,YelL (antisymmetry), 2)
[x, ¥, Z]}+[Y, [z, x)]+[Z, X, Y]] =0 for all X,7, ZelL. 3)

The third axiom is the Jacobi identity (or Jacobi associativity). The operation
[, ]is called Lie multiplication. From axiom (3) it follows that this Lie multi-
plication is, in general, non-associative. If X is the field of real (complex) numbers,
then L is called a real (complex) Lie algebra. A Lie algebra is said to be abelian
or commutative if for any X, Y € L we have [X, Y] = 0.

Consider two subsets M and N of vectors of the Lie algebra L and denote by
[’M , N] the linear hull of all vectors of the form [X, Y], XeM, YeN.If Mand
N are linear subspaces of an algebra L, then the following relations hold:

[M,+M;,N] < [M,, N]+[M, N], (4a)
[M:N] = [N, M], (4b)
(L, [M,N]] < [M, [N, LI] +[N. [, M]]. (4c)

These relations can be readily verified using the axioms (1)-(3). A subspace N
of the algebra L is a subalgebra, if [N, N] = N, and an ideal, if [L, N] < N. Clearly,
an ideal is automatically a subalgebra. A maximal ideal N, which satisfies the
condition [L, N] = 0 is called the center of L, and because [N, N] = 0, the center
is always commutative,
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