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This volume contains the proceedings of a conference on Combinatorial
-Theory that took place at Schloss Rauischholzhausen in May 1982 to

mark the 375th anniversary of the Universitdt Giessen. There were eight
invited lectures and over twenty contributed talks. 21 of these papers
are contained in this volume. In accordance with the aim of the con-
ference, they cover the whole range of Combinatorics. We hope that the
conference and this book will contribute to a better understanding of
the various aspects of this fast developing and diverging field, as
well as stimulate the exchange of ideas.

We would 1ike to thank all the referees for their cooperation and, in
particular, their prompt response. We are also indebted to Frau

D. Begemann and to Frau R. Schmidt for helping with the organizational
details of the conference, and to the Hochschulgesellschaft for
financial support. Finally, we are very grateful to the secretaries of
the Mathematisches Institut; without their help, the manuscript would
not have been completed in time.

Giessen, October 1982 ) Dieter Jungnickel
Klaus Vedder
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CRITICAL PERFECT SYSTEMS OF DIFFERENCE SETS

WITH THE MINIMUM START

Jaromir Abrham and Anton Kotzig
Department of Industrial C. R. M. A,
Engineering Universite de Montreal
University of Toronto Montreal, Quebec
Toronto, Ontario, Canada Canada

The concept of a perfect system of difference sets has been intro-
duced in [4] as a mathematical model of the following problem in radio-
astronomy: A few movable antennas are used in several successive con-
figurations to measure various spatial frequencies relative to some area
of the sky. The distances between antennas determine the frequencies
obtained. We do not want to miss any frequency, and want to avoid re-
dundancy (repetition of the same spacing between antennas). For more

details, the reader is referred to [4] and [5].

Let c¢,m,p;,...,pP, be positive integers, let S, = {x01<x1i<"’<xpi,i}'
i=1,...,m be sequences of integers, and let Di = {xj.-xki, 1<k <jspi),
i=1...,m be their difference sets. Then we say that the system

LDl,...,Dm} is a perfect system of difference sets (PSPS) starting with

m m pi+1 .
c if v D, = {c,c+l,...,c-1+ ) ( ]} . Each set D, is called a com-
i=1 1 i=1l 2 1
ponent of the PSDS {Dl,...,Dm}. The size of Da is pa, the half-size of
Da is r, = [pa/2] where [x] denotes the integer part of a real number x.

Then P, = 2r2+6a where Ga = 0 or 1 according to whether P, is even or
odd. This notation will be used throughout the paper. The reader will
observe that the size of a component is not the number of its elements;

: ; ; _ 1
if the size of Da is p, then Da has 1+2+...+p_ = 7pa(pa+l) elements.

a
We will briefly review some earlier results concerning PSDS:
A PSDS is called regular if all its components have the same size.
A recular PSDS with m components of size p, starting at c, will be called
an (m,p,c)-system. In [4], the existence of (m,p,l)-systems has been
related to graceful numberings of certain graphs, and some relations
between m,p,c, necessary for the existence of an (m,p,c)-system, have
been obtained. Further existence studies have been carried out in [7];
one of the results obtained here is that, if an (m,p,c)-system exists,
then ps4. Without this result, a lot of time and money could have been
spent in efforts aimed at finding (m,p,c)-systems with large values of
pP. A generalization of this result to the nonregular case has been ob-
tained in [9]: Every PSDS contains at least one "small" component (a



component of size < 4). This has been further generalized in [2]:

Every PSDS starting at c (c 21) contains at least ¢ small components.
This follows immediately from the inequality (5) below. Proceeding from
the inequality (2) it has been proved in [l1] that, in a PSDS with m com-
ponents with the half-sizes ) STy <...sr., it is r“lsK(/ﬁ+l) where K
is a constant, and that the average of half-sizes of the components of
any PSDS is bounded by a constant. The first result implies that the
number of perfect systems of difference sets starting with a given c,
which has a given number m of components, is finite. Moreover, it fol-
lows from the results in [2] that c <m. This means that the number of
all PSDS with a given number of components and all possible starts c is
finite.

Let us now denote (similarly as in [1, 2])

-1 ¥
n=3 a£1(2r3+63) (2r_+6_+1)
1 m
s =3 a£1r3(3ra+263+1)
=3 ? r_(r_+1) L = n-2'
2 2y ava !

and let S = {c,c+l,...,c+s=1}, L = {c+£,...,c+n-1}, M = {c+s,...,c+L-1}.
k

Furthermore, let us put xj+k—1,a_xj-l,a = dja' j = l,...,pa, k=1,...,

oa+l-j, a=1,...,m. Then the elements of Da can be represented in the

&

form of a difference triangle

Pa
dla
2 2 2
dla dih dpa—l,a
1 1 i
dla d2a « & @ @ . e D,

The top (bottom) r. rows of this triangle will be referred to as
its upper (lower) half. Then s and £' denote the number of elements in
the lower (upper) halves of all triangles corresponding to {Dl,...,Dm},
and n denotes the number of all elements in all such triangles. Accord-
ing to Proposition 1.1 in [4] we have

k pa+l—k patl-k "

] d = §J a k=1,2,...,r_, a=1,...,m

jo1 ja j=1 ja a
Adding over k and a we cget
m TYa k p_+1-k m Ta p.+1-k
“a a k
w Lo lad =] 1,

a=1l k=1 j=1 a=1 k=1 j=1



in words: The sum of all elements in the upper halves of the difference
triangles corresponding to Dl""'Dm is equal to the sum of all eleV
ments in the lower halves. If we replace the elements in the lower
halves by c¢,...,c+s-1 in the middle rows by c+s,...,c+£-1, and in the

upper halves by c+£,...,c+n-1, we get from (1) the inequality
c+n-1 c+s-1

iz § , i.e.
i=c+L i=c

(2) (n+f£+2c-1) (n-2£) 2 s(s+2¢c-1), or (2n-£'+2c-1)Z%' ZS(s¥2c-1)
and this is equivalent to the fundamental inequality obtained in [1]
(see also [2]) or [9]). This inequality has been instrumental in esta-
blishing a number of important properties of PSDS; for details and other
results on PSDS see e.g. (1], [2}, (3}, (5], (6}, (71, (8], [10), [12],
(131, [14).

In [2], the inequality (2) has been used to develop another in-
equality, easier to use, which will be useful in the proof of Theorem 3
below. Since [2] is not yet available in print we will repeat the main

steps here.

Let us consider a PSDS with m components and let Cx denote the

number of components of size k, k22. Then m = Z ck and we can write
k>2
1 2 1 2
n == J c  (4k“+2k) + 5 ] c (4k“+6k+2)
2 WS1 2k 2 k21 2k+1
1 2 1 2
(3) s =5 J e, (3k“+k) + 5 | c (3k“+3k)
2 K>1 2k 2 k51 2k+1
_ 1 2 1 2
=5 ] ey (KT4Kk) + 3 k§1c2k+1(k +k)

k21
If we denote, for any positive integer p,

w_ = zkpc

2k’ P Ly C2k+l

then the second inequality in (2) yields

(El+€ +Q +w2)(4c-2+361+7e2+4m0+llw1+7m2) -

271

- (el+352+3w1+3w2)(4c—2+e +3€2+3m1+3m2) >0

1

which implies

2 2,2 2
- ) a -
El ez+w1 w2+25152+-elm1+2€1m2 2€2m2+2w0(£1+52+m1+m2) 2
(4c—2)(ez+wl+m2).

. 2 . : : .
Adding 251 to both sides we can transform the last inequality into



(el+e +w +w ) (e —e +w -w ) + 2€ (e +e +w.+w,) + 2w, (c,+e_ +0 +m2) 2

2 1 271 2 71 "2 0'""1 "2 1

i (4c-2) e, +(ﬂc 2)(e +€ +w1+m ).

Dividing this last inequality by € +52+w1+w2 and denoting
€ (e -2c+l)
A =

(o] €l+(-:2+m +m2

we get

3€l-ez+2mo+ml P

Substituting from (3) we can transform the last inequality into

-w, 2 4c-2+2A .
c

4 2¢c-
(4) cytcatc, 22c-1 + A+ £ 3k (k=3) (cyy %€y, ) -
Furthermore,
(2¢-1) (e,+u +o, )+ei
2c-1+Ac = €,+e to +m =
1 72 2
2
. (2c-2)(€2+ml+w2) €1+e2+ml+m2
el+62+m1+m2 el+cz+m1+w2
) 2 € +ml+w2 1
It is €, <€, €, <e¢,, and therefore ——=— > =,
1 1 1 2 el+62+wl+m2 2
This implies 2c-1+Acz %(2c-2)+l = c, and (4) yields then
(5) cytcyte, 2c + % 1 %ix-3) oy, ¥0a )
k24 -

Since (5) is weaker than (2) it holds as a strict inequality whenever
(2) holds as a strict inequality.

Throughout this paper, we will use the symbols Cl,C?,C3,C4 to de-
note the one-component perfect systems of difference sets represented
by the following triangles:

3 3 4 5 5 4

Cl: 1 2 CZ: 2 1 C,: 1 3 2 C,& 2 3 i

A perfect system of difference sets will be called critical if its
elements satisfy (2) as an equality. Equivalently, (Dl,...,Dm} is a
critical PSDS if the elements of L,S,M correspond to the elements in
the upper halves, lower halves, and middle rows of the difference tri-

angles corresponding to the components of {Dl,...,Dm).

The reader will observe that a PSDS starting with c satisfying (5)
as an equality satisfies also (2) as an equality and therefore is criti-
cal. A noncritical PSDS starting with c satisfies (5) as a strict
inequality.

Only critical PSDS with ¢ = 1 (the minimum start) will be consi-



dered in this paper. For c >1 we would get different results. The
reader will observe that the above PSDS Cl,Cz,C3,C4 are all critical
(with ¢ = 1).

Let us start our study of critical PSDS by investigating the pos-
sible position of 1. We get the following

Lermma 1. Let A = {Dl,...,Dm} be a critical PSDS and let D_ be its

component containing 1. Then D, also contains s and s+l. Let d,_ = 1.
If the size P, of Da is odd then i # ra+l where r, = [pa/2]. If P, is
even then the sizes of all components of {Dl,...,Dm} are even numbers.

Proof. To simplify the notation we will drop the subscript a; hence

r
e.g. d; will stand for diaa etc. Let di = 1. If isr+§ (where

14
§ = p=-2r) we have d§+1 1+d¥ > s+l and d§+ <s and this implies

i i+l 1
; ; - +
§+l = s, d§+l = s+l. If iz2r+l we get in a similar way ar 1. s,

i-r
r+l r
di—r r+2
impossible., Furthermore, we see from these considerations that Da con-

tains s,s+l. If °. is even then seS, s+le¢L, hence M = @- there is no

=d
a

= g+l, 1If P, is odé and i = r+l we get d = di = s and this is

component of odd size.

Let A = {Dl,...,Dm} be a PSDS and let n = d;g, where Dg is one of
the components. Then we will say that n is represented as the dif-

r r +1
ferenc -u in D_if 1. v-u = 2. either 4 9 =u, a9 = v or
: nce v-u in g ¥ 1 n h+l,qg ¢+ 9yg
a’s =u and 49 = v.
h-r h-r
g'9d gt

Clearly, we must have us<s, v2s+l,

Lemma 2. Under the assumptions of Lemma 1, Da contains 2 and at least
one of the numbers s-1, s+2 (in addition to the numbers 1,s,s+l). The
numbers 1,2 are neighbors in the first row of the triangle corresponding
to Da if and only if A is either Cl or Cz. If 2 is represented in Da

as the difference of s+2 and s then A is either C3 or C4.

Proof. Let us denote by D, the component of A containing 2; the sub-

b
script b will again be omitted. Let us define j (1s3j Spb) by d} = 2.
Then a**! = 2+4a . if jsr+s, a¥L = a¥ 42 if j>r+l. The two cases
3 j+1 * Y-r T %or -

are similar (they can be transformed into each other by writing the
elements of each row in the triancle representing Db in the opposite
order), so only the first case will be discussed. Since d?+1 2 s+l,

r : r+l _ r _ r+l _ r = e
dj+1 <s, we have either 4.= ™ = s+2, dj+1 = s or dj = s+l, dj+1 s-1.
This implies that ZeDa (since,s,s+leDa) and, therefore, Db = Da' In

the first case, s+2<Da, in the second one, s-leDa.

Let us now distinguish the two cases (according to the way in



which 2 is represented as the difference of two elements of Da).

T Let 2 be represenied as the difference of s+2 and s. Let d% = 2,

+ :

d§ ko s+2, d§+1 = s for some j<r+§. Let di = 1. If is<sr+8§ we have

§+l = s, hence i = j, which is impossible, hence i 2 r+l, and di_r = s;

s . : o ; r+l r+l r 1
s = + . D L . = d. =

this implies i j+r+l and 128 > 2 Furthermore, dl—r dj+1 dj+l+dj+r+1
= s+1 and d§+2 = d;+d§:i = s+3, hence s+3 L and M = {s+1,s+2}, Py = 3s
Let us now denote L' = L-{s+3}, s' = s-{1,2,s}. If L' # @ # S' there
exist a yeL' and an xeS' such that v = x+3 (since 3 must be in some

component of our PSDS), and this is impossible, as y 2s+4, x <s-1. We

conclude that L' = @ = S' and we have a PSDS with only one component

of size 3, which must coincide with either C3 or C4.

II. Let 2 be represented as the difference of s+l and s-1. Let d% = 2,
+

d? Lys s+1, d§+l = s-1 for some j <r+§. If di = 1 we can see as in

case I that i 2r+l1 and di_r = s, diji = s+l which implies i = j+r. If

1,2 were neighbors we would have r = 1, p = 2 or 3. If o = 2, 3¢L and
we get Cl or C2. If p = 3, 3¢M and the first row of the triangle cor-
responding to Da must contain a number > 3 which belongs to S- and this
is impossible.

Lemma 3. Let A = {Dl,...,Dm) be a critical verfect system of dif-
ference sets different from each of cl'CZ'C3'C4' Then 3E?a (i.e. 3 is
in the same component as 1 and 2). Let k be defined by dka = 3. Then
either 3 is represented in Da as the difference of s+3 and s and

k Sra+ a OF 3 is represented in Da as the difference of s+2 and s-1

and k2 r_+1.
a

Proof. Let us denote by Da the component containing 3; the subscriot

o will again be omitted. Let k be defined by dl

e 3 (in Da); now we

have the following three possibilities.

r _ r+l _ .
A. dk+l = s, dk = g+3 (if k < r+§)
r _ r+l _ -
or dk—r = s, dk—r = s+3 (if k2 r+l1)
r _ r+l _ s
B. dk+l = s-1, dk = s+2 (if k < x+§)
r _ r+l _ .
or dy_. =s-1, 4, | = s+2 (if k2 r+l)
r _ r+l _ i e
Ce dk+l = s-2, dk = s+l (if k < r+8)
r R r+l _ -
or dk-r = s-2, dk—r s+1 (if k 2 r+l)

Under our assumptions, if Da contains 1,2, it contains s, s+l, s-1;

this means that, in ali 3 cases considered here, 3eDa, hence Da = Da'



We will now show that the above case C is impossible. 1In case C,
if k< r+§, we have d§+l = s-2, d§+l = s+l. 1If d} = 2, ve have d§+l =
s+l and we see that j = k which is imvossible. If k 2r+l we have
dr+l

k-r 1
we have also i = r+j where di = 1, hence i = k and this is again

= s+1, hence k = r+j. According to the proof of Lemma 1 (Case I),

impossible.

r
1 k-r
is defined by di = 1 we have by the proof of Lemma 2 (Case I) i = r+j,
¥

di—r = s, hence i = k and this is a contradiction.

Let us now consider case A. If k=r+l, we have d =s. If i

B
k+l
where dj = 2, and this is a contradiction acain. This completes the
proof of Lemma 2.

In case B, if k <r+§, we have d = g-1; we also have d§+l = g=1

Lemma 4. Let A satisfy the assumptions of Lemma 3. Let j,k be defined
again by d} = 2, d; = 3 (j <k+§). If 3 is represented as the dif-
ference of s+3 and s then k = j-1. If 3 is represented as the dif-

ference of s+2 and s-1 then kK = j+r+l.

Proof. le have d§+r = 1 (see Lemma 2) and dg = s, and this implies
j = k+1l in the first case. 1In the second case, we have d§+1 = s=-1 =
di_r and this implies k = j+r+l.

Theorem 1. Let A satisfy the assumptions of Lemma 3. Then A cannot
have any component of odd size.

Proof. Let us assume the opposite. Then, according to Lemma 1, Da

is of odd size. Let us consider two separate cases.

A. 3 is represented as the difference of s+3 and s.
_ 1 _ I _ r _ r+l _ r+l _
Then dj_1 = 3, dj = 2, dj+r =1, dj = s, dj = s+1, dj-l s+3, and
§f3 = dj_l+d§+l = s+4. This implies s+4¢L, M = {s+l,s+2,s+3}, P, = 5.
There are two possibilities for the position of s+2 in the triangle
representing Da: either s+2 = d§:i or s+2 = d?t%. In the first case,
_or+l _ .r .1 R | 1 U R .

s+2 = dj+l dj+l+dj+r+l = s l+dj+r+l' hence dj+r+l = dj—l 3 which
is impossible. In the second case, j = 3, dé = 3, dé = 2, dé =1,

r _ .2 _ 3 _ 5 o AL : 3 _ __ 2 _ _ 32
dj = d3 = s, dl s+2 = dl+3+2, i.e. dl = g-3, and dl s-3+3 = s = d3

which is a contradiction.

B. 3 is represented as the difference of s+2 and s-1.

1 _ i _ 1 _ ) r+2 _
Thgn dj = 2, dj+r =1, dj+r+l = 3 (see Lemma 4). We have dj =
d§+d§:i = 2+s+2 = s+4¢L, so again M = {s+1,s+2,s+3} with s+l = d?fl,



_ Lrt+l
s+2 = dj+l'

time: either s+3 = d

We have two possibilities for the oosition of s43 this

r+1 r+l1

or s+3 = dj- We observe that pa =5, r_ =2

, a

j+2 x° a
again. In the first case, d> = 2, aX,_ =1, d},. = 3, and s+3 = a3__ =
gain. S| " T942 " Y543 ' j+2
1 1 1 1 ; : g 1 _ a2
dj+2+dj+3+dj+4 = 4+dj+4 which implies dj+4 = s-1 = dj+1 and we have a
contradiction. In the second case, s+3 = d? = d% +d%+d% . Since
j=1 j=1 "3 "3+l
s = d? = d;+d% we have d% = s-2, ané we conclude that d% =3 =
i) j g+l j+1 j-1
;+3 and we have a contradiction again.
Remark. It has been shown in [2] that the average number of dif-

ferences in the components of any PSDS cannot exceed 21. However, the
largest average number of differences ever achieved — to the best ol
our knowledge — is ten (see [11l] and [12]). It was hoped that this can
be improved by constructing a (critical) PSDS with one component of
size 3 and several components of size 5 [6]. Using a computer, P.J.
Laufer attempted to construct such PSDS with up to six components of
size 5. All results were negative; Theorem 1 shows why.

To investigate in more detail the last remaining case (when all
components are of even size), let us substitute into (2) for n,s,£ and
write the result as an equality (we consider critical PSDS). We get

m m m m m
2y2 2y \ 2 2 _
(32T Te) - (Te)?ealel=0.
a=1 2 a=1 & 221 2 a=1 2 a=1 2
m m2
Let us put x = | oy = ) rg . Then the last equation becomes
a=1 a=1

y2-2xy-x2+2y = 0. Solving for y in terms of x we obtain (since y z 90)
y = x-1 + J(x-1)2+x!.

Since x,y are positive integers, x must be such that (x-l)2+x2 is a
perfect square. Our search (for x <120) provided the following pairs

X,Y:
x =1, y =1
X = 4, y = 8
x = 21, y = 49

x = 120, y = 169.
If x =1, y = 1, we get either Cl or C,. If x =4, y = 3, then,
necessarily, m = 2, and r, = r2 = 2. Hqwever, no PSDS with 2 com-
ponents of size 4 can exist (see [7]), Theorem 4.2). For x = 21,
y = 49, our complete search revealed the following possible candidates

for critical PSDS (by cy we denote the number of components of size k,



by m the total number of components) :

1. c, = 2 ; Cy = 54 c6 = 3, m = 10

2. c, = 5; c4 = 2, Ce = 4, m = 11

3. c2 =9, c4 = 2, c6 =0, c8 = 2, m= 13

4. c, = 7, Cy = 2 Cg = 2.5 Cg = 1, m= 12

5. c, = 11, Cyq = 1, Cg = Loy Cg = 0, Ci10 = 1, m = 14
6. ey = 8, Cy = 4, Cg = 0, Cg = 0, €19 = 1, m = 13.

The question is still open whether any of the above 6 possibilities
really yields a critical PSDS. At this moment, the problem seems to
be too difficult to decide even when using a computer.

The authors are indebted to the referee for pointing out that

the above search for x can be replaced by using the Pell eguation. The

. . . 2 2 2 2
equation x2+(x—l)2 = u2 is equivalent to 1 = u -2x"+42x%x or 2 = 2u”-4x" +4x
or (2x-1)2—2u2 = 1 which 'is a Pell equation. The Pell equation
M2-2u2 = =1 has the general solution M = Ak’ u = Bk where Ay+Bk/f =
(1+/7)2k+1. Using this formula we can obtain the same values of x as
above,

To summarize, we have:

Theorem 2. There exists no critical PSDS, different from Cl,Cz,Ca,Cd,

with the sum of half-sizes < 20. There exists no critical PSDS with
the sum of half-sizes equal to 21 and fewer than 10 cowmponents. There

exist no critical PSDS with cthe sum of half-sizes between 22 and 119.

We would like to conclude this study by conjecturing that the only
critical PSDS with start one are Cl’CZ'C3'C4'

The ahove results yield immediately the following extension of
earlier results about the number of small components.
Theorem 3. Every PSDS with start one, which is different from Cl,Cz,
C3,C4, and such that the sum of the half-sizes of its components is
less than or equal to 119, has at least two small components (i.e.

components of size 2,3, or 4).
~ proof. If our PSDS has c, components of size k, k22, then it satis-

k
fies (5) with ¢ = 1:

(6) c2+c3+c4 > 1 +

to| =

Y k(k-3) (c
L r-
Kea 2k

1*Cap) -

If the PSDS in question is noncritical, (6) holds as a strict inequality,



