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preface

A quote found in a university student calendar went something like this:

If I had only one day left to live,
I would live it in my calculus
class—it would seem
so much longer.

The message, of course, is clear. It emphasizes the problem of constructing a calculus
text that is rigorous enough to be worthwhile and meaningful, while at the same time is
intuitive enough to be fresh and interesting.

Like the other books I have written, I have tried to make this one as readable as
possible. The language is clear and direct. The style is warm and informal. The approach
is intuitive and geometric. Whenever appropriate, a picture is used to help clarify the
mathematical concepts. I have found that students can enjoy a mathematics course if they
are able to read and understand the text and, having done so, are able to work the
problems.

It is also important to students that they see how the mathematical ideas they are
learning can be used to solve real-world problems. For that reason, almost every section
in the text contains a variety of meaningful applications. Since many students who use
this text are not mathematics majors, many of these applications are drawn from the
management, social, and life sciences.
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To further increase understanding and motivation, new topics are normally introduced
using specific examples. There are, in fact, more than 350 examples in the text. Only
after the mechanics of the examples are understood is a general rule formulated.

To reinforce and review concepts, a spiral approach has been used throughout the
text. This allows the student to experience the same topic several times, each time from
a slightly different perspective and in slightly greater detail.

The strength of any text, of course, lies in its problems. Each problem set is clearly
divided into three parts: regular problems, challenge problems, and calculator problems.

The regular problems consist of those problems normally encountered in a text such
as this. Although not labelled as such, these problems are themselves divided into three
categories. They begin with straightforward problems that are designed to get students
going while they are still in the process of assimilating the new ideas that were just
presented in the section. After these initial few problems, subsequent problems are slightly
more difficult and are designed to provide drill in the techniques of the section. Finally,
the regular problems finish with still more difficult problems that stimulate thinking and
interest and provide applications to the ideas of the section. To facilitate use of the text
by the instructor, the regular problems are matched so that each odd-numbered problem
has an even-numbered counterpart. That is, in each set of exercises, Problem 1 is similar
to Problem 2, Problem 3 is similar to Problem 4, and so on. A solid course in calculus
can be taught using assignments only from the regular problems.

For exceptional classes, an optional set of challenge problems follows each set of
regular problems. A few of the challenge problems are no more difficult than the regular
problems; they simply investigate a different aspect of the section being studied. On the
other hand, some of the challenge problems are quite difficult. In some cases instructors
may wish simply to present the solution to a particular challenge problem themselves,
rather than make it a class assignment.

Following each set of challenge problems there is a set of calculator problems.’ These
problems will enable students to become familiar with the use of the hand-held calculator.
They involve the same concepts as the regular problems and the challenge problems, but
they require more complex computations. A scientific calculator with keys for the
following operations is recommended.

s \/; e W In ﬂ log sin cos l tan

At the end of each chapter there is a set of chapter review problems. These problems
are not identified with a particular section, hence they provide students with a means of
reviewing and testing their understanding of the material in the entire chapter. The chapter
review problems are on the same level as the regular problems. That is, they are not as
difficult as the challenge problems and they do not involve the laborious computations
of the calculator problems.

In all there are more than 3500 problems. The quantity and variety of the problems
allow the instructor the flexibility to design the level of the course he or she wishes to
teach.

L Except for a few cases where the regular problems themselves dictate the use of a calculator.
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Answers to the odd-numbered problems, as well as answers to all of the chapter
review problems, are provided at the end of the text. In addition, a student supplement
is available that contains worked-out solutions to all of the even-numbered problems.

Most texts of this type devote only a cursory review to those topics that are normally
covered in a previous mathematics course; namely, the topics of algebra, exponential and
logarithmic functions, and trigonometry. It has been my experience, however, that there
is a wide range in the mathematics backgrounds of students who enroll in a course such
as this one. Therefore a thorough treatment of these topics is presented in the text. Algebra
is reviewed in Sections 1.1 through 1.6, exponential and logarithmic functions in Sections
5.1 through 5.4, and trigonometry in Sections 9.1 through 9.5. Of course, each instructor
knows his or her own class best, so it will be left up to individual instructors as to how
involved they want to become in reviewing these topics. Some instructors may wish to
omit these sections entirely.

As with any book, this book is not the accomplishment of just one individual. Many
others must share the credit for its successful completion. The most notable among these
are: John Bishir, North Carolina State University at Raleigh; Suzanne Butschun, Tacoma
Community College; J. Myron Hood, California Polytechnic State University—San Luis
Obispo; Harold Huneke, University of Oklahoma; George W. Peglar, lowa State Uni-
versity; and Harold D. Shane, Bernard Baruch College of The City University of New
York who reviewed the manuscript. Also, a special note of thanks to my good friends
and able colleagues Bernard Richards and Laura McGregor, and to Julie Froble for her
expert typing of the final manuscript.

One final note to the student who uses this text. A mathematics text is not a novel.
It must be read much more slowly, much more carefully, and with a pencil and paper
nearby. Keeping this in mind, I know that you will discover as I have that the independent
mastery of even a single problem of good mathematics is an immensely satisfying
intellectual activity of the very finest kind.

January 1982
North Canton, Ohio D.L.A.



X Contents

1.1
1.2
1.3
1.4
1.5
1.6
1.7

2.1
2.2
2.3
2.4

3.1
32
3.3
3.4
3.5
3.6
3.7

4.1
4.2
4.3
4.4
4.5
4.6
4.7
4.8

algebra review

Exponents and Radicals 2
Polynomials and Rational Expressions 9
Equations and Inequalities 18
Lines and Circles 28
Functions 40
Graphing Functions 48
Mathematical Modeling 59
Chapter Review 69

limits. continuity, and
tangent lines

Limits as x — o 74
Limits as x — a 82
Continuous Functions 94
Tangent Lines and Their Slopes 101
Chapter Review 109

differentiation

The Derivative 113
Basic Differentiation Formulas 119
The Product and Quotient Rules 126
The Chain Rule 133
The Big Power Rule 137
Higher-Order Derivatives 143
Implicit Differentiation 151
Chapter Review 156

applications of
the derivative

The First Derivative Test 160
Finding Extreme Points 168
Concavity and Inflection Points 173
The Second Derivative Test 180
Curve Sketching 184
Applied Maxima and Minima Problems 192
Business Maxima and Minima Problems 201
Rate Problems 206

Chapter Review 211



5.1
3.2
5.3
54
5.5
5.6

6.1
6.2
6.3
6.4
6.5
6.6

7.1
7.2
7.3
7.4
7.5
7.6
7.7
7.8

8.1
8.2
8.3
8.4
8.5
8.6

exponential and
logarithmic funections

Exponential Functions

Compound Interest and Annuities
Logarithmic Functions

Properties of Logarithms

Derivative of the Natural Logarithm Function
Derivative of the Exponential Function
Chapter Review

integration

Antiderivatives

Summation Notation

Areas by Summation

The Fundamental Theorem of Calculus
Area between Two Curves

Further Applications of the Definite Integral
Chapter Review

methods of integration

Integration by Substitution
Integration by Parts

Improper Integrals

Integration Using Tables
Approximate Integration
Differential Equations
Exponential Growth and Decay
Inhibited Growth Models
Chapter Review

calculus of

[ ]
several variables
Functions of Several Variables
Partial Derivatives
Maxima and Minima Problems
Method of Least Squares
Lagrange Multipliers
Multiple Integrals
Chapter Review

214
221
230
237
243
249
252

256
262
269
280
288
295
303

307
317
323
331
334
340
347
352
359

363
373
382
391
400
408
414

Contents

X1



X1l

Contents

9

9.1
9.2
9.3

9.4
9.5
9.6
9.7

Table 1
Table 2
Table 3
Table 4
Table 5
Table 6
Table 7

the trigonometriec
funections

Angles and Their Measurement

The Trigonometric Functions
Trigonometric Functions of Angles that
Are Not Acute

Identities

Graphs of the Trigonometric Functions
Derivatives of the Trigonometric Functions
Integrals of the Trigonometric Functions
Chapter Review

appendixes

Square Roots and Cube Roots

Formulas from Geometry

The Exponential Function

The Common Logarithm Function

The Natural Logarithm Function

The Trigonometric Functions (8 in Degrees)
The Trigonometric Functions (0 in Radians)

aAnswers

index

418
426

436
441
446
454
462
468

473
475
478
481
484
487
490

495

553



ol <A=r

A\ L
- D

Rl

O
= /"T\«K~7< BT
\\ /J\/\/




2 Algebra Review

1.1 EXPONENTS AND RADICALS

The study of calculus requires a solid background in the fundamentals of algebra.
The purpose of this chapter is to provide a review of those fundamentals, with partic-
ular attention given to the specific tools needed throughout the remainder of this text.

One topic that receives a great deal of attention in calculus is the notion of an
exponent. Exponential notation enables us to write certain types of algebraic ex-
pressions in a more convenient form. Positive-integer exponents are defined as
follows.

Definition

Let a be any real number and n any positive integer. Then

where there are n factors of a.

The number « in the definition above is called the base, and the number n is
called the exponent. The expressions a® and a* are read a squared and a cubed, respec-
tively. In general, the expression a" is read a to the nth power.

EXAMPLE 1 (=5)® = (=5)-(=5)-(=5) = —125.
EXAMPLE 2 x3®=x-x-Xx
EXAMPLE 3 (x? + 1)3 = (x% + 1)(x% + 1)(x* + 1)
= (x* + 2x%2 + )(x* + 1)
=xt +x*+2x* +2x2 + x2 + 1
=x® + 3x* + 3x2 + 1.
Note that the definition above does not apply when n = 0. We define a zero
exponent as follows.
Definition 1f a # 0, then a® = 1.
EXAMPLE 4 2001° = 1.
EXAMPLE 5 (y5 —32)° =1, ify5 — 32 #0.



1.1 Exponents and Radicals 3

Negative-integer exponents are defined in terms of positive-integer exponents.

Definition ~ Let a be any real number except zero and n any positive integer. Then — nis a negative integer and
.
a = ===
a
EXAMPLE 6 1072 = L z
10>~ 100
1 1 o
EXAMPLE7 ;_—3='—1—=X, 1fx;é0
x3
EXAMPLE 8 (x +4)7!' = S ifx # —4.
EXAMPLE 9 103t — 1)7% = 10 ift # l
T Br- 1) 3
Rational exponents are defined in terms of radicals. Therefore, before we define
rational exponents, we shall recall the definition of a.
Definition  1f a is a nonnegative real number and n is a positive integer, then

Ja=b,

where b is a real number such that b” = aand b > 0. If a is a negative real number and n is an odd
positive integer, then
ffa=b,

where b is a real number such that " = aand b < 0.f

The expression \"/E is called the principal nth root of a. The symbol f is a radical
sign, the number a is called the radicand, and the number # is called the index. When
the index is 2, it is generally not written. Thus \/5 denotes the principal square root
(or second root) of a. On the other hand, \3/5 denotes the principal cube root (or

i

In this case, b < 0 by necessity.
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EXAMPLE 10

EXAMPLE 11

EXAMPLE 12

EXAMPLE 13

third root) of a. Table 1 in the Appendix contains square roots and cube roots for
the integers from 1 to 150.

V81 =9, since 92 = 81,and 9 > 0.

N —64 = —4, since (—4)° = —64.

Note that we have not defined {/a for the case where a is a negative real number
and n is an even positive integer. That is, ./ — 36 and </ —1 have not been defined.

1

v/ 5x + 17 is defined when 5x + 17 > 0, that is, when x > —4.

Vt* + 1is defined for all real numbers t,since t* + 1 > 0 for all real t.

We are now ready to define rational exponents.

Definition

Let a be any real number, m any integer, and n any positive integer. Then if m/n is in lowest terms'

a"" = Rfay = 3fa”,

assuming J/a is defined.

EXAMPLE 14

EXAMPLE 15

Calculate 1634,
16%* = (J16)* = 2> = 8, or

16%* = /163 = /4096 = 8.

In this example it was more convenient to use the form a™" = ({/ay" when
calculating 16**. On other occasions it may be more convenient to use the form

am/n — n/ am.
The definition for negative-integer exponents applies to rational exponents as
well.

Write 572/3 in radical form.

11
5% 35

—

5—2/3 o=

(¥
w

o)

(3}

- S

' If m/nis not in lowest terms, we simply reduce it until it is.



EXAMPLE 16

1.1 Exponents and Radicals 5

Write (x? 4+ 4)~ /2 in radical form.
P R S

(x* + 42 Jx*+ 4

We have now extended our definition of exponents so that any exponent that
is a rational number is defined. In Chapter 5 we shall extend the notion of an exponent
even farther to include irrational exponents.

Rational exponents have been defined in such a way that they obey five laws of
exponents, which are stated below.

Laws of Exponents

Let a and b be any real numbers and r and s any rational numbers. Then:

lLd a=ada",
"
2 a_ . |
- =d
3. (@) = a,
(ab)" = a'b’,

n
TR
S
~—~
Il
S

assuming the expressions involved are defined.

EXAMPLE 17 Find the product \/E(\/? + 6x).
Changing to fractional exponents and multiplying, we have
xR/ + 6x) = x13(x*? + 6x)

= x12.x32 4 x1/2. 6x
— x1/2+3/2 + 6x1/2+1

= x> + 6x2.

If » = 1/n where n is a positive integer, the two laws of exponents a"b"
and a’/b" = (a/b)" are often stated in radical form.

= (aby

Laws of Radicals Let a and b be any real numbers and n any positive integer. Then:

1. /ax/b = </ab,
Ja  a
G AP

assuming the expressions involved are defined.

2.
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EXAMPLE 18

EXAMPLE 19

EXAMPLE 20

EXAMPLE 21

These laws of radicals can sometimes be used to simplify radical expressions.

Write \/24x>y* in simplest form. Assume both variables are positive.

V24t = 4657 xyt = Ay fex = 2xy? f6x.

Write (a'°b~%?)%(a™/2b~*/3)~ ! in simplest form with positive exponents.

(a1/3b—2/3)6(a— 1/2b—4/3)— 1 (alls)é(b—2/3)6(a— 1/2)— l(b—4/3)—1
a2b—4a1/2b4/3

= g52p—8/3
a2
b8/3'

(x + 5)?
I

Write as a sum of terms in powers of x.

(x + 5?7  x*+ 10x + 25

\3/} X1/3

N 10x 25

x1/3 x1/3 x1/3

e x2—1/3 + 10x171/3 ER 25x—1/3

= x%3 4 10x23 + 25x 173,

Jx =3

Rationalize the numerator of 5
Fepa

We multiply numerator and denominator by Jx + 3.

VX=3 Jx-3 Jx+3
x—9 x—9 Jx+3
x4+ 3fx-3/x-9
- 9Wx +3)
B x—9
C(x = (/X + 3)
1

Jx+3




EXAMPLE 22

PROBLEMS

1.1 Exponents and Radicals ’7

In Section 5.2 we shall prove that the amount 4, in a savings account after ¢
years is given by the formula
A= Aol + 1),

where A, is the initial amount and r is the annually compounded interest rate ex-
pressed as a decimal.

Suppose $2500 is invested in an account paying 8% interest compounded annually.
How much money is in the account after 5 years?

Using the formula given above with 4, = 2500, r = 0.08, and t = 5, we have
As = 2500(1 + 0.08)°

2500(1.08)3

~ 2500(1.469328)"

= $3673.32.

Il

In the problems that follow we shall assume for simplicity that the variables
involved represent only those real numbers for which the expressions in the problems
are defined.

Expand each expression.

1. 6 2.5 3.

(—3x)° 4.(=2y) S (x+h* 6.(y—h* 7.(x*+5> 8 (y?-2)?3

Write each expression in simplest form with positive exponents.

9.5-473

0
RN
v+ D

n

1.5 m>1)
X

21 (x + y(x~! +

%) 1K=2 N2

10. — .l= .| =
x4

14. 11°%x — 1)~3 15. x~%y° 16. —
y

18. X" x (n>0) 19. 15(5¢ — 3)! 20. 12(3¢ + 2)~*

B B 1 a2b—1 =3
1y 22, +2)77(x —3)77 23. "
v (x )= ) (x + 4 ¥x + 3)°8 “ ( ¢S )

" This was computed using a calculator with a E‘ key.
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Find each root. Assume all variables represent positive real numbers.

25. /121 26. 3/ —27 27. —Y -8 28. —3/625 29, 3 —xy1°
30. ——x"'% 31 /x2+2x +1 32 /x®+4x +4 33 /xPW 34, [xInt2

Calculate each of the following.
35. 64%*  36. (—32)%° 37.(—27)"%3 38. 81 14

Perform the indicated operations and express each answer using positive exponents.

3/4
39, X7/ x=112 0. Z; 41 (x + 7)x + 7)73"2
X
N x1/3x1/4y—1/2 x—1/2y1/2y1/5
9 (2 + DR+ DT 4 T e
1
45. Ix3(xY* + x) 46. — (x'* + x) 47. (a"?b=32)Hq=1/12p3)~ 1

Ix
2 3n /6 _ n/2
48. (a®?b'3)"%(g2p=1/2)"1 49, [?7:—241 (n < 0) 50. [%T (n <0

Write each expression using rational exponents.

5 3 (x + 1)° x + 4 6
51 x* +4 52 ¥Yx*—8 53 N~ T 54. 55.
x—2 Jox =3¢ x3/x

56. —_ 57. J1 + Jx 58 /x* + /1 + x2 59, VX — 1 60. /x — 1./x + 1
xofx Jx F 1

Write as a radical in simplest form.

3 8..5
oL (9" 620297 63 37 on LI
3 xy

Write as a sum and/or difference of terms in powers of x.

1 8 1 10 x(x — 2)
—  66. —_—— . —
7 g 66. x + s 67 =
3x(1 3 _1)3
68. M 69. M 70. (\/;‘1)
%% J% e
Rationalize the numerator.

71.*/§_2 72.*/§—5 73.M

x —4 x — 25 t— x

65. x? —

74_%‘/X+Z—‘/—; 5. Jx+1—-/x 76 x>+ x — x



