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Chapter 1

Motivations, plan and statements

In this chapter we will describe the general plan of our work and state in full detail
our main results. However the reader should refer to the subsequent chapters for
a correct interpretation of the effectiveness of the maps whose existence is stated in
Theorems 1.4.1, 1.4.2, 1.4.3 and 1.4.4. Tt is in the reconstruction process which underlies
the definition of these maps that branched standard spines come into play.

1.1 Combinatorial realizations of
topological categories

The main point of this work is the construction of combinatorial realizations of some
categories of 3-manifolds with extra structure. Before describing in detail the classes
of objects which we handle, let us explain what we exactly mean by combinatorial
realization. Let T be a collection of topological objects (for us, 3-dimensional manifolds
with a certain extra structure), regarded up to a suitable equivalence relation. The first
ingredient of a realization will be an explicitly described set S of finite combinatorial
objects (typically, finite graphs with certain properties and decorations), together with
an effective mapping
U:S—T,

called the reconstruction map, whose image is the whole of 7. The second ingredient
of the realization is the calculus, namely an explicitly described finite set of local moves
on S with the property that two elements of S have the same image in 7 under ¥ if
and only if they are related to each other by a finite combination of the moves of the
calculus.

A classical model of a combinatorial realization is the presentation of links up to
isotopy in S® by means of planar diagrams, where the calculus is generated by Re-
idemeister moves. In 3-manifold topology some examples of combinatorial representa-
tion are known which satisfy at least some of the requirements which we have stated.
Let us remark however that the requirements of finiteness and locality of the calculus
are somewhat restrictive. For instance the presentation of closed connected oriented
3-manifolds via longitudinal Dehn surgery on framed links in S*, with either of the two
versions of the Kirby calculus, does not satisfy the requirements. If we use the version
of the calculus which includes the band move, then we have a non-local move, whereas,
if we use the generalized Kirby move, then we have indeed local moves, but we actually
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have to take into account infinitely many different ones, parametrized by the number
of strands which link the curl removed by the move. In [6], using a slight refinement of
the theory of standard spines and an appropriate graphic encoding, we have produced
a combinatorial realization of the category of compact connected 3-manifolds with non-
empty boundary, and a refined version of the same realization for the oriented case.
This realization will be recalled in Chapter 2 because we will use it extensively.

Let us now describe the topological objects of which we provide a combinatorial
realization in this work. By a 3-manifold we will always mean a connected, compact
and oriented one, with or without boundary. We will denote by M the class of closed
3-manifolds, up to orientation-preserving diffeomorphism. We will call combing on a
closed 3-manifold a nowhere-vanishing vector field, and framing a triple of linearly
independent vector fields which pointwise induce the orientation. Combings and fram-
ings will always be viewed up to homotopy through objects of the same type. Other
objects which we will consider are spin structures. Note that if f : M — M’ is an
orientation-preserving diffeomorphism then to any combing or framing or spin struc-
ture on M there corresponds under f an object of the same type on M'. We will denote
by Meomb the set of pairs (M, v) where M is a closed manifold and v is a combing on
M, viewed up to the natural action on pairs of orientation-preserving diffeomorphisms.
We define Mram and Mgy in a similar way. For each of M, Mcomb, Meram and Mpin
we will give a combinatorial realization as stated above (the realization of M being
different and independent of the one given in [6]).

Before sketching the topological constructions which underlie our presentations, we
want to point out a reason for which, to our opinion, it is non-trivial and of some
interest to give a combinatorial realization of the classes of “structured manifolds”
Mcombs Miram and Mgyin. Our remark is that, for any given closed manifold M, the
set of extra structures of each of the three types in exam can be described as an affine
space (or a certain “bundle” of affine spaces, in the case of combings), and there is no
canonical way to define a preferred basepoint. This is well-known for spin structures,
which are identified to an affine space over H'(M;Z,). Once a preferred framing on
M is fixed, the set of all framings can be identified to the set of homotopy classes of
maps from M to SO(3), which is rather easily recognized to be a central extension of
H'(M;Z,) by Z; however the dependence on the choice of the basepoint is somewhat
intriguing. The situation is more complicated for the case of combings: if we fix a
framing on M then the set of all combings can be identified to the set of homotopy
classes of maps v : M — S?; if h denotes the preferred generator of H%(S%* Z) we
can associate to v the element g(v) = v*(h) € H*(M;Z), and the map g is surjective.
Moreover, for k € H*(M;Z) and v,v' € g~'(k), the difference between v and v’ can be
described as a “Hopf number”, which lies in Z when k is a torsion element, and in Zqq4
when k is not a torsion element and d is the greatest integer divisor of k. So, if we fix a
basepoint in each of the fibres of g, then we can identify the fibre with the appropriate
Z or Zy4, but the choice of these basepoints, just as the choice of the framing from
which we have started, cannot be made canonical.

To our point of view, heuristically speaking, it follows from the facts remarked in the
previous paragraph that combinatorial realizations of Mcomb 0r Mgram or Mgpin must
be supported by classes of objects capable of capturing deep topological properties of
3-manifolds. We have devised such a class of objects by introducing branched standard
spines. This notion has been obtained as a combination of the two essentially classical
concepts of standard spine and of branched surface, and this makes our definition a
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rather natural one.

The interest into effective combinatorial presentations was increased in recent years
by the development of the theory of quantum invariants (see e.g. [56]). On one hand the
existence and structure of these invariants has been predicted, starting from Witten’s
interpretation of the Jones polynomial, from general principles in quantum field the-
ory [61]; but on the other hand an effective and rigorous construction of the invariants
has only been given, according to the current opinion, via combinatorial presentations
such as surgery with the Kirby calculus (for the Reshetikhin-Turaev-Witten invari-
ants), or spines and triangulations with the appropriate moves (for the Turaev-Viro
invariants). Our work was partially influenced and motivated by this consideration,
and we show in Chapter 8 that our combinatorial presentation of spin manifolds is
suitable for an effective implementation and computation of the spin-refined version of
the Turaev-Viro invariants.

In the last few years new models for invariants have been proposed (see e.g. [23],
[29], [33]) which are based on ideas similar to those used for the quantum invariants
(i.e. representations of certain classes of diagrams into algebraic objects, typically Hopf
algebras with extra structures), but do not strictly fall in the quantum category (as
axiomatized for instance in [56]). The invariants constructed by G. Kupenberg [33] are
in their most general form invariants of framed and combed manifolds, and moreover
their definition does not immediately yield a computation recipe; therefore it is very
natural ask if our combinatorial presentations support an effective implementation of
the invariants. We discuss this question in greater detail in Chapter 9, where we also
mention other fields in which our work might have applications. In particular, after
remarking that our combed calculus dually represents the set of homotopy classes of
oriented plane distributions on 3-manifolds, we give some hints on the possible relations
with the theory of foliations and contact structures (recall that every homotopy class
of oriented plane fields contains both distributions and contact structures).

1.2 Branched standard spines
and an outline of the construction

The authors who mainly contributed to developing the theory of standard spines are
Casler [13], Matveev [37] and Piergallini [45]; we also remind the reader that on this
theory is based the combinatorial realization of manifolds with boundary given in [6].
We warn the reader that our definition of standard spine includes the requirement that
the strata of the natural stratification should be cells; this cellularity condition is in our
opinion essential to base a local calculus on spines, and we will point out its importance
in various instances. We will use the term simple for spines in which the cellularity
condition is dropped.

The notion of branched surface was originally introduced in [60] for the study of
hyperbolic attractors (see also [11]). Later on, in a number of papers (e.g. [17], [19]
and the references quoted therein) branched surfaces have been viewed as codimension
1 objects capable of supporting and generalizing classical notions about surfaces, in
particular incompressibility.

A branched standard spine P of a (compact, connected and oriented) 3-manifold N
with non-empty boundary is a standard spine of N endowed with an oriented branching,
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which roughly speaking means that pointwise an oriented tangent plane to P is well-
defined, and the local behaviour can be described by certain very natural models. To
every such a P we can associate a vector field on N (well-defined up to a certain type
of homotopy) which is positively transversal to P and has a prescribed local behaviour
on a neighbourhood of ON; namely, the field is tangent to ON only along finitely many
simple curves of apparent contour, along which the boundary is “concave” with respect
to the flow. This theory specializes to the closed case by requiring that N should
be bounded by S? and the field should have the simplest possible behaviour near the
boundary. This allows to extend the field to the closed manifold M obtained by capping
off the boundary sphere of N, and the field on M turns out to be well-defined up to
homotopy. Since we can prove that all combings on M are obtained via this procedure
from some P, we have the reconstruction map. The moves of the calculus for combings
are essentially branched versions of the usual moves of the Matveev-Piergallini calculus
for standard spines. However we want to emphasize that the results known for the non-
branched case do not imply the fact that the combing moves generate the equivalence
relation induced by the reconstruction map, and our proof that this indeed happens is
based on an independent argument.

As we already mentioned, the natural realm in which the foundations of the theory
of branched standard spines are placed is the category of 3-manifolds with boundary,
of which the closed case is a specialization. The same is true case also for the core of
the combing calculus, which is first established in the case with boundary and then
specialized. Moreover the proof is divided into two steps; at first we only use general
position arguments to derive a weaker version of the calculus, in which spines may not
be standard and therefore moves are non-local; later a harder work allows us to recover
the standard context and hence locality.

In the closed case we show how to complete the calculus for combings by means of
a local move, which we call combinatorial Pontrjagin move, whose topological coun-
terpart allows to obtain from each other any two combings on the same manifold.
This leads therefore to a new combinatorial realization of (connected, oriented) closed
3-manifolds.

The combinatorial realization of combings allows us to deduce a similar one for
framings, starting with the following (easy) remarks: the first vector of a framing on
a closed manifold M is a combing, and a combing v on M extends to a framing if and
only if the Euler class £(v) € H%(M;Z) of the plane field complementary to v is null.
Our next step is to construct for a branched standard spine P of M a preferred cocycle
cp which represents the Euler class of the combing carried by P. Then we show how
to explicitly associate to an integral 1-cochain whose coboundary is cp a well-defined
framing, and we prove that two such cochains define the same framing if and only if
the reduction modulo 2 of their difference is a Z,-coboundary. Therefore the objects of
the combinatorial realization of framed manifolds are pairs (P, z), where z is a mod-2
1-cochain on P which lifts to an integral 1-cochain Z with & = cp, and z is viewed up
to Zs-coboundaries. The moves of the framing calculus are obtained by enhancing to
such pairs the moves of the combing calculus, making sure that whenever (P, z) and
(P',z') are related by a move then they define the same framing.

A similar scheme works for spin structures. Such a structure on a manifold M can
be viewed as a framing of M on the singular set S(P) of a spine P of M, where the
framing extends to the whole of P and is viewed up to homotopy on S(P). Given a
certain branched spine P and the corresponding combing v, the second Stiefel-Whitney
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class of the plane field complementary to v is just the reduction modulo 2 of £(v),
therefore it coincides with wy(M) and so it is null; moreover H'(P;Z,) = H'(M; Z,),
and it easily follows that every spin structure has a representative whose first vector
is v. To every mod-2 1-cochain z on P whose coboundary is the reduction modulo 2
of ¢p we can associate a spin structure which depends only on the class of z modulo
Zy-coboundaries. Therefore spin 3-manifolds are encoded by such pairs (P, z), and the
moves to take into account are the same as in the case of framings (which is coherent
with the fact that each framing determines a spin structure), together with suitable
enhancements of the combinatorial Pontrjagin move of the closed calculus.

1.3 Graphic encoding

Another element of our work is a graphic encoding of the objects of the representa-
tions. This is conceptually subordinate to the intrinsic theory of branched spines, but
not secondary if one has in mind the effectiveness (and possibly an actual computer
implementation) of the combinatorial realizations. To a branched standard spine we
associate a planar graph by embedding in 3-space a neighbourhood of the singular set
of the spine, in such a way that along the singular set the tangent plane is “almost ho-
rizontal”, and then projecting on the horizontal plane. The (oriented) branching allows
to define this operation uniquely, and implies that to every graph with some simple
extra structures there corresponds a unique branched standard spine, and moreover
the decoding procedure is completely explicit and effective.

From a given graph it is very easy to explicitly reconstruct the 2-cells of the corres-
ponding spine, and also to find the preferred cochain which represents the Euler class of
the combing carried by the spine. Moreover the graph itself corresponds to the singular
set of the spine, so a 1-cochain on the spine can be viewed just as a colouring of the
edges of the graph. These facts imply that the various elements which interact in the
combinatorial realization of spin and framed 3-manifolds can be very easily translated
in terms of the graphs. e

We also want to note that on one hand the graphs still carry in a rather transparent
way all the information on the topological situation, and on the other hand they allow
a formal control of the various manipulations (see also [7]). In Chapter 10 we will show
how to explicitly carry out the computation of some homological invariants using the
graphs only.

1.4 Statements of representation theorems

In this section we will describe in a completely self-contained way, i.e. without referring
to the notions described in the previous sections, our combinatorial realizations of M,
Meomb, Miram and Mg, As already pointed out, the reader should refer to the rest
of this work to understand correctly the reconstruction as a two-step process, which
takes from a graph to a branched standard spine and then to a 3-manifold with extra
structure.

We start by defining the combinatorial objects of our realizations. Before doing
this we adopt a useful convention for the description of graphs. We will be dealing in
the sequel with abstract finite graphs in which every vertex has a neighbourhood with
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Figure 1.1: Reidemeister-type moves

a prescribed embedding in the plane. Our convention is that we will always describe
the whole graph by a generic immersion in the plane, marking by solid dots the genuine
vertices, to distinguish them from the double points of the immersion. Equivalently, we
will refer to planar graphs and view them up to planar isotopy and the Reidemeister-
type moves of Figure 1.1, which express the fact that the vertices which are not marked
by solid dots are actually fake vertices.

Axioms for normal o-graphs. We will denote by A the set of finite connected
quadrivalent graphs I with the following properties:

N1. In T there is at least one vertex, and every vertex has a neighbourhood which is
embedded in the plane as a normal crossing, where the embedding is viewed up
to planar isotopy. Moreover two opposite germs of edges incident to the vertex
are marked as being over the other two, as in link projections;

N2. Each edge has a direction, and the directions of opposite edges match through
the vertices.

Note that, if one chooses to view o-graphs as genuinely planar graphs with fake cross-
ings, then one has to be careful and remember that non-marked crossings do not break

edges.
The set of normal o-graphs will be used to represent manifolds with boundary, and
the following subset will correspond to closed manifolds:

Axioms for closed normal o-graphs. We will denote by G the set of elements I'
of N which satisfy also:

C1. If one removes the vertices and joins the edges which are opposite to each other,
the result is a unique (oriented) circuit;

C2. The trivalent graph obtained from I" by the rules of Figure 1.2 is connected.

C3. Consider the disjoint union of oriented circuits obtained from I' by the rules
of Figure 1.3. Then the number of these circuits is exactly one more than the
number of vertices of T'.

Since the same objects will be used to encode combed closed manifolds and closed
manifolds without extra structures, we set Geomp = G. Before proceeding we note that,
given an o-graph I' and one of the oriented circuits v of Figure 1.3, we can associate



