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Editorial Policy

for the publication of proceedings of conferences
and other multi-author volumes

Lecture Notes aim to report new developments - quickly, informally and at a high level. The following
describes criteria and procedures for multi-author volumes. For convenience we refer throughout to
“proceedings” irrespective of whether the papers were presented at a meeting.

The editors of a volume are strongly advised to inform contributors about these points at an early
stage.

§ 1. One (or more) expert participant(s) should act as the scientific editor(s) of the volume. They
select the papers which are suitable (cf. §§ 2 - 5) for inclusion in the proceedings, and have them
individually refereed (as for a journal). It should not be assumed that the published proceedings must
reflect conference events in their entirety. The series editors will normally not interfere with the
editing of a particular proceedings volume - except in fairly obvious cases, or on technical matters,
such as described in §§ 2 - 5. The names of the scientific editors appear on the cover and title-page
of the volume .

§ 2. The proceedings should be reasonably homogeneous i.e. concerned with a limited and
welldefined area. Papers that are essentially unrelated to this central topic should be excluded. One
or two longer survey articles on recent developments in the field are often very useful additions. A
detailed introduction on the subject of the congress is desirable.

§ 3. The final set of manuscripts should have at least 100 pages and preferably not exceed a total of
400 pages . Keeping the size below this bound should be achieved by stricter selection of articles and
NOT by imposing an upper limit on the length of the individual papers .

§ 4. The contributions should be of a high mathematical standard and of current interest. Research
articles should present new material and not duplicate other papers already published or due to be
published. They should contain sufficient background and motivation and they should present proofs,
or at least outlines of such, in sufficient detail to enable an expert to complete them. Thus summaries
and mere announcements of papers appearing elsewhere cannot be included, although more detailed
versions of, for instance, a highly technical contribution may well be published elsewhere later.

Contributions in numerical mathematics may be acceptable without formal theorems/proofs provided
they present new algorithms solving problems (previously unsolved or less well solved) or develop
innovative qualitative methods, not yet amenable to a more formal treatment.

Surveys, if included, should cover a sufficiently broad topic, and should normally not just review the
author’s own recent research. In the case of surveys, exceptionally, proofs of results may not be
necessary.

§5. “Mathematical Reviews” and “Zentralblatt fiir Mathematik” recommend that papers in proceed-
ings volumes carry an explicit statement that they are in final form and that no similar paper has been
or is being submitted elsewhere, if these papers are to be considered for a review. Normally, papers
that satisfy the criteria of the Lecture Notes in Mathematics series also satisfy this requirement, but
we strongly recommend that each such paper carries the statement explicitly.

§6. Proceedings should appear soon after the related meeting. The publisher should therefore receive
~ the complete manuscript (preferably in duplicate) including the Introduction and Table of Contents
within nine months or the date of the meeting at the latest.
§ 7. Proposals for proceedings volumes should be sent to one of the editors of the series or to

pringer-Verlag Heidelberg. They should give sufficient information on the conference, and on the
d proceedings. In particular, they should include a list of the expected contributions with their
tive length. Abstracts or early versions (drafts) of the contributions are helpful.

and relevant addresses at the back of this book.
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US-USSR Algebraic Geometry Symposium
University of Chicago
June 20-July 14, 1989

This symposium provided an opportunity for a group of leading Soviet algebraic geome-
ters to meet with American counterparts. Although many of the participants had corre-
sponded, and most knew each others’ work from published papers, this was the first chance
for most of the participants to meet and talk and work with each other.

Not knowing who or how many mathematicians would come from the Soviet Union until
they were actually on their way caused some difficulty in planning on the American side, but
a strong group of twenty Soviet algebraic geometers arrived on schedule. Eighty Americans
and a few others particpated, some for the whole time, and many for shorter periods; there
were about sixty mathematicians participating every day.

We managed to keep reasonably well to our plan of having only a few official talks each
day, so that the main purpose of working and talking together could take place. After the
first few days, most of the activity took place in lively discussions in corners of a large
room given over to the symposium, or at lunch or in meeting rooms in the domitory where
participants were housed. Each of the Soviet participants gave at least one long talk in
this series. Many on both sides also participated in a popular continuing seminar on “Open
problems”, where we took turns proposing some of our favorite questions and conjectures.

The symposium was made possible by the support of the National Science Foundation,
‘the Sloan Foundation, the Univeristy of Chicago (through J. Peter May and the Mathemat-
ical Disciplines Center), and many of the participants who paid their own expenses.

Spencer Bloch
Igor Dolgachev
William Fulton
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THEOREMS ABOUT GOOD DIVISORS
ON LOG FANO VARIETIES
(CASE OF INDEX r > n-2)

V.A. Alexeev
Department of Mathematics, University of Utah
Salt Lake City, Utah 84117

Introduction and formulating of the result

Definition 0-1. Let X be a normal complex variety of dimension n,
A=Y bE - a divisor with rational coefficients b, such that 0sb <1,
B - simple Weil divisors on X. Then X is said to have log- terminal
(with respect to log-canonical divisor KX+A) singularities if the
following conditions are satisfied:

(i) Kx+A is @O-Cartier divisor, i.e. N(KX+A) € Div(X) for some
natural N

(ii) There exists a resolution of singularities f: Y -» X such
that in the formula

~ -
Ky+A = f (Kx+A) *: Y a, FJ for g .= Q

rational numbers a, satisfy the condition a, > -1. Here the support of

the divisor A is strict transform of the divisor ¥ E- P, are simple

b J
exceptional divisors of the morphism f and supp A v [ E, is the

divisor with only normal crossings.

Definition 0-2. Let X be a normal complex variety of dimension n.
One says that X is a log Fano variety (with respect to log-canonical
divisor Kx+A) if the following conditions are satisfied:

(i) X has only log-terminal singularities with respect to K +A

(ii) for some natural N Cartier divisor -N(Kx+A) is ample

In the case n=2 one usually calls about log Del Pezzo surfaces.

Definition 0-3. (i) Fano index of n-dimensional log Fano variety wi
respect to K +A is the smallest positive rational number r, such that
-(KX+A) =gl in the group D.ivXQ with the ample Cartier divisor H.

(ii) Fano spectrum is the set of rational numbers

FS_ = { r(x)

X is a log Fano variety of dimension n }

with respect to canonical divisor K,
(iii) the saturated Fano spectrum is the set



e r’H with the ample Cartier divisor H,
r’ is not nesessary minimal

FS = { rs
—n

o«
Obviously, 8 =y
k=

2 PSS
k

; n
In [Sh] Shokurov proved the following theorem which is important
for the classification of smooth Fano threefolds.
Theorem 0-4. Let X be a smooth Fano variety of dimension 3. Then
in the linear system |-K | there exists an irreducible smooth element.

Here we prove the following

Theorem 0-5. Let X be a log Fano variety of dimension n with
respect to Kx+A with Fano index Fai> n-3., (K F8)-» v, H Then

(i) in the 1linear system |H| there exists an irreducible
reduced element with only log-terminal singularities

(ii) the same is true for the linear system |mH| for every na-

tural number m.

In [OP] Shokurov proposed a number of interesting problems about
FSn ; An particular

Conjecture 0-6. The set FSn is upper semidiscontinious, i.e. for
every x the set FS_n [x-8, x] is finite set for sufficiently small
8>0.

It is easy to prove that F_ lies in ]0, n+1] and r=n+1 iff X is

n

P", r=n-iff X is quadric.

In [F1] T.Fujita described the set F_n ]n-1, n] and correspon-
ding Fano varieties. He showed that all these varieties have A-genera
zero, so it follows from [F2] that they are either cones over ratio-
nal normal curves Cd in P° (r=n-1+§) or cones over Veronese surface
s, in P° (r=n-%). So, conjecture 0-6 is true for FS_n [n=-1, n+1].

In [A] the author proved
Theorem 0-7. FS, is upper semidiscontinious, moreover one has
only the following limit points: 0 and 1/k for every natural k.

From 0-5(i) and 0-7 we have
Corollary 0-8. For n>2 an =S et Cn=2)

Therefore, the conjecture 0-6 is true for the set FS_n tn=2, n-1].
Moreover, one has only the following limit points: n-2 and n-2+% for
every natural k.

Proof of the corollary. Let -Kx = rH and r>n-2. Then a general

element X -« |H| is a log Fano variety too and



-K = (r-1)H and'r—=1 > (n=1)=2.

X
n-1

Repeating this process (n-2)-times we obtain a log Del Pezzo surface

X e |HI™? and -K, = (r-n+2)H

- , SO r-n+2 e Egz . On the contra-
2

X
2
ry, if we have the 1log Del Pezzo surface Y and —Ky= r'H then
(n-2)-multiple generalized cone over X, (see construction 0-9 below)
is a log Fano variety of dimension n and of Fano index r = r’+ (n-2).

The following construction is due to T.Fujita, [F1].

Construction 0-9. Let X be a log Fano variety dimension n and o
= r'H. Let us consider the line bundle 0 © O(-H) on X and let Y = P(0
® O(-H)). Let P be the negative section of Y, P=X. It is easy to prove
that P is contractible to a point and we obtain the morphism f: Y » X’
with @-Gorenstein variety X’and K = f'Kx,+ (r-1)P. Therefore, X’ is a
log Fano variety of dimension n+l1 and with Fano index r = r’+1. This
variety is called by a generalized cone over variety X.

Below we assume the general case (i.e. A is arbitrary) and de-

K, - " i A-B*?

note by r the number —— . Note that r = r, + =.r.o> ne-2;
" A e A

1. Proof of the theorem 0-5(i)

With the same assumptions as above one has

Proposition 1-1. ho(H) 20,
Proof. For x = =-(n-2) the divisor —(Kx+A) + rH is an ample

Q-divisor, so it follows by standard arguments from Kawamata-Fiehweg
vanishing theorem (see f.e. [KMM]) that h‘(xH) = 0 for 1>0, x =
-(n-2), x(xH)=h°(xH). If h°(H) = 0 then the polynomial x(xH) has the
zeros -1, -2 ... =-(n-2), 1. Besides x(0'H) = 1 and x(xH) has the main

coefficient gT , where d = H".

Therefore

x(xH) = %,- (x+1) ... (x+(n-2)) (x-1) (dx-n(n-1)) =

n=1

E ;].;—r (dx" + [n(n-3)g - n(n-1)] x +iw)
On the other hand, by Riemann-Roch

x(xH) = %r (xH)™ + E‘(E%ETT (-K,) (xB)>"' + ... =



o n n=1

= %T (dx "% % nrdx e o)

So, we have r = n - 3 - Zéﬂ—él. But this contradicts to the condition
r > n-2. It is not difficult to write the polynomial x(xH) precisely

X (xH) = ,1]—,- (x+1) .. (XF(D~2))

(dx? + % d(nr - (n-2)(n-1))x + (n(n-1))

In particular, h°(H) = % d(r-n+3) + n - 1.

Below we use Kawamata’s techniques as it described in [R].

Construction 1-2. There is a resolution of singularities f: Y » X a

a divisor with normal crossing } F'J and constants Beiv k0 By and q
such that

(1) Ky+3 = f'(Kx+A) + F ajFJ 5 A = 5 bjF‘J where aJ > -1 and aJ
is not equal to zero only if FJ is exceptional for f.

fi f | = )5l 4T r F with free linear system L], F,= 1
and rj =z 0 .

(3) gt H. - Y pJFJ - ample @Q-divisor where B 98 Q@ and
O<pJ R I Gl B

Consider constants ¢ e @, ¢ =2 0, b € Z and the divisor

N = N(b,c) = bf'H + Jor. a8, - pIr, P (x +K) =
=cL + [ (b—c+rA)H - ¥ pJFj

This divisor is ample on Y if b—c+rA > const > 0 and its frac-
tional part is supported in } FJ . Let c=m5'n(aj+1-pj-bj)/rJ (J is the
set of index with r # 0). Changing p, we can assume that minimum is
achieved only for one index j=0. Then ol el R bo = -1 and
pe far ta Spar e A1 =2-B (F7 means upper integer part)
where B = Fo , A consists of components FJ exceptional for f. Then
H°(Y,bf "H+a) —» H°(B,bH’'+A’) and H°(B,H'+4’) = 0 where H'= f H| and
A'= A|B .

Besides, H°(bH'+ A4’) = x(bH'+ 4').

Proposition 1-3. For all j, r, < a S I
Proof. Let us assume the opposite. Then c = min(aj+1-pj-bj)/rJ <
1 - const. Consequently for b = (n-3) we have b+c-r > const > 0, since

r>n-2. Consider the polynomial of degree n-1 y(xH'+4’') = h°(xH’+ a’)

for x = -(n-3). This polynomial has the zeros -1, -2 ... -(n-3) and if
the set J is not empty (i.e. Bas|H| # @) then it has also the zero in
the point 1 by the construction 1-2. Besides, x(4’) = 1 since the
divisor A’ is effective and ho(A) = 1.

Consider two cases.



-1

Case 1. H'""" = 0, i.e. £ ,B = 0. Then

Y (XH' + A') = - TE%STT (x+1) . .. (x+n-3) (x-1)

But x(xH'+ 4') = h°(xH’+ A’) > 0 for x » 0 and we obtain a contradic-
tion.

Eage 2. a4 = gt
near system |H|. Then

# 0, i.e. £ B = B, is a base component of the 1li-

X(xH'+ 4') = TE%TTT (x+1) ... (x+n-3) (x-1) (d'x-(n-1) (n-2)) =
= TE%TTT (alrs & (n—l)[£§i W en s 1" )

On the other hand by Riemann-Roch

X(xH'+ 4’) = TE%TTT (xH'+ a')"" 1
1 p e
“ Tt e AT ¢+ L. =
= TE%TTT (d'x""' + %(n—l)(A'- %KB) e dl o AR
Consequently, (n-4)d’ - (n-2) = (24’'- KB)H’"_Z (%)

Estimate the right part of this inequality. Firstly, 4’H'" 2 = o
since A’ is effective and H’ is numerically effective. Now prove that

s N=2 = 5 4 .gh-2
=K_-H z (=K, B,)'B, ‘H
two-dimensional case. Indeed, we have only to restrict B, (and B) on
a general surface S, (S) from the linear system |mH|"'2 ( |f‘mH|"'2 )

It is sufficient to consider only

for sufficiently large m.

Thus, s, is a normal surface, f: S - s, is some resolution of
singularities, B and B, are curves on S and s, respectively. The mor-
phism f splits into decomposition f = n° g where g: S » T and
>S5 ., n is the minimal desingularization, C = g(C) is Goren-
stein curve on T, probably singular. Then firstly (in the numerical
notation)

=K ==K =M = =K
B c

B
where Mz0 is the degree of the nor;alization.
Secondly, --Kc = (—KT-C)C, Cc = n'B1 -3 tan 0 TR 0. Here E‘1
are exceptional divisors of the resolution m. We have:
-c? = —Bf - (I 7‘E‘)2 > -Bf
since the quadratic form of intersection (EI-EJ) is negatively de-

fined.
=K ==K -sBoo £ Yy K oF. ==K 5B
T B =41 fERET B1



since KT-El s ZPa(Et) -2 = Ef =z 0 since the resolution m is minimal.

So we proved that

-KB-H'“'2 > (-Kx-Bi)-Bi-Hn_z = rd’ - Bf-H""2
Recall that B, is a base component of the linear system |H|. So
|| =k B, + ¢ and B -C-H" " * z 0

Consequently Bf-H"'2 = IB}-H"'1 s

Now let us return to the equality (*). We showed that the right
part is not less than (r-1)d’ > (n-3)d’ and the left one is less than
(n-4)d’. We obtain a contradiction and proof of the proposition 1-3

is finished. =

1-4. Proof of the theorem 0-5(i).
Consider the linear system |H|. It is not empty by the proposi-

tion 1-1. Firstly it has no base components. Otherwise, for resolu-
tion we should have a divisor FJ with e 0 and . 2 '1 that contra-
dicts to the proposition 1-3. Secondly for a general divisor
- R |H| one has dim Sing X _ <n-2. Otherwise one can easy prove
that there exists Fj with a, = 0 and 7 =51

Now from the connectedness theorem ([R], lemma 0-9(iii)) it fol-
lows that general divisor is irreducible. Now general element
.. |H| is hypersurface in a normal variety, nonsingular in codi-
mension 1, consequently it is a normal variety.

The morphism f: Y » X gives a desingularization for X one

has f = f sy X and Y
n-1 ¥ n-1 n-1 n

-1

£ |¥|< It is easy to verify

that

Y
n-1

= £(k, +A) + i s FIF
1

n-1 n=

By the proposition 1-3 B, om0 > -1 and we are done.

In the extremal case n=2 we have to refine our arguments because
some formulars above loose the sence. Nevertheless these arguments
work and much more strong theorem is true

Theorem 1-5. Let X be a log Del Pezzo surface with respect to
Kx+A and D be an arbitrary numerically effective Cartier divisor. Then
|D] # @ and the linear system |D| contains a nonsingular element.
(Note that for dimension 1 "log-terminal" means nonsingular).

Proof. The proof of the proposition 1-1 goes without any
difficulties. The respective equality is -p? - 2 = e S0 S and we
obtain a contradiction. In the proof of proposition 1-3 we have
X (xH' +4')= h°(xH’+ 4’) for x=1 because (x-c)D - K is ample for x=1.
Therefore we have y(xH’'+ A’) = 0.



In the case D'’ = 0 we have x(xH’+ 4’) = 0 but it contradicts to
X(xH'+ 4') = ho(xH’+ A’) > 0 for x sufficiently large and divisible.

In the case D’ # 0 Y(xH'+ A’) = d’ (x-1) and we have the equality

-2d’ = 24' —K_ (*)

and =K. = (-K _B1)'B1Z-dl’ so we obtain a contradiction again.

Theref;;e we haze the proposition, corresponding to 1-3.

Finally item 1-4. We prove analogously that the linear system
|D| has no base components and a general element is reducible. If
D? > 0, the end of proof is the same. If p? = 0, then |p| is a pencil
without any base points and a general elements is again nonsingular.

2. The theorems for multiple |mH|

Lemma 2-1. Let C be a nonsingular curve of the genus g>0 and |D|
is a complete linear system on C of degree d. Then

(i) for d = 29-1 |D| # &

(ii) for d = 2g|D| is free

(iii) for d = 2g+1 |D| is very ample.

Proof. By Riemann-Roch.
Lemma 2-2., Let C € |H|“—1 is a nonsingular curve, existing by the
theorem 0-5(i). Then HO(X, mH) —» HO(C, mH) for m=1.

Proof. By induction, using the fact that hl(Xl, (m-1)H) = 0 for
X e |H|""', isn-2 (by vanishing theorems).

Proposition 2-3. In the same notation
(1) base locus Bas|H| is a finite set of points
(ii) if we denote by
t=y(-K - (m2)f )R = (—KX—A—(n-z)H)H“" >0
then for t = 2 or m = 2 one has Bas|mH| * o

1

(iii) for t = 3 or m = 3 |mH| is very ample.
(iv) for m = 2 a general element of |mH| has only log-terminal

singularities with respect to KmH+A|mH

Proof. (i), (ii), (iii) follow immediately from the lemmas 2-1
and 2-2 since d = mH" and 2g-2 = (K% ne2 )i ) H™' . (iv) follows

from (ii).

3. The case r = n-2

Proposition 3-1. If -K, is linearly equivalent to (n-2)H then



X(xH) = I- (x+1)...(x+n-3)(dx’ + 2 d(n-2)x° +

+ [ 2n(n-1) + 3 d(n-2)® ] x + n(n-1)(n-2) ), d = H",

otherwise we have preceding formula, see 1.1. In particular,

n°(H) =d"/2 + nor d"/2 + n - 1, h°(H) > o.
Proof is analogous to that of 1-1, but instead of x(-(n-2)H) = 0
we have x(-(n-2)H) = x(K,) = (=1)r - if =K. =~ (n-32)H.

Proposition 3-2. For corresponding constants one has rJ = a, #il

Proof is analogous to that of 1-3.

Corollary 3-3. A general element of the linear system |H| is
reduced and has only simple quadratic singularities in codimension 1.
Proof. As in [R].

Remark 3-4. It would be nice to prove the proposition 1-3 (with
strong inequalities) for the case r=n-2 too. Unfortunately, we loose
in this case one more zero of the polynomial x(xH) and we don’t know
how to compensate this. The proof of Shokurov’s theorem [Sh] uses some
results about classification of surfaces and it is difficult to
generalize them.

Note that the strong analog of Shokurov’s theorem (i.e. for
smooth Fano variety and smooth divisor) follows immediately from men-
tioned strong inequalities. Assuming the latter Mukai in [Mu] gave a
classification of Fano manifolds with r=n-2 continuing results ef
Iskovskich and Mori-Mukai from dimension 3 to higher dimensions.
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