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INTRODUCTION

Holographic optical elements, or diffractive optics, provide the optical system
designerwlthanexpandedsetofapproachawsystemdsmInthlst:echnologya
diffractive element is constructed in a thin layer of material or surface of a

 substrate. Thelunderlying nature of the construction process involves formation .

of fine spatial variations in the transmittance or optical path length of the material.
The diffractive element may be constructed on a dedicated substrate surface or on
the surface of other devices, and in some configurations a superposition of more
dxanoneelementmasinglethinlayercanberealued.

This collection of papers on Computer and Optically Formed Holographic |
Optics describes design and development activities being carried out at many

‘organizations both here and abroad. The papers cover such topics as theory, -

design, and performance analysis methods materials and fabncmon techniques,
and applied design examples.

The papers on Theory and Design Methods encompass design optimization and
performance bounds determination, encoding methods and data formatting for
the recording of computer-generated elements, fundamental issues and design

 choices in the kinoform class of holographic optics (which includes binary

optics), computer-aided design methods, and performance analysis approaches.

Fabrication Techniques and Materials papers cover many important aspects of
the practical realization of diffractive optics. Fabrication methods, the choice of

_ materials and their properties, methods for construction of optical elements
" (such as recording of optically formed wavefronts, computer-based point-wise

recording approaches, and lithographic mask pattern recording), design parame*
ter vefsus performance parameter tradeoff analyses, and modeling and analysis
for performance prediction are addressed.

The papers in Sessions 3 and 4 on Applications cover the deve]opment of
diffractive optics for a variety of uses. Wide field-of-view optics for airborne laser
communication systems, beamforming for laser-diode arrays, head-up displav
beam combiners, filtering and beam positioning for the near infrared, real-time

formation of optical elements using two-dimensional spatial light modulators of

- ' several types, special purpose elements for use in optical interconnects, neural
networks, object recognition correlators, and wide-angle beam steering are all

topics mcluded in these sessions. .
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The papers for the 1990 conference give new insight into and ideas for design,
fabrication, and applications of this technology. Regarding future conference
considerations, our 1991 conference will include some changes worth noting at
this time. It will be held in San Diego, California, at the SPIE mid-year sympo-
- sium, and preliminary planning includes the possibility of a display room during
the symposium that will be dedicated to examples of diffractive optics compo-
nents and systems. We invite and encourage interested workers and organizations
to submit a letter of interest -0 SPIE, noting the type of diffractive element that
would be submit}Ld and necessary support equipment.

Ivan Cindrich -
_ Environmental Research Institute of Mtchlgan

Sing H. Lee
* Univessity of California/Sen Diego

]
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Characteristics of difﬁfa_p_tive optical elements/digital holograms \\,‘ . =

' \ " Frank Wyrowski \

/ 3 , i
University of Essen, Physics Department e koA
o ' 4300 Essen 1, FRG T

i

"ABSTRACT

A model to design diffractive optical elernents is described. It allows a prediction of the theoretical limit -
of the diffraction efficiency and the development and acterisation of calculation methods.

‘ |
In diffractive optics the calculation, ‘fabrication, and application of diffractive optical elements (DOE) are
investigated. Considerations in fields like binary optics or digital and optical holography are closely related to

.+ research in diffractive! optics. In this paper the diffraction efficiency () and signal—to—noise ratio (SNR) of the
" elements are conlideru‘l. Both characteristics are of concern in applications of diffractive optical elements. |

-

Fig. 1. llumination of a DOE with notations used.
Figure 1 illustrates a typical DOE situation. The wave leaving the element is F(x'). It the plane s; the
diffracted wave is f(x). This wave defines the function of the element and we call it the signal. In the
terminology of holography one can say that the information of the signal is stored within the DOE.
In order to calculate a DOE one has to answer the question: How can one find, starting fiom a specified
signal, the corresponding complex diffraction index of the element? Using a formal deéscriptidn this inverse
problem can be formulated by ; ; ’ . ,

nc(x’,l) = &1 ¥ f(x). | ‘ : (1)

The operator ¥ describes the wave propagation from plane s, to 3, and &the influence of thé element on the
illuminating wave. ‘ ‘ .

i ! Usually paraxial optics is employed to find the operators. Then, the wave propagation can be described
by the important Fresnel or Fourier transform case. The operator & can be treated with the optical path
metliod and the result is the amplitude and phase transmission of the element.! Thus, &1 and ¥! are known
and the calculation problem seems to be solved. But one has to satisfy constraints concerning n, and therefore
F(x’). One is interested in elements without absorption, i.e., |F(x')| = 1 and further, most fabrication
techniques require a quantisation of the phase transmission.

Because in general the wave F(x') resulting from the inverse wave propagation does not satisfy the
constraints one has to consider transformation methods ( indicated by the operator 0)

2 / SPIE Vol. 1211 Computer and Optically Formed Holoyrlhhk Optics (1990) t



| G(x') = OF(x),

wheed G(x') satiafies tl:e/comtuinte. Decoinposing G(x) into . |
4 | © 6) =F(x) + O), @
" the diffracted wave g(z) i given by .
9(x) = £(x) + e(x). - @

Thus, the opera.tor 0 causes the noise c(x)‘which in-general leads to a signal error.
The requirement for an errorfree signal located in a signal window F is

A  s@=af@) xeF e
f:reomplex vajued signals and | ' |

|s)|2 = a2 |£(3)|3, x€F - (5b)
for intemity ignals. These equations do not define ¢(x) completely. Thus, there are some freedoms in the signal
:-:‘th freedom of the amplitdeﬂutnde of F (AF), i.c.

S e o+ . e(®=0, x€F, , (6a)

' L a.fmdom of the scale factor  within F (SF), ic. |

G rolressi | ea@=af@, xeF, | (6b)

2 uuua-mhe phase mthmf(??)forinhantyngndl,i.e

gy £ + )| = 17|, x€F. | (6¢)
'l‘h-c ﬁ;pdan can be, utﬂhed o satiafy the CRe wh kind of. freedom is available in different

’ o

’J.'he AF has only to be restricted when a convoluhon iith the signal is performed e.g., in filter

and in case of continuous signals (convolution with a sinc—function). Then it is necessary to

introduce a gap between signal and noise to have space fo: the convolution. The SF is always available. It is of
fundamental importance to achieve high diffraction efficiency. The PF is available for intensity signals, but it is
‘necessary to distinguish between discrete and contmuous signals. In the la.tter case the PF is restricted when
one want to avoid speckle.'3
The basic constraint in diffractive optics is | G(x)| =1.In what follows it is discussed how to utilise the
freedoms to satisfy this constraint. We restrict ourselves to Fourier type elements. Thus, the coordinate x' is
replaced by the spatial frequency u and ‘¥ is the Fourier transform . The generalisation to Fresnel type
‘ elemenh is lttnghtforward since the tranforms-only drﬂer by a quadratic phue factor, disregarding a quadrativ

2. TREATMENT OF CONSTRAINT |G(u)| =1

In order to treat the constraint |G(u)| = 1 it is helpful to consider the energy of G(u) and the
normalized F(u) Using Parseval’s theorem one obtains

o
-

< |P@)|D> =< |f(X)|’>—ﬂo<1 Y]

SPIE Vol. 1211 Computer and Opticelly Formed Holographic Optics (1990)/ 3




!

< > indicates the average value and 79 the energy of the signal. Moreover, ¢ is the diffraction efficiency of
the ROACH of F(u), that is a DOE which controls amplitude and phase.4 The total energy of G(u) and g(x) is

< lc(u)|2> < |,(x)|z> =L e e (8)
The energy within the signal wmdow, ie the diffraction eﬂ'xclency of the DOE is ‘
SRR = .::‘ : s
< |9(X)l’>/|:/-q SR ’“ S\

We are interested in the theoretical limit of 5, when a ngnal is' specified, and i in the depe ence of the actual’ _ |

calculation method on 7. In order to answer these questions it is helpfui to dgfmc_‘_!he'p!opcgon method.

PROJECTION # e 7 © OPERATOR 0 *

San

L e SV S
Fig. 2. Comparison of projection (a) with general methods (b) to satisfy the constraint of constant modulus.
’The projection method introduces the term C(u) with mlmmalAenergy Figure 2(a) illustrates how the

constraint of constant modulus can be utnﬁed by the prOJectxon method It does not change tlle plnn of F(u)
and results in

G(u) = PF(u) = exp [1@(1:)] ‘ V: (10)

where ug[F(u)] = $(u) and 2 indicates the projection operator; i.¢. a special choice of 0. Figure 3 shows

the: effect of the projection method on a one dimensional testsignal with a constant phase. A drastically

dnturbed ngnal is the result. The freedoml are ‘not utilized. Obvxously, it is necessary to use other methods.

\.

Fig. 3. Ilustration of the effect of the projection method on a testsngnal with a constant phase. From left to
right the signal f(x), the noise |c(x) and |g(x)| = If(x) 2 c(x)l are shown.

These methods can be charutekued by

G(d) = OF(u) = exp[i{®(u) + AB(n)}]. (11)

4 / SPIE Vol. 1211 Cémputer and Optically Formg_d Holographic Optics (1990)



rd
They cau;e a. change A®(u) of the phase ®(u) in the element plane, as illustrated in Fig. 2(b). To get an idea

how to choose ¥ .and therefore how to change the phase it is important to mmme what imd of freedoms can
be utilised to satisfly the constraint.

; 2.11‘;". ok ive use of scale factor or phase freedom

'fhe scale factor a is not useful to satxsfy the constraint | G(u)|' = a lF(n)| 1. The exclusive tise of
the phise freedom leads to the introduction of a phase factor in the signal plane, i.e. '
S §) = £(x) expiscm)]. (12
\1\ | ‘,‘ %
Thus,’ the energy in the signal plane is not changed which is in contradiction to the hange in the element plane
et 43@ (7) and (8)). In conclusion PF or SF alone are not useful lo utxsfy the cons| ramt

23 E;c!uswe use of the amplitude freedom ' / o . 1 f
5 -k it j ¥

U;xng AF alone the aim is to introduce a C(u) which results in a c(x) ipatxa.lly leparated from the
signal. Thul, there is no change of the energy within the signal window, i.e. i

b | <.|a(x)|’>f_,=<lf(X)|’>'=rl=no- { gl (13)

The diffraction efficiency of the DOE is equal qo Comxdeutxon of the energy im the whol: ngnal plane and the

Paueval’l theorcm leads to a necessary conditibn on the energy of C(u), vis.

;' i < |0(u)|=> =1-< |F(u)|3>. < N (14)

Ml methods using AF alone introduce a{ C(u) of this energy. It is possible to dn' tly mtroduee a mcthod which
is able to satisfy the constraint given by condition (14).

- One possibility to fulfil this condmon is to proceed in a pomtwue fashion. hen, tl}e equatlon

}
|C(u)|2=1—|F(u)|2 { : (158) |
follows. The modulus of C(u) is j

le@l =V 1 - {F@)|2 | (15b)

v Interpreting eq. (15a) with the help of Pythagoras' theorem one can conclude ithat the change of the phm is
A®(u) € { —x/2, x/2 } (cf. eq. (11)) as illustrated in Fig. 4. The distribution df the change of the phase can be
delcnbed by a binary phase grating exp [iA®(u)]. In conclusion one obtains F‘

o =y 1 - |F(u)|? expli¥(w)] exp[m@(u)] | (159

Fig.4. Illustration of AP according to eq. ‘(15a).

-
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Due to convolutions with different orders of the grating the resulting c(x) can be spatially separated from the
signal. Figure 5 shows an example for the one dimensional testsignal. It should be compared with Fig. 2. The
center of the noise is now separated from the signal. The method according to eq. (15¢) is a generalised version
of the synthetic coefficient method. 56 : '

The pointwise solution of condition (14) is one possibility. An alternative method is to search for an
integral solution. The complex error diffusion concept has been suggested to this end.” Another method is an
iterative procedure. It can be described by .

Gp=[F21" o ()

It consists of the projection operator # and an operator & which eliminates the signal error caused by 2 in

_ each cycle: n indicates the number of iterations. Dependent on the choice of the operartor & different names
for the iteration are used, e.g. iterative Fourier transform algorithm, projection algorithm and fixpoint iteration.
Various scienciests have contributed to its theory.8-14 In digital holography the method was introduced to use a
combination of PF and SF.%9 In the following it is shown that the method is a powerful tool to utilise any
kind of freedom. oot ‘

1

Fig. 5. The testsignal f(x), the noise c(x) and the diffraction pattern g(x) obtained by the method ucordiﬁg to
eq. (15¢). ke TR g s F 3

Figure C(a) shows an example of the iterative use of the AF. In Flg 6(b) a restricted AF was used to
introduce a gap between signal and noise. In both cases the result is a ¢(x) which is almost sero within F.

(a)

| (b)

Fig. 6. Distribution of f(x), | e(x)|, and-|g(x)| obtained by iterative use of AF (a) and restricted AF (b).

N
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A.ny method which only émployl the AF suffers from a ¢(x) with high energy when 59 is small. The
question is: How much energy of c(x) can be used to increase the diffraction efficiency 7? In section 2.3. this
queltxon u mwered

&L_Qm&m}m.mm onubi '.‘_.} litude and llcalﬁfactorfreedom o ' )

In order to obtam a diffractiéh efficiency la.rger thm no it is necessary to use SF in addxtxon to AR,
Then, ¢(x) is eqnd to af(x) within F and

1) = al qo. : : (17)
Tl\e lm limit of a detel'mmel the upper limit of 7. o
WMuhon g(x) in the whole ngnal plane is ~
- 9(x) = a f(x) + c'(x), c'(x) =0, xeF. - * (18a)

'Lx) deocnbu the use of the AF. G(u) is ‘ _
| " G(u) = a Fu) + C'(u). _ (185)
* Application -qf s i s womirviti i s Meetpbr pessdings. Fig e el LI, i
o o < |e@]3>=1-a? < |F@)|>. | (192)

It is similar to condxhon (14), but now the futor a appem As a connequence it is not possible to utufy
‘eondition flﬁ) pointwise. Thus, iterative methods are the ones to use. .
“What 3 possible to learn from eq. (19a) about the upper limit of a? In case one would know the
imyps -of #ke left side of eq. (19a), the upper limit of a is obtained. Fortunately, this minimum is known.
' 7(&) skgtches the situation for two values of aF. C’(u) serves to introduce the modulus 1. The shortest:
way to do :} is deuted in this figure. The result is - : <

| < |C'(w)|?> 2 minimum = < (1 —a |F(u)|)3>. - .n N (19b).

Inserting this valud into condition (19a) and solving the equation for a leads to the upper limit '
¥
|\ W o al <F_|_(£)_|_> ‘ " (19¢)

< ]F(\l)l2 >

(b) _

| Fig. 7. Nlustration to obtain an upper lim%t of the scale factor a.
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