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The Sixth Conference and these Proceedings are dedicated to
~ Lowell W. Beineke
and
Carsten Thomassen
and the editors herewith recognize and laud their outstanding contributions to
Graph Theory and its promotion around the world.



Preface

These volumes constitute the Proceedings of the Sixth Quadrennial Intemational Conference
on the Theory and Applications of Graphs, held at Western Michigan University in
Kalamazoo, Michigan, 30 May—3 June 1988. Conference participants included research
mathematicians from colleges, universities, and industry, as well as graduate and under-
graduate students. Altogether 25 states and 18 countries were represented. The contributions
to these volumes include many topics in current research in both the theory and applications
inthe areas of graph theory and combinatorics. ' ‘
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Second Order Degree Regular Graphs
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© Let G be-a:connected graph of ofder : pi [Let)d{u, v) derote the distance between
thevemces uand v of G. Foranymteger k with ISkSp—l weusethcnotatxon
o dgpTy | Nk@®) = (o'l e V(G) ahd a4, v) k} 1 noltizogord
and (013G nad ,

+in16 1o ol Nk[v]=Nk4(v)U[v}“ i 9 i
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Nz(u) {W) Ns(V)— (y. Z) N4(u). Nz(z)- {w,y}

"The Kk order degree of a vertex v, denoted by dcg]E v, is the cardxnalﬁy of the sct
"Ni(v). In the above example, degqu =2, degsu =0, and”dég‘g z=1. o e

)]

Ii follows thdt for any connected graph G that = W) a

m.;d‘.‘.'j.'. L i ;7,»
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Zdegkvsp—l.

where 1 <jgipsyli Wecaninow nvlw}ir!dwn& olfser¢asion; If; Griga connected
graph of order p22 and k is an integer with 1 <k<p-1,then degkap k for

.every Ve V(@G). , , cogl A T9enG

It is well-known that for amy-graph Gi:the'sum of the degrees of the vertices of G
is even. We now show an analogous result for the kth order degree of a graph. We
use the following notation. throughout the remmnder of tlus paper.

.‘ii»"f RS 2

Dy = Dk(G)- Zdegkv
5 i Y@

Example (a) From mecx?ﬁﬁiea&ve%z(matﬁ’bam) =6, D4(G) =4, and
Ds(G) = 0.
(b) Dx(Kp)=0 for k>1.
sowind cnsfe) Da@lop - 1)) =*(D 1)@“2)0&1 Bk(K(l Pp=1))=0 for k> 2.

Gilg Sne o pamirroy od)

Proposmon 1 Let k and P bem{egers wx;h | S k,s p I If G 1sagraph of
order p, then Di{G) is even.

,,‘ o

Proof Let k and p be integers with 1<k <p_1"andlet G be a graph of order p.
For each pair of vertices u and v with d(u, v) =k, let Pyy be a path og ;l,«ensglz. ,k
joining u and v. Then in determining Dy(G), Pyy is used twice, once for degxu and
once for degk v, and adds two the sum. Thus Di(G) is even. O

Corollary 1 In any graph there is an even number of vertices whose kth order
degrees are odd. . N

"

We can now look at the sm;cmrc otsnny graphs wnluipeclal kth_grder dcgrees

Proposition 2 ﬂé,er’k and D be positive mtegers wuh p2k+ 1. Let G beagraph

of order p. If therezsavertex v with deng = p — k, then there exists k- 1 vertices
u;, Uz, ..., U1 0f G with degi up = 0 Yor 1Si<k-1" a‘ndih‘ea‘ubgraph So G
, ch by the vertex, set V(G),- {v L 42y -y ug_z} cantams q‘stac \l\ qmorglpc to
'K(I p Z k) with tbe cemer of S at uk_]

wgob slomsxe avods odl nl (Vg

Proof Let Ng(v) = {xj, X2, ... xp_k} >and let V¥ U1, U2, ..o, Ukl X1 bc 2 pg,th of
length k in G. Since d(v, x1) = k there is o, shoncr V- X1 path in G Then
V(G) = {V, 0y, U2, «y Uk—1, X1, X2, weis xp_ﬁ Smce d(v,y;) =i, for 1<i<k-1,

and d(v, xj) =k, for 1<j<p-—k, the graph induced by (v, u, u, ..., uk-1} siga
path of length k — 1 and the graph induced by {uk-r, x1, X2, ..., Xp-k} contains a~
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subgraph..$. mumoglsw to.the star K(lvp k) and S has center “b-—l Thus
&ﬁ*'ﬂﬂ‘a for bgigked QO w0y =000y D brs 0 Yo (D)0

Flark Under the, hypothesxs of Proposmon 2 G is 1somorph1c to a subgraph of the ‘

orxsl o

graph H of order p where H is composed ofa completc graph of order p*;k + 1
with a path of length k- 1 attached to one of the vertices.

Corollgry 2a  Let G be g connected gmph of order p. Then Dy(G) <(p - ,,J){p 22)

Vib 925

and this inequahty is zhe be.n pmible

Proof:? Let ‘g~ dénote the sizéef G“Siﬂoé for evtﬁywm Lof ©lddgy v =
M- T deg v, DAO) € o ~1Y 24 < pip = 1 < 2@ 1>==’ﬁg i)(p =9).
‘This fsmebesﬂmhsmoe*m@ﬂ-ﬁ)qps nw ). © &9 fisg

3 ABLORST 12057 Z 5l 20 Jf{ bris Vo Y. 2 7) ()\,'!

Corollary 2b-- Let G b¢ @ cmmactht graph andcr p3. Then DyHG):&
{(p-1)p- 2) 4fandon!y i) Gliis-isomorphic:to:the star ,K(I,p-s- #Muob odT (B)

{r o>r oy sl rvey =i
shio braogy e I8 i —..,t!f! 8 03128AN03 VinG siil

~

5 1o 18kim 91 10010 Lino LS a A X 3T ealovo sivdiiob-od

Proof} It 1; clear that Dz(K(l Pr l)) 7 (p - l)(p 2) So wc assume mqt q‘ isa
connected graph oft?gder p23 thh D3(G) gp 1 2),,, orevery vertex v of

‘E 12 ACUCD
G degy + dega v Sp- l’r"‘d” Dl(Gl + DGl < p(-~ 1. Thus stp(p— =
DyG)=p(p- D~ @ 1)(p2=207 D_,pgt,,zq 04(c>. here q denote; e size
of G ghav&thatq p-1, andio G isa tree. I{deg;vSp 3 fox;evgryvertcx '

32T 19010

v of G, then Da(G) < p(p—3) = p2-— 3p<p2- J3g+2 - (0= ®P= 2. So,a:leasmw
vertex of G, say v, hasdego v=p-2.. Butthenthfrels,avencx u w1th d‘gzu=0

QW Olol Ul e Rive.

Thus the other p—2 vertices also must have second order degrees p -2. Hence G is
.isomorphic,to. K¢1<p - 1) @ q i g o g ban 3oasl - gt ,_‘r;_f‘f:". -

A\'i w;

The graph G is said to be kth order regutar of degree dif for every Yertex v ' of
@, degx vimd. Thensbeing first ordervegular of dogree d.ds equivalenttozbeing segular
of degree d. Before giving some examples of kth order regular graphs of degree: d,
we provide some notation and a definition.
Ray et Kl g Heﬁ&te!the complete n-parﬂtie’gmphw&hca?:h pardnc sctoorfmﬂﬂrfg .
exactly’ Hif beﬁxces’ ( o
(b) Let G; and G, be two non—empty graphs.” THE Furtesidn product G =
G; ¥'G5:0f "6} ahd G’ hits V(G) = V(Gy) & vmzy ‘dnd’ md vefucés (1, 1) and
‘(v1, v2) are adjacent if and only if either = g :
M =vy and wvy € E(C'z)_ s selt 3 featsl e
u2 =v2 and uv; € E(Gy).
For n 2 3, the graphs Cp x K are called double cycles.
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201c). Let’ Gp'afid G be tWo noil-empty graphs;. Thelexidagraphic prodist G«
Gi1[G3] of Gy and Gy has V(G) = V(Gy) x V(G3), ahd- oid vertices? ({i;;-uz)1and
(v1, v2) are adjacent: 1f and onlylf ulvl € E(Gy) or U =V and uzv e E(Gz) The
aid1 1o dgpigdee fe 1 oid a iRIT{a

generaiize cyc (m, 5 for i mtegers ngt‘and nél 1s the lexico uct
Cm[?rcﬂ i9b10 Yo.dqgsry s1slqioa s 1o bsengmon yisttw 6 12hi J (¢ 2

rlgaT
gaoitiav 9t Yo sno of badosiis [~ 4 drgnsl 1o dieg s ditw

Exam le B
@ k’I‘he‘compfete grap“s R oo sotond ofdes reig?ﬂar oféegi‘ée‘ﬁk I fack Bose are
the only connected graphs that are second order reg’nia‘f"z\?' Bt Gumipani B R

= v (BhpThe path ..Pw&lm%éu%mfom cyele, Ca. are secqnd order reguler of
dogres 1. _The.graphg)Kucy arc, sgcond order regular of degres 1. More genesaly) the

path Py oflength 2- 1 -and the 2k, cyele £zx) 9% ckth. grder zegularof degree 11
(c) The cycles Cy, n 25, and the double star S(2, 2) are second order regulnr of

degrep: 2. ThdBoublecycle: Cyix Ky isisecondorder vegularof degreeZ. v1ulio107)
(d) The doublé eyale’ Oy x:Kyikmcoh&m&nngulﬁﬁm B (Sl - )
() The double cycles Cp xK3,n25, aresecondordenegular of degme 4, ,
G2l (H u ‘u Uaes wl %‘omh"e li‘ltgger ,mé}‘ Kn‘ ;)bru ',.1 orc(e‘r” j{ 0=!f
ﬁe m)aﬁqtﬁcdéubles )ﬁém.g‘l) i$ 3bon Jfér‘acrregﬂl 3‘?%” s betvanod
' (g?‘ For ‘i 29 the dompidhe b aﬁ'meér: Rin P! “‘n“éf&xb "oné tactor
f;ééular f& g} ‘-0q='x;)r(‘
xaft 5tlfn){]fforﬁme n—cn?bc Qi{ wehaveeji"oS ” i i’é‘icSn, tﬂat b,, 3 fthbx%g'

8 ¢ > _Sor (1) (
Mé‘réd (“) d&eco‘ﬂbinatéhal c&fﬁcxerﬁ ‘X el nods O
O =g ex 1w, L xa 1 tadz w8 £~ =v cgab z2ard vid 1) o xarsv
f’r&?)osn‘il 2 ‘provides es e?oﬁ ing. | =¥ 539 Rarde o
ai © sonsH £~ 2991390 19h1o bnu \.’ avsd Jaum oals esuittsv £« q tadto adi eudT

Corollary 2c¢ Let k and p be integers with p & k4 I 23” Therd' Belsino
connected graphs G of order P that are kth orderr glular of degree p — k.

lo v xshiov yiove 10 T b ssvgsnio olugstwbte & od ol bigz 21 O dgey odT
Propositioho8'ioLer k> and w?w!ﬁomm%ﬂgmwmmaw graph -Gtk, )
Wihioksisoleh Geder regubar opllagresd. 1 <oioirs o 3oz gaiviy sils8l b ssrgsh o

aopiafish § bns noision stroz shivoiq sw

Praofo L X ks 1. then G(lyd). 18 be taken 10 be any regular graph of degreed.
2. If k=2 and n isan integer at least 2, then Kn(d+1) is ;;qqnq q;der

= () xm‘ ”E‘?‘%"@#W‘L qs13 wqms-non owi od ¢0 bas (O y9d (d)
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We now look at the specxaiscasc of §edbnd ordér mghlu graphs.
.
() 3 pviu bs ¢v =

28402 sl bollad 918 (A » O edgsrg edr £ 10



]

‘ tggge-bé even, say IVW‘- 7. Supposc\pef’ S & vertex-we. &f G wnh d(v

Sesomd Onder Degree RegularGraphs

Proposition .4 ket G -be.a-connected graph of erderp-2 4. Then G mccond
arder-regulgr, of degree.p -3 if and.only ét',G»»is isomorphic ¢ Pe, Ca:0riCs. .

yarr 3t solilw 7 flasg e zabivor

Proo( If G 1s 1soir;orph1c to P.;, C4, or C5, thén G 1s seconfl order ?98“?’;{
dcgree p 3 S0 we assume that G is second ?rder rcgular of dc f-l 3.) 'ﬂlen

ViHYIST

degv+degav<p—1 andso deg v < (p— 1)— degy v = -1 (= 3) 3. Thus,
since G is connected, 1 Sdegv<2. Hence G isapathor G isacycle. If G isa
path, then G is isomorphic to P4 and if G 1sacycle, then G 1s lsomorphxc to C4 or
C5 Q

i e S

~Thé cogecied graph G is sgeond order ’egu’“"’f of degréz’t V‘"“f@
,f G i}mapath Q'&or G WK%

Proof = Suppose that G is nImUdﬁ'} V
of length 3. For each Mf@z‘ﬁ G -
distance &3@ V1572, Su;ce (thgﬂQ‘&'of G’@v

s “t:’

B,

The path Joi“IHg “v~and-w. must be of the form vw'v's, where- W the unique
vertex of G whose distance from w is 2. If V(G) = (v, V', w, W'}, then,
necessarily, G is a path of length 3, conu'adlcung our choice of G. Hence, since the
order of G is even, G- has grder at least six. Since, G is,connegted, there is:a verex iy
in G- {v, v\, w, w'} which is adjacent; to.gne,of the vertices: v, Vi, Wy, Wodf @ids
adjacentto v (or w), then u must also be adjacent to W', for otherwise, both u and.

wiihkve distance! 2 from w'. LUUNGw b omu st Becadjacerit to! v, for biherwise, botl o
and ‘v have distehée 2 from® v\, AlSS) hust be adjacent’to W forlothepwise, both 0
and w' medmmee ‘2 ifrome W) Thus {is adjacent to‘each:of e vertives' Viiviw;
W', andiidQv, W)'< 2:This contradicts ie' assumption that “dtv, w)'='3.0On the dthe¥
lmmif ulig/adjuicent o' w'i(or Vi) thelr b 'miust be adjacentto v for othierwist, bort
u- and 'V Ndb distance' 2 fmm v Thus'! ! and ¥ are adgabehv and Gve‘havé'ﬂié

-Prevxouscase Y - (O} i1 e9oinsv {fs 16

) TPheabove considération shows that the digfneter of : :G-is72. Lt wibe anywdmk of

‘enm levos{ibe amyVertex of G otl(enﬁnm‘“v and’ v\. Sindeithe distande berwesn . v:
" aiid/zris at tost ;2 and cannot e 2y since: d(v, V) =2, dnd 52 muﬂbésﬂjmu

Thatis, visadjacent to every vertexof> G Lexcept<v\: Since v5 was an arbltraryvertex:
of ‘G Gomustbe the; éompkte)gmph m{ with a-ote factor rbmovud and so{Gist
K‘nmtﬂ o1 19osihs 2i (DY - (D)V i v iave aonsH ,:x',am,:«-r G

]

yThis pesult ipdicatejsn;hat if. G ig)second,‘ordcr regplar of degres one m;q,g mnot
s o Jength e, . G is e 18 oo oy sty e 7 98
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parhis; the graphs which aré. kth" order régilar-aré'lso reguldr. ‘Orie-might beled 0 the
conclusion-that if @ graph is kit order regular arid niot a path, then'it isrégular Figure 2
provrdes an example of a graph which is thlrd order regular of degree one which i 1s not
30 14 T

regular Tlre graph in Figure 2 is an example of ﬁ thu"d order regular gr )ph of degree

ot ;1 3MIR2eR 9w 513%b
one whxch 1s‘ not k(n, n) wrtﬁaone factor removed ‘ )
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o sonsteib

supiny 9 ok y (0l ol 1o od Ll b= O fi1Eq OrT
s d'woow v vl = (OYY W L el womott sonsieib szofw D Y0 xenoav
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Theerem:2! I G- Li¥ u donnééréd third orlier' regular 3rEp of degréé 4, the G is
eirhér&‘parﬁoﬂengm 5‘07‘ G mdiwﬁéibf’3"“~’h"' SRR v S

bns u ftod sciwiodio 10t 'w ol Inesiibs od oels seum u nofh (w 10) v o 1N9IsibE.
Progt.; Supposethat; G is-a-qgnngmashmoraemgulac.-gmmogﬁmab and that
G ds-mot & pathflangh. 5. Nepessarily, the diameter of 3. is stdeast dvKirst twe
show, that the: diameter is-at mest: 4. If this i net: the case; then thereareivertices'w and
W 0f G with cd(vw) 5.5 det B veXe' o, #5iMebe 8 shartest -vew pathin: Gy

- ﬂv I1L2

 Sincr £ issonncoted and third grder regular of singree 11, it follaws-that-every vertemin

V(G) Y(P) is at distance at;most,2; from some vertex:in CV(Plsiah déw, V(P)h:$ 2
for all vertices ue V(G)-V(P). ' 2267 200iv91Q
1o A5:Aborgis avertex] u: belanging $0.:W(G) + Vi) with (dlwi- V()= Jushendet u,
W, Mzsbey@ shomtest path-fiom . to:a vertex im N¢P)O Thus:us ismetadjacent many
vertexiof: M(P),since otherwise-there.ekistoneighboring venticas ¥; 18od: y2 2insVER}
such-that:1déw, y1):= 2, d(iy2)>:2:-and hencesidegyyza>: luoottiradicting: the
hyposhesis;; This implies, howewver, that dv w):ﬁﬂ(vzaz)mod(%w)rﬁﬁmom ©
our assumption. Hence every vertex in V(G) — V(P) is ‘adjacé& to some gertex in
V(P).

197 Rshme that "4 € VG) Z V(B and W‘Q’E(Gs %mcé Heg%"v’-"f it-followS that
40 VY E9 Rence d(e Wi S 3 However, degs w'=1 4AY &7 d(d! WIS 4. Tienvt
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_ Second Order Degree'Regular Graphs

d(u, w) =4 (w; x', v', W, u is a u~w path of-length.4) and there is:no " pathiin
G of length at most 2. This implies that both x sdnd: u have distance: '3 * from' x,
contradicting the hypothesis that degs x' = 1. Hence there can be no vertex of V(G) -
V(P) adjacentto w' and so deg w"=2 'in ‘G. In‘a similar manner, it follows that deg
v=2in G. ' et aslgesa W bus oneg " ’
Suppose that u € V(G) - V(P) and ux € E(G). Stnce deg3 v' = 1, we have that
d(u, v') S 2. Since deg w.= 2 = deg:Vv', we must-have thag-ux' € «E(G)n (Thé only
u-v' path of length 2 is u, x',v') Then w,x',u,x,v isa v—w path of length 4 in
G, which produces a contradiction. Hence deg x =2 and in a similar manner it follows
that deg x' = 2.
If ue v(G)-— V(P) and uv € E(G), since degs w' =1, d(u, w') < 2. This
produces a contradiction since deg x = deg w' = deg v' = 2. Hence deg v = 1, and
similarly, deg w = 1. Thus G is a path of length 5 which is contrary to the

" hypothesis. We conclude that G has diameter at most 4.

We next show that the diameter of G is at most 3. If the diameter of G is 4, then
there are vertices v and w of G such that d(v,w)=4;1let P:v,w,x,V,w bea
shortest v—w: pathin G. Let x' be the unique vertex of G whose distance from x is
3 andlet Q: x, x;, x2, X' be a shortest x—x' path in G. If x = v, then, since the
diameter of G is 4, it follows that x', v, W', x, v\, w is not a shortest x'—w path of
G. Let Q' :x, 21, 23, ..., Zr =W be a shortest x'-w path in G. Since d(v, w) =4,
r2 3. However, since degax'=1,z3=x and r=35 (since d(x, w) =2), contrary to
the fact that r is at most the diamter of G. Hence x; # v, and in a similar manner,
X2 # W.

If x; = w', since the diameter of G is 4, it follows that x', x;, W', x, V', w is not
a shortest x—w pathin G. Let Q': X', z;, 2, ..., Zr = w be a shortest x'-w path in
G. If r23, then, since degsx'.=1,23 =x and so r =5, producing a contradiction.
Thus d(x', w) < 2. However, since degs X' =1, and x', x, w', v isan x'-v path of
length 3, it follows that d(x',v) =2. Let x', u, v be a shortest x'-v path. Since
d(v, w) = 4, any u-w path must have length at least 3. In view of the fact that w' is
the unique vertex of distance 3 from w, d(u, w) 2 4. However, d(u, w) < d(u, x') +
d(x', w) < 3, producing a contradiction. Hence, x; # w'; and by a similar argument,
Xy # V.

We deduce that V(P) N V(Q) = {x). This implies that some vertex of V(Q) - {x}
isatadistance 3 from v or w', producing a contradiction. Hence, if G is not a path

-of length 5, its diameteris 3. O

- The above results lead us to the following conjecture.



