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PREFACE

This volume contains a collection of articles that originated
from lectures given at the Manin Seminar.at Moscow University,
in 1984-1986. One of the principal motivations of the seminar
was a collective desire to understand various ramifications of
motivic and K-theoretic thinking in modern geometry and arithme-
tics. The final product is a volume of research papers reflecting
the individual tastes of contributors. We hope however that it

retains some internal coherence that is difficult to verbalize.

Bcero, uro 3Han eme Esrenwii,
[lepecka3aTp MHE HELOCYT ...

(A. C. IlymeuH, Esrenust Onerumn, I.YIII)

A.A.Beilinson
Yu.I.Manin

V.V.Schechtman

February 1987
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Height pairing between algebraic cycles

A.A. Beilinson

Introduction

1w Height pairing in geometric situation (global construction)
2w Local indices over non-archimedean places

3 Local indices over € or R

4. Height pairing over number fields

5s Some conjectures and problems

Introduction

Let X be a smooth projective variety over Q; assume that
its L-functions L(Hj(X), s) satisfy the standard analytic conti-
nuation conjectures. Let CHi(X) be the group of codimension i cycles
on X modulo rational equivalence, and Chi(X)OC CHi(X) be the subgroup
of cycles homologous to zero on X( C); in particular CH1(X)° = TPiel
(X)(Q). The conjecture of Bir¢h and Swinnerton-Dyer claims that at
s = 1 the function L(H1(X), s) has zero of order rk CH1(X)° with
the leading coefficient equal to the determinant of Neron-Tate canoni-
cal height pairing multiplied by the period matrix determinant up to
some rational multiple (we do not need its exact value in what follows).
As for the other Lifunctions, Swinnerton-Dyer conjectured [20] that
the function L(H21_1(X), s) has at s=zi (=the middle of the critical

strip) the zero of order rk CHl(X)°. The aim of this note is to define
dim X+1—1(X)o that

the canonical height pairing between CHl(X)° and CH
coincides with the Neron-Tate one for i=1 and whose determinant multi-
plied by the period matrix determinant should conjecturally be equal
up to a rational multiple (of the nature I cannot imagine) to the lea-
ding coefficient of L(H21_1(X), s) at s:i*). This pairing should

also occure in Riemann-Roch type theorems a la Arakelov-Faltings

(see [15] ).

* . -
) In fact our height pairing is defined on a certain subgroup of CH'(X);

under the very plausible (:=of rank of evidence far higher
then B-SwD) local conjectures this subgroups should coincide with the

whole CH ~ (X)c°.



The paper goes as follows. To motivate the basic construction, we
begin with the simpler geometric case: here our base field is a field
k(C) of rational functions on a smooth projective curve C. Then the
height pairing <,> comes from the global Poincare duality on L-adic
cohomology. We may compute <,> in terms of local data round the
points of C : if a;, a, are cycles with disjoint supports that are
homologous to zero on X @ k(C) and v e C is a closed point then

a.>

the local 1ink index <a is defined, and we have

17 "2

10 @ >v

(%) <a,, a,> = Z <a >

2 veC

In the arithmetic situation, when the base field is a number field,
the global construction fails due to the lack of appropriate cohomolo-
gy theory. But we may still define the local indices <,>V numbered
by the places of the base field, and then use (*) as the defini-
tion of <,>. These indices are defined using ¢ —adic cohomology for
non-archimedean v and using the absolute Hodge-Deligne cohomology
(see [2], [3], [19]) for archimedean ones; in case of pairing between
divisors and zero cycles they are just Neron's quasifunctions ([17],
[131,022))

We also consider the intersection pairings. In the geometric case
this is just the usual intersection pairing between the cycles of com-
plementary dimensions on the regular scheme XC proper over C. In the

arithmetic case the role of XC plays the A-variety X = (XZ’ w ):

where X7 is a regular scheme projective over Spec Z and W is a
Kahler (1,7)-form on X, @R (see [15]). We define the correspond-
ing Chow groups CH™ (X) and the [R-valued intersection pairing bet-
ween CHi(X) and CHdimX-i(X). This construction was independently
found by H. Gillet and Ch. Soule [10].

The final § <contains some conjectures and motivic speculations
about algebraic cycles, heights, L-functions and absolute cohomology
groups.

The different construction of height pairing was proposed by S.
Bloch [6]; I hope
that our pairings coincide.

I would like to thank S. Bloch, P. Deligme, Yu. Manin, V.

Schechtman and Ch. Soulé for stimulating ideas and interest.



§1. Height pairing in geometric case

(global construction)

In this § k will be an algebraically closed field, and ¢ will
be a prime different from char k.

1.0. First recall some basic facts about the intersections. Let
Y be a smooth projective scheme over k of dimension N + 1. The

intersection of cycles defines the ring structure on Chow group CH®(Y).
N+1

This, together with an obvious trace map CH (Y) — @, determines
the intersection pairing (,) : CH (Y) ® CHN+1_1(Y) — Q. We also have
. . . 2(N+1)

€étale cohomology ring and the trace H (Y, Q‘(N+1)) — Q- The
class map cl : CH (Y) —» HZ.(Y, Qt (¢)) 1is compatible with these
structures, so we may compute (,) using t -adic cohomology classes.
In particular, (,) factors through CH*(Y) := Im(CH (Y) — HZ.(Y,Qe(-))).
One hopes that the following standard conjectures hold

- the obvious map CH"(Y) ®@ Q‘ — HZ' (Y » Oe («)) should be injective,
so CH (Y) ® 0 should be finite-dimensional Q-vector spaces (this

is obviously true in char 0)

- (,) should be non-degenerate on H(Y) @@

- CH ® Q0 and (,) should satisfy hard Lefschetz and Hodge-index theo-
rems.

- Finally if k 1is an algebraic closure of a finite field, then one
should have CH' ® 0 = CH' @ Q. More precisely, for an YO/Fq,

Yo @k = Y, the group CH'(YO) ®@ Qc should coincide with invariants

of Frobenius in HZ'(Y, Qe(°)) (Tate's conjecture).

1.1. The height pairing arises in a slightly different situation.
Fix a smooth projective irreducible curve C over Kk; let e C be
its generic point, and i /2 be some geometric generic point. Now

let X be a smooth projective N-dimensional 9 -scheme, and X-i HE

X >2( i be its geometric fiber. Choose some projective scheme

XC-qT—> C over C with the generic fiber X; for an open U e C put
X =f"'(U). Now take j : UesC s.t. U is affine and IU is
smooth. Put H!'*(X, Ql(*)) 3 Im(H;(Xv, Qc(*)) — H'(Xv, Q‘(*))); the
Poincaré duality on XU induces the perfect pairing between

H . (X, Q (*)) and H2N+2—.(X, Q (N+1-%)). We'll see in a moment that

1277 Ty 1 * [



this groups and pairing depend only on X itself (and not on the

choice of particular model XC/C). To do this consider the smooth
o =1 . . . . _

sheaf R "’Ui(og) on U and its middle extension T° :=

SR _11{’|U.(Qc) on C. The Poincare duality along the fibers of

defines the perfect pairing <,> :'3'@32N+2-' — DC (-N) in Db(C,Q’)

and so the same-noted perfect duality <,> : H1(C, 7 ® H1(C, 32N+2_3

—_ Qc(-N—H. Clearly both '3' and <,> depend only on X (and not on
X ).
. Lemma 1.1.1. We have H;*(X, De(*)) = H1(C,g'(*)) and <,> coin-
cides with the duality on H!* induced by the pairing between Hﬁ(xv)
and H(Xv).

Proof . I'll prove only the first statement since the second is

immediate. Since U 1is affine, the Leray spectral sequence for fJ

degenerates and reduces to two-step filtrations on H;(XU) and
H'(X,) with factors Gr_,(H)) = HZ(U, R*™2qr (), Gr_j(H) =
(U, &' (@)) and Gr_ (%) = H'(U, BT, (9,)), Gr (H') =
#°(u, R T, (Q)). So H!'*(x, Q) =Im (Hl(u, R._TYT*(QL)) —
Hiu, R 7', (000) = 1,99, g.ed. m

For a moment put H (X, Q) := lip H'(xU, Q) = lim H'(U, R, (Q,)),
H(X, )% t= Ker(# (X, @) — B (X3, G )) = Llim H'(U,R" 7T, (g,)).
Clearly H!'*(X)c H (x)% H(X) and this groups depend on X only. Now
consider the cycles on X; we have the class map «cl : CH (X) —
B2 (X, Q, (+)), put cH (0)° 1= c17 (82" (x, ot(-))o) to be the sub-

group of cycles whose intersection with generic geometric fiber is ho-

mologous to zero.

. 2+
Key-lemma 1.1.2. One has c¢l(CH (x)% e H,x (X, QL('))'

Proof. The problem is local round the points of C (and exists

only at points of bad reduction). So let 7:: be the generic point of
a henselisation of C at some closed point, -?v be a separable clo-

sure of ?v i and X?u= X X?v ’ X-§v = X xz . We have to show that

whenever a e CH.(X&’) is a cycle s.t. <cl ae HZ.(XZ’, OJ‘('))O 1=

2

Ker‘(HZ'(X 5 Oe(-)) — H Q@,(+«))) then <cl a 1is zero. But

(Xg ,
2" ?), 4
2e [¢] 2e =1

H X , @ . = H X= PR - =
( % l( )) ( 2, Qf( ))Gal'za,/?v

Ehel o84 the weights on this group are »1. Since the class of an

According to [9]

algebraic cycle has weight zero, we are done. |



Now, by lemma, we may define the height pairing

<,>: CH *(x)° x cuM*1-t (xy°

the duality between H ,.

—_— Qt by means of class map followed by
One may conjecture that this pairing is @-valued and independent

of £ 3 of course this is obviously true in char 0, and also true in

any char if 1 = 1 (for the discussion of this see §2). The variant

of standard conjectures claims that CH'(X)O :=1Im (CH.(X)o @ Q0 —

H?;(X, % (+))) should be finite-dimensional @-vector space, that this
groups satisfy hard Lefschetz, the form <,> should be non-degenerate
on them and satisfy Hodge-index theorem. If k = a{ggg:aic closure of
finite field, then one should have CH (X)° @ @ = CH (x)°.
Problem. Consider the case dim 2/k > 1.

1.2. The both types of pairings - the intersection and the height

one - are related as follows. Suppose that we have ¢ : Xc - G S.t.
XC is regular projective with generic fiber X. Define CH'(Xc)o =
Ker(CH'(Xc) —— HO(C, Rz.ﬂ;(Oc('))) to be the subgroup of cycles whose
intersection with any geometric fiber of §f 1is homologous to zero.
The restriction map CH'(XC) — CH'(X), a_v—+ a maps CH'(Xc)o into
CH'(X)° and we have an obvious
. o N+1=+ o
€

Lemma 1.2.1. For any a,c€ CH (XC) P CH (XC) one has

(aTc, azc) = <a,, ay> =

One may suppose that the image of CH (X )°  under the restriction

map coincides with CH.(X)O; see §2 for details.
§2. Local indices over non-archimedean places

In this § we'll define the local pairing between cycles, and will
show how to decompose the global pairings of the previous § into the
sum of local ones.

In what follows Cv will be any strictly henselian trait with the

generic point ?v , the special point S, and an algebraic generic
geometric point i i Xv will be a smooth projective scheme over 7 -
of dimension N, and X= := X X 7 will be its geometric fiber;

v v ?V v

£ will be a prime # char s.

2.0. VLet me start with the local intersection pairing. Let Xe be
v

a regular projective scheme over Cv with the generic fiber Xv and
the special one Xs' LT ac is any cycle on XC of codimension d
v v
—~
then one has its classes <cl (a, ) in cohomology groups with supports:

Cor



2d

. ~
the universal one c%n(acu) € Hy suppa, (XC , Q(d)) =
v v
2d : =
HC®(X. , X.~suppa. , Q@(d)) and the € -adic one cl, (a. )e
M (0 c c Q c
v v v (4 v
2d (X Q (d)); learl I 1 d ical
suppa Cv’ ’ 3 clearly clyr— c 0, under canonical map
v
(see [18], [3]).
d, d2
Now let a = :Z (X, ), a,,€ :1 (X, ) be two cycles on X
1Cq c, 2¢, c, C,
of supports Y1Cv’ YZC respectively such that d1 + d2 = N + 1 and
Y1v n YZV:z Y1CJ‘ YZCVF\ Xv = @. Define the intersection index
) ~ ~
(a1C » 850 )V € Q to be the image of clM(a1C ) v clM(a2C ) &
v v v v
2N+2 - 2N+2 Togr 1
HM Y ay (kc , Q(N+1)) by HM X (XC , Q(N+1)) — HM . (Cv,®(1)) s B
1 2 v s % %
We may replace here HM by { -adic cohomology; since HM —_— HQ
4
commutes with any canonical map, we'll get the same answer.
If we are in a global geometric situation 1.2, then for any clos-

ed point s, of C we may consider the henselisation Cv of C at

sv and thus get our local situation. LE a,0y 85, are cycles on
Xc S.te. a;, a, have disjoint supports on X, then for any s, we
get local intersection index (a1c, aZC)V and clearly one has

Lemma 2.0.1. (a1c, aZC) = Z(a“:, aZC)v "

2.1. Now let us consider the local components for height pairing.

d; _

Let a,, a,, a,¢€ :Z ‘(Xv), be a cycles on Xv; put Y. = supp a;
Ui = Xv - Yi. Suppose that d1 + d2 = N+1, Y1n Y2 = @ and both
cl(ai) € HZd‘(Xv, Q‘(di)) are zero. In this situation one has link
index <a1, a2>V € (% . The intuitive picture for <,h’is following:

from the homotopy point of view ?v is a circle round sv and Xv

is 2N+1 -dimensional topological manifold fibered over this circle,

a; are Zdi-codimensional cycles on it that doesn't intersect and ho-

mologous to zero; the link index <a1, a2>v is the intersection num-
ber of a, and the chain that bounds as. Here are the number of
exact definitions of <a1, a2>v; the proof of their equivalence is
left to the reader. In what follows A ;€ szri(Ui, Qe(di)) are
~

classes that bound a; this means that o i — cl(ai) under the
boundary map HZer(U.) — H2d‘(X ) .

i Y: v



Lemma-definition 2.1.1. The following definitions of <a1, a2)v
are equivalent.

a) <a a.> is the image of ok, V¥ g&(a ) by H2N+1(U Q (N+1))

12 2" v 1 2 Y, U
2N+1 T A

— H (Xv, Oe(N+1)) —= H (?v, 02(1)) = Qe

b) <a a,> is the image of & , Y & by HZN(U NnU,,Q (N+1))

17 %27y 1 2 1 2'°¢

S— H2N+1(Xv, QZ(N+1)) Iz*-ﬂc; here the first arrow comes from the
Myer-Vietoris exact sequence for the covering U1U U2 = XV.

c) Choose a projective [ : XC —— Cv with the generic fiber Xv’

"3
2d 2d -2N !
P € H~ (X~., Q,(d,)) and Poe Hg-s (X. , RYQ, (d,-N))
1 s yvy, ey Bt 2¢ “oks vy, c, ¥ 152
~
s.t. the restriction of Pi on XV coincide with cl(ai) and the
< ; 2d, y
image of p1 in H (XCV, Gk(d1)) is zero (e.g. you may take p1
to be the boundary of o in X, ). Then <a,, a,> is the image
1 Cy 1 27V
2 ! 2 _

of B,v B, by HI"(SV)(XC,’ RYT Oe“” —_— Hsv(cv, Q (1)) = ®

This way we get link pairing between the cycles with disjoint sup-
ports; eclearly 2.7.1. b) shows that this pairing is bilinear and sym-
metric. Now we are going to show that it behaves well under the action
of correspondences. To do this first let us see that the above defini-
tion may be easily generalised to the case of arbitrary many cycles.
Namely let ;5 ..y @ be cycles of codimensions di on Xv R
E:di = N+1 and N Yi = @ (here Yi = supp a;, Ui = Xv\Yi) assume
that at lé%t one of them is homologous to zero in X. Choose a non-emp-

ty subset SC{T,.“,n}s.t. for any Jj € S the cycle aj is homologous

to zero, and for aj € S some d.j € szi_1(Uj, Ol(dj)) that bounds
a.,. Define <a,,...,a > to be Tr [Jd(vo;)v (va;)]: here
1 H @ : ] ]
J nov ies s
d: H‘(!‘Ui) — H.+#S_%_U Uj) is the differential in the spectral se-
ies jes
uence of the coverin Uu.t. of L} U. and
8 & {U;}ies jog 3’

We have the following easy generalisation of 2.1.1:

Lemma 2.1.2. If at least two of ai are homologous to zero, then
<a1,...,an>v depends on a
S and i_j) [ |

Clearly in this case the pairing is also bilinear and symmetric.

PR only (and not on the choice of

Now we may look at correspondences. Consider two schemes X1v’

sz of dimensions N1, N2, a cycles a; of codimensions di on



Xiv and a cycle b of codimension d3 on X1v X x2v' Assume that
b . =

oth al are homologous to zero, d1 + d2 + d3 N1 + N2 + 1 and
=1 -1

Py (supp a1)n supp b N p, (supp az) = @ (here p; are projections
X1V x X2V — Xiv). Then 2.1.1 implies

* *
Lemma 2.1.3. <p1(a1), By p2(32)>V B <b(a1), g LA, b(a2)>v

a2>v 1

Here b(a1) is t?e image of a
ce b. (Note thati¥p1(a1) and b doesn't intersect properly, then
the cycle b(a1) is not defined inaunique way, but it has correctly
dffined class in the cohomology group with support in pz(supp b n
Py (supp a1)) that suffice for our purposes.)

The lemma shows for example that the computation of <a1, a2>v in
case when one of a; is algebraically equivalent to zero, may be re-
duced to the computation of 1link index between a zero cycles on a
curve.

Our pairing behaves in a usual way under the change of the base

1 under the action of corresponden-

field. Namely let ?yﬁ’?z be a degree n extension, XV is a sche-

me over ?l’ and Yo is one over ?V" Put Xv,z Xv %;?u' and Yv be

Yv' considered as a scheme over 7b . We have the obvious arrows

. . h - < . =
EL(XV) g ZZ(XV,), ZZ (YV,) ZZ (Yv) and the following holds (re
call thatkis separably closed):

Lemma 2.1.4. Let a; be cycles on Xv and bi the ones on YV,
Then <a,, ay,> = 1/n <a,, a2>v,,<b1, b2>v’= <b,, by>, [ |

In particular by means of first formula we may define the height
pairing between cycles on X 7 ; this pairing is clearly Galois-in-
variant. v

Let us relate local link pairings with the global height pairing

of §1. Assume that we are in global geometric situation of 1.1. As

in 2.0 to each closed point on C <corresponds the local picture over

corresponding local field ? V" Let a,;, a, be cycles on X of co-

dimensions d., s.t. d1 + d2 = N+1 and suppa, A suppa, zg. If ay

belongs to CH *(X)° then 1.12.shows that a; is homologous to zero on

any XV. So the link index <a1,a2>v is defined, and it is easy to see

that the definition 2.1.1.c implies the formula (¥*) from the introduction:
Lemma 2.1.5. We have <a,, a2> = j: <a1, a

1 2
sed points of c). W

>V (sum over all clo-

Finally let me compare the local pairings from 2.0 and 2.1. Suppo-

se that we are in a situation 2.0. Put CH'(XC )© = Ker(CH'(XC ) —
2 v . v
H (XCu’ Oe(-)). Let a1CV, aZCu be cycles on Xcv as in 2.0; as-

sume that both ai are homologous to zero on Xv (here aj =



a.. n X ). Then 2.1.1c implies.
iC, v . .
Lemma 2.1.6. If one of a. also belongs to CH (X. ), then
_ iC, Cy
(a1cv, aZC,,)v = <ay, a2>v. [ §
This is local analog of 1.2.1. In particular in this situation
<a1, az>v & @ and doesn't depends on the choice of £ # char k.
2.2. Here are some conjectures about local pairings. Put
CH'(X_)° 1= Ker (CH (X ) — H° (Xg , Q,(+)))
v v % (/]
3 i o i 21
Conjecture 2.2.1. One has CH (Xv) = Ker (CH (Xv) — H (Xv,
Qe(i))) i.e. any cycle whose intersection with a generic geometric
fiber is homologous to zero is homologous to zero on Xv "
Lemma 2.2.2. This conjecture is true in following cases:
a. Good reduction case.
b. For tycles algebraically equivalent to zero (in particular the ca-
se i =1 and i = N).
C. Geometric case.
Proof. a 1is obvious; c was proved in 1.1.2; b may be reduc-

ed using correspondences to the case of zero cycles on curve, where it
follows, say, from 2.2.6b. B

Remark. The conjecture would follow if one knows the information
on weights on i (Xg, Qt) similar to those one has in geometric case.
If Qv is a p-adic local field, then the thing we need is the usual
conjecture on poles of local L-multiples.

Conjecture 2.2.3. The local link pairing is Q-valued and inde-
pendent of € # char k.

Lemma 2.2.4. This conjecture is true:

a. In good reduction case.

b. In case char s = 0.

c. When one of the cycles is algebraically equivalent to zero (in
particular for the pairing between divisors and zero cycles).
Proof. b 1is obvious; a and ¢ follow from 2.2.6, for <c use

correspondences to reduce to 2.2.6b. W
Suppose that we are in a situation 2.0. Clearly the restriction

arrow CH'(XC”) — CH'(XV) maps CH'(XCV)O into CH’(XV)O.
Conjecture 2.2.5. CH (X, )® —s»CH (x)°. ®

Clearly 2.2.5 implies both 2.2.1 and 2.2.3.

Lemma 2.2.6. This conjecture is true
a. In good reduction case.
b. If Xv is a curve.

Proof. a 1is obvious; b follows from the well-known fact that
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the intersection matrix between components of the special fiber is al-
most negative-definite. &

The property, 2.2.6b together with 2.1.6, shows that in case of
zero cycles on a curve our link index coincides with Néron's local sym-
bol; using the correspondences one may see that the same is true for the
pairing between divisors and zero cycles in arbitrary dimensions (or
you may directly verify that <,>v satisfies the conditions of Néron's
theorem [12]) For the review of heights on curves together with the

study of important examples see [T].
We wish to use the formula 2.1.5. for varieties over number field

as the definition of left-hand side, just as Neron did in the case of
divisors and zero cycles. The only thing that remains to be defined is

the link index for archimedean local fields.
§3. Local indices over € and R

In this § our base field will be € or R

3.0. We have the following dictionary (see [2] for notations and
details)
Non-archimedean case Archimedean case

(? g 1Is the spectrum of a (9 , - Spee & ar Spec H)

p-adic local field )

Gal i / 9 -modules R-mixed Hodge structures
v v
étale cohomology groups Ordinary cohomology groups
H' (X5 , @ (%)) of the geo- H'(xv(c), R(*)) with Deligne's
metric fiber with the Galois mixed Hodge structure
action
Etale cohomology groups Absolute Hodge-Deligne cohomo-
# * * *
H (Xv, O[( )) logy groups H’ (Xv, R(*))
Canonical arrow Canonical arrow
. * e : * — H. *
H.(Xv’ Q,( )) H”(fv, R(*)) HB(XV, R(¥))
o * (A *
H (Xv, Ot( )) H (XV(C), R(*))
. 21 . 21i - :
Note that the canonical arrow H (Xv, R(i)) — H (Xv, R(i)) 1is

injective; so whenever we have an algebraic cycle homologous to zero
as topological cycle it has zero class in Hﬂ . This shows that the

analog of conjecture 2.2.1 is obviously true in archimedean case
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(this is one of the sides of the fact that smooth proper varieties
have "good reduction" at archimedean places from the Hodge-theoretic
point of view). We may translate the definition 2.1.1 a or b using

the above dictionary to define the link index in our situation. Namely,

this way for any two cycles a,, a, on Xv of codimensions d1, d2
st d1 + d2 = N+1, the supports of ay doesn't intersect and both
ai are homologous to zero, we get the link index <a1, a2>v € R. The

lemmas 2.1.1 (a&=>b), 2.1.2. - 2.1.4. remain true, together with
their proofs, in our situation.

3.1. Now let me sketch the definition of the analog of intersec-
tion index a la Arakelov; since this will not be needed in the main bo-
dy of the paper I'll omit the details. The similar construction was
found by H. Gillet and Ch. Sould [10]. The role of the model X of

Xv over the ring of integers of p-adic field plays now (in our-C;r'-
chimedean situation) the K'eihlef' metrics « on XV (see [15]). Let us
define the R-vector space Zl(Xv, & ) - an analog of the group
Zi(XCU)' In what follows for Ca H'(Xv, C) we d.enote by ¢ its
W -harmonic representative, and for a cycle Ze Z (Xv) @ R let J;,
be its 8—cur‘rent. Say that a current o is 1i-Green current if it is
R(i -1)-valued of type (i-1, i-1) and for certain (unique)

i - —~
o€ Zl(Xv) ® R one has 29t = 3“# - clif; say that « is re-

gular if it is of C* -class off the support of o P A (regular)

Green current oL is. trivial if & - ov t Z) for certain (C™ -class)
current V . Put Z‘ (XV, & ) to be the factorspace of i-Green currents
modulo trivial ones (you may tal:(e all Green currents or regular ones
only - this doesn't changes 'Z' (X , )). For o€ Z i(Xv, w ) let

v

iy, B 23=2 .
(Xv)f\ H,3 (Xv, R(i-1)) be

the (only) class such that for any & -harmonic 2(N-i+1)-form V one

i-1,1i-1

A€ H (X,, R(1-1))(:=H

Xv

i-1,1i-1

has Sd“\’ = ]el-\). One may see that the arrow Zl(x ) —=
Xy !
v

H (XV, R(i-1)) @ Zi(XV)O R, of +—— (-l,.,e(* ), is isomorphism.

This direct sum decomposition of 'Z l(Xv, © ) is analogous to the

decomposition of 'Zl(Xc ) into the sum of the group of cycles support-

ed in the special fiber and the group of cycles that intersect the spe-
cial fiber properly.
Here is an important example of Green current; we'll need it in
n® 4.1. For a scheme S put Ci(S) = @ @*(? ): an element Wg¢ C‘.(.S’)
CZ;gnz-i
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is a finite number of invertible meromorphic functions ‘f? defined

at the generic points of codimension i subschemes 9 (this is

-i-1,1

E -term of Quillen's spectral sequence for K,’(S)); we have the

exact sequence Cl—T(S) _(ll—vp (S) —= CHY(S) —~ 0. Now in our si-
tuation for ye Cl-T(Xv) we have Green current div(Y¥ ) defined

by sd_l_"( lf)*\? = g g logl(f?l-\)l2 ; clearly (div g )f, = div y.

- i-1

This way we get an arrow div : C (Xv) — ZI(XV, w ).
Now let me define the intersection index. Let a,é Zd4(XV,w )y

d
2 = -
aze Z (Xv,(...) ) be elements such that d1 . d2 = N+1 and the sup

ports of a, are disjoint. Put (a1, a2) s f(o(1A +

if v
Xy

a2~) € R (here o ] is a regular Green current that rep-

a"

g, . *
1f

resents al). One may see that (aT, aZ)v so defined is independent of

the choice of & 19 that (,)v is symmetric, and in case when both
a;, are homologous to zero one has (a1, a2)v = <a1f., 32f>v' In
N =1 case this construction coincides with the original Arakelov one

[1] (see also [13]).
§4. Height pairing over number fields

Let us return to the global situation. In this § our base field
K will be a finite extension of @; let K be an algebraic closure
of K,. fz = Spec K, -‘.2 = Spec E For any place v of K denote by
Kv the corresponding local field, and by ‘2 - the spectrum of‘K:;ma—
ximal non-ramified extension of Kv. Define the real number r(v) to
be log (number of elements in the residese field of Kv) for non-ar-

chimedean v, and r(v) = 1 for Kv = R; r{v) = 2 for Kv g Cs

4.0. Let X = XK be a N-dimensional smooth projective variety

over K; put CHY(X)® := Ker(CHI(X) —= HZi(x,-E, Q, (1)), CH'(X) :=

€ HZl(X-z, Q‘(i)). We'll assume that for any non-archi-

medean v the ? -scheme X = X x ? satisfies the conjectures
v v v
2.2.1 and 2,23,

Remark 4.0.1. a. If you do not wigh to assume this, then change
o
)

cal(x)/cut(x)®

the notations and put cHY(x)° := Im(Cl—Il(Xz — CHl(X)); here Xl

is certain regular model of X over the ring of integers of K (we



