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PREFACE

The serial publication Advances in Heat Transfer is designed to fill the
information gap between the regularly scheduled journals and university-
level textbooks. The general purpose of this publication is to present
review articles or monographs on special topics of current interest. Each
article starts from widely understood principles and in a logical fashion
brings the reader up to the forefront of the topic. The favorable response
by the international scientific and engineering community to the volumes
published to date is an indication of how successful our authors have been
in fulfilling this purpose.

The Editors are pleased to announce the publication of Volume 16 and
wish to express their appreciation to the current authors who have so
effectively maintained the spirit of this serial.
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I. Introduction

The cooling water discharge from a power plant into a large body of
water, the thermally loaded condenser discharge from the condenser of a
moving ship, and the high-temperature gas issuing from a stack or gas
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turbine exhaust are all buoyant momentum jets. The trajectory and decay
of such jets after discharge are influenced by such factors as initial jet
velocity and buoyancy, ambient motion and stratification, and down-
stream mixing rate. Questions such as whether or not the jet will rise to a
certain level, what the jet velocity and temperature will be at any point
along its trajectory, or what effect ambient fluid stratification will have on
behavior all require detailed and accurate analysis. There have been many
contributions in the past few decades to the understanding of the mechan-
ics of buoyant jet mixing and trajectory. The ultimate objective is to
develop accurate general models that predict both trajectory and decay.

The need for such predictive models has grown. Since nuclear- and
fossil-fueled power plants have thermal efficiencies on the order of 30—
40%, the immense discharge of heat into either the atmosphere or a body
of water has a very large effect. Sewage is often discharged as treated
effluent into rivers, lakes, and oceans. The proper evaluation of the eco-
logical impact of such discharges requires that their subsequent behavior
be predictable. More stringent environmental regulations and heightened
public awareness require increasing accuracy in such prediction.

The need for the prediction of jet behavior is not limited to environmen-
tal issues. Rapid advancement of the ability to detect small temperature
and concentration differences, and other anomalies, may make it increas-
ingly easy to detect many physical effects, changes, and motions in the
environment. The implications for increasing knowledge of environmen-
tal, geophysical, and technological processes are enormous.

Given the wide range of applications in which jet behavior is to be
analyzed, the range of possible jet and/or ambient characteristics that
may be of interest is equally wide. The variables include initial jet geome-
try, discharge momentum, thermal and concentration loading, turbulence
characteristics, as well as ambient flow conditions, turbulence, and strati-
fication. An extremely large number of appreciably different combina-
tions arise.

The summary and calculations here concern a single, fully turbulent,
circular buoyant jet, discharged into a surrounding ambient of the same
fluid. Two-dimensional trajectories are included, wherein any ambient
flow is taken as parallel to the horizontal component of jet velocity. Jet
encounter with an abrupt ambient discontinuity, such as a two-phase
interface, is not treated here. That is, the ambient is considered infinite in
extent.

Among the variables are:

(1) buoyancy effects, arising from density differences between the jet
and the ambient (differences may arise from temperature and/or concen-
tration variations);



THE DIFFUSION OF TURBULENT BUOYANT JETS 3

(2) ambient density stratification, arising from vertical nonuniformity
of temperature and/or concentration in the ambient;

(3) ambient flow conditions, with respect to the jet, of differing magni-
tude and orientation relative to the jet;

(4) initial jet discharge characteristics, including direction of mo-
mentum.

II. Characteristics of Circular Discharges

The terms jet, momentum jet, forced plume, and plume are often used
to describe qualitatively the differing characteristics of a discharge pene-
trating an ambient medium. In general usage, jet, momentum jet, and
forced plume refer to the downstream region wherein the momentum of
the initial discharge is still sufficient to influence jet mixing and trajectory.
A discharge in which the discharge momentum is everywhere negligible,
relative to the eventual total momentum produced by buoyancy, is called
a plume. In this account these will be called buoyant jets and plumes.

The jet—ambient interaction mechanisms are classified according to the
following characteristics:

(1) Jet buoyancy
(a) neutrally buoyant
(b) buoyant (positively or negatively)
(2) Orientation of discharge
(a) horizontal (perpendicular to the gravity field)
(b) inclined
(3) Ambient motion
(a) quiescent
(b) flowing
(4) Ambient stratification
(a) unstratified
(b) linearly stratified
(c) other stratifications

Independent of the jet—ambient mechanisms, each jet passes through
several flow regimes along its trajectory. They are shown for an inclined
submerged buoyant jet in Fig. 1. The regimes are as follows:

(1) The zone of flow establishment. In this region, flow characteristics
are dominated by the discharge conditions. Velocity and scalar quantity
profile (temperature, salinity, etc.) undergo transition from their initial
discharge configurations, through a turbulent shear layer formed around



4 B. GEBHART, D. S. HILDER, AND M. KELLEHER

WATER SURFACE

4 k_/sf—/
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ESTABLISHMENT

FiG. 1. Flow regimes of a buoyant momentum jet and the coordinate system and dimen-
sions in which its trajectory and growth are described.

the jet periphery. As mixing with the ambient progresses, the turbulent
shear layer grows inward and the extent of the core of undisturbed pro-
files becomes smaller. The zone of flow establishment ends at the point
where turbulent mixing reaches the jet centerline. The jet behavior in this
region is strongly influenced by initial momentum and discharge condi-
tions and is only slightly influenced by the ambient.

(2) The zone of established flow. This region begins when turbulent
mixing has reached the jet centerline. The motion of the jet and its physi-
cal characteristics are governed by its initial and acquired momentum, by
its buoyancy, and by ambient stratification and flow conditions. Initial
discharge conditions play a progressively smaller role. The flow pro-
gresses from jetlike to plumelike behavior.

(3) The far field. In this region the jet’s initial momentum has a negligi-
ble effect, and the jet may be passively convected by ambient motions.
The jet fluid may be further diffused by ambient turbulence, and the
distribution of the jet as a separate entity gradually disappears.

The regions of flow establishment and established flow regimes are the
near field. They are the regions of the most vigorous mechanisms. These
are the concern of this account and of the calculations of trajectory and
decay.
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FiG. 2. Development of Gaussian velocity profiles in a momentum jet after discharge.

Experimental work, begun by Albertson ez al. [1] and continued and
expanded by many others, has shown that within the zone of established
flow, mean velocity profiles are nearly Gaussian:

U = U, expl—r?/B?] (1)

where U,, is the local centerline velocity, r is the radial jet coordinate, and
B is a characteristic jet width. It is the radial distance at which U is equal
to 1/e times the mean centerline value, Uy,.

Profiles of jet scalar quantities, such as temperature and concentration,
have also been found to be Gaussian in the zone of established flow by
investigators such as Fan [2], Hoult ef al. [3], and others. The profiles
may be expressed as:

At = Aty exp[—r?*\?B?] 2)
Ac = Acy expl—r2/\2B?] 3)

where At = (t — t,), Atm = (tm — 12), Ac = (¢ — ¢a), and Acy, = (€ — Ca).
The values A, and A. are the relative radial spreading ratio between veloc-
ity and the scalar properties ¢ and ¢. These quantities are related to the
turbulent entrainment Prandtl and Schmidt number effects. Figure 2 illus-
trates a profile within the jet.

A coordinate system to describe the trajectory and physical dimensions
of a jet system is shown in Fig. 1. The X coordinate is horizontal. The Z
positive direction is vertical, opposite to the gravity vector. The
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streamwise coordinate § is measured along the direction of the mean
centerline of the jet. The local angle between S and X, the inclination of
the jet from the horizontal, is 6. The polar coordinates ¢ and r, defining
the jet cross section, are normal to S. Herein any ambient medium motion
is assumed to be horizontal, that is, in the direction of X.

A principal quantitative measure of relative momentum and buoyancy
is the densimetric Froude number F given by

= UO
[gD(pa — po)/pol'?

The contribution of momentum is reflected in the numerator by the dis-
charge velocity U,. The buoyancy effect is included in the denominator
by the density difference, or units of buoyancy (p, — po)/po. This quantity
is the measure of the velocity level generated by the buoyancy force.
Thus the value of the densimetric Froude number ranges from near zero
for plumes to infinity for pure, nonbuoyant momentum jets. Hereafter,
the term Froude number will be used to mean the densimetric form in
Eq. (4).

F

4

IIl. Review

A. MODELING SCHEMES

Several kinds of predictive models have been developed for the motion
of circular buoyant momentum jets. Although specific calculations have
considered different circumstances (e.g., in origin of buoyancy, for strati-
fied or uniform ambients and quiescent or coflowing ambients, etc.), all
models are one of two kinds.

(1) Algebraic models are algebraic equations based on either empirical
data or simplification of differential models. These most typically predict
only trajectory and jet width. Some, such as the model of Shirazi et al. [4],
also predict velocity, concentration, and temperature residuals. Data-
based algebraic models tend to become unreliable when the basic condi-
tions on which they were based, such as general temperature and salinity
range of the jet and ambient, are significantly changed.

(2) Differential models are based on the relevant conservation equa-
tions of mass, momentum, energy, and chemical species. This modeling
technique allows prediction of jet trajectory and width, as well as veloc-
ity, temperature, and concentration decay downstream in the jet. Stratifi-
cation and motion of the ambient may also be accommodated. The promi-
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nent differential models are entrainment, mixing length, and k—¢ and eddy
diffusivity turbulence modeling.

Because of their limited applicability, algebraic models are not treated
here. They are sometimes useful for prediction when the jet—ambient
system involved is simple and only information such as trajectory is re-
quired. However, by far the greatest effort in recent years has involved
the more general and inclusive differential approach to jet modeling. In a
majority of these differential models the entrainment mixing concept has
been used, rather than models utilizing mixing length k—&, or turbulent
diffusion hypotheses.

Morton et al. [5] were the first to use the entrainment concept to de-
velop a buoyant jet model, as previously suggested by Taylor [6]. The
concept supposes that the downstream induction of quiescent ambient
fluid into the moving jet is proportional to the local jet centerline velocity
U, and a characteristic jet periphery 27B. Thus

E x 2aBUy,

where E represents volumetric rate of entrainment, or ambient inflow per
unit of jet length, into the jet. The definition of « is completed by

dQ/dS = pE &)

where Q is the total mass flow in the jet at any downstream location S.
The constant of proportionality for E, «, is called the entrainment con-
stant, or coefficient. The rate of entrainment is then written as:

E = 2wBaUy, (6)

Solutions of the governing equations for differential modeling have, in
the past, been based on the following assumptions.

(1) The turbulent jet flow is steady.

(2) Since the jet flow is fully turbulent, radial molecular diffusion is
neglected, compared to radial turbulent transport.

(3) Streamwise turbulent transport is a negligible downstream trans-
port mode, compared with streamwise convective transport.

(4) The variation of fluid density throughout the flow field remains
small compared to a chosen reference density. Density variation is in-
cluded only in buoyancy terms. This is a Boussinesq approximation.

(5) Other fluid properties are taken constant throughout the field.

(6) Pressure is hydrostatic throughout the flow field.

(7) The jet remains axisymmetric throughout the near field. That is,
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velocity, temperature, density, and salinity profiles are assumed not to
develop circumferential variations.

The governing conservation equations, in the forms used in differential
modeling, are presented in Table I, in the physical variables.

With the exception of Hoult et al. [3], all studies cited in the following
discussion have assumed that the velocity, temperature, salinity, and
density profiles are all Gaussian. This assumption, therefore, limits the
applicability of such models to the zone of established flow.

Hoult et al. instead used a “‘top hat’’ velocity profile throughout, rather
than a Gaussian distribution. This assumption certainly applies very near
the jet origin but not downstream in the rest of the near field. The reduced
form of the conservation equations for this model require the cross-
stream integration, with the Gaussian assumption. Since Hoult assumed
top hat profiles for both the zone of flow establishment and the zone of
established flow, initial conditions are those at the jet outlet. In this
method the values of p, 7, ¢, and U ascribed to the jet at various points
along the path are taken to be mean values for the entire jet cross section.
This is a more limiting result than that with models using Gaussian pro-
files, where maximum values of jet properties result, and the entire cross-

TABLE I

THE GENERAL EQUATIONS, IN DIMENSIONAL FORM, FOR ENTRAINMENT MODELING OF
BUOYANT MOMENTUM JETS

Equation Form

Continuity

|

|~ Sl &l &l
—— —— —— ——

2w (o
| urar d¢} = 2raU.B = E

U
%)

Horizontal momentum 2 [
L L U?cos 0 rdr dd)} = U,E

Vertical momentum (27 [© L 2 (%
jo L) pU?sin 6 r dr dd)} = f() ()(p“ — p)grdrdd

2r (= 2w (®

Energy f()— L) Ut — t)r dr d¢,} = — Z—;‘ fo o, Urdrdg
Concentration 2 (% dey (2m =

(or scalar species) ds {f() 0 Ule = ca)r dr d"b} T as o brdr d¢
Horizontal dX = dS cos 6

component of

trajectory
Vertical dZ = dS sin 6

component of
trajectory
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section profile may be deduced from the appropriate Gaussian distri-
bution.

Abraham [7] initially used the vertical and horizontal momentum equa-
tions, as well as the energy equation, to model jets discharged to a quies-
cent ambient. The continuity equation was not needed or used in the
calculations. The solution required a prespecification of the variation of
B, in (1), as a function of S. Most other models have included the continu-
ity equation in lieu of prespecifying the B variation.

The solution of the seven equations in Table I yields values of jet
centerline velocity U, and temperature and concentration differences Az,
and Ac,,, as well as jet width D(S) and trajectory (X, Z), all as functions
of S. The solution of the equations, of course, also requires that the
entrainment function E be specified, that « be given. Therein lie the
principal differences between entrainment models. These models fall into
two general categories: those for a quiescent ambient and those for a
flowing ambient.

1. Quiescent Ambient Media

Albertson et al. [1] and others have verified through measurements that
for nonbuoyant momentum jets, (i.e., F = %), an appropriate value of «
within the zone of established flow is 0.057. There seems to be little
disagreement with this value, judged from numerous comparisons of dif-
ferential modeling with this value and with experimental data.

Abraham [7] suggested, also on the basis of experimental evidence,
that, for flows resulting largely from buoyancy, small F, the value is a =
0.085. This is in good agreement with the suggestion of List and Imberger
[8] of & = 0.082 for pure buoyant plumes (F = 0). Fan and Brooks [9] had
suggested a = 0.082 for all flows except pure momentum jets. Fan and
Brooks also recommended, on the basis of their experiments, « = 0.057
for pure momentum jets.

In applications, however, buoyant discharges are seldom either pure
jets or plumes. Typically, their flow is some stage of transition away from
jet behavior toward plume behavior. Morton et al. [S] proposed to model
this the whole range by:

o= 0057 + ag/Fl‘ (7)

where a» is an empirically determined constant and Fy is a local Froude
number, based on the local centerline velocity U,,. The same general form
was derived by Fox [10] for a vertically discharged buoyant jet.

Hirst [11] postulated that, for a buoyant discharge into a quiescent
ambient, the entrainment function should depend on



