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*
Generalized WKB Method and Vacuum Wave Functiomals
Shau-Jin Chang

Physics Department, University of Illinois, Urbana, Illinois 61801

ABSTRACT

We study the WKB method in systems with many (finite or infinite) degrees
of freedom. Our method provides an intuitive understanding of the Euclidean
instanton solutions. Using the concept of "Most Probable Escape Paths" intro-
duced by Banks Bender and Wu, we are able to construct the WKB ground state
wave functional for an arbitrary field theory. We illustrate the construction
of ground state wave functionals in a simple example. We also describe briefly

the possible generalization of our WKB method to finite temperatures.

*
Work supported in part by the U. S. Natjonal Science Foundation under

Grant No. NSF PHY79-00272.
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1. WKB Method
One dimensional WKB method is well-known, and may be found in any
standard quantum mechanics text book. In the following, I shall discuss WKB

method applied to higher dimensions.l Let us begin with a two dimensional

system,
s 2 2
H=7m (py +py ) +V(x,y) . (1.1)

From (1.1), we can write down a Schrddinger equation

h2 32 82
[— 2 (—7 + ~2) + VY| vx,y) <E v(x,y) . (1.2
ax 3y

In WKB approximation, we expand %n ¢ (the exponents of ¢) in powers of *:

P =A eis/{‘ ,

S=SO+‘ﬁSl+. . . . (1.3)

Equating coefficients of fi, we can rewrite (1.2) as

= s +viy) -k, 1.4

2 - -> _
-iv So+2VS0 VSl—O , etc. (1.5)

Equation (1.4) is identical to the Hamilton-Jacobi equation in classical
mechanics.z For every solution to (1.4), we can construct a family of classical
trajectories. The construction is analogous to the ray-representation in
optics: The classical trajectories are the "rays" which are orthogonal to the
"wave fronts" So=const. (Fig. 1). Along a ray, the change of phase S0 is
stationary,

2
GSO=6 I ds/2m(E-V) =0 . (1.6)
1
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1t is easy to see that a ray obeys the equation for a classical trajectory.

In the tunneling region,

V(x,y) >E , 1.7

we can expand Y as a damping exponential,

~R/R

v=Ae » R=R +R1*ﬁ+. .. . (1.8)

0

We can obtain the equations for R's. In particular, R0 obeys,

1 2
- e (VRO) +V(x,y) =E . (1.9)

In analogy to the classical trajectories, we can construct paths orthogonal

to the family of curves Ro=constam:. Along such a path,

2
R0=J ds/2u(V - E) (1.10)
1

is stationary and is often a minimum. These minimal—Ro paths are called "the
most probable escape (tunneling) paths™ (MPEP).3 We can show that a most
probably escape path obeys the Euclidean equation of motiona

2 2

md’z‘=§1, md—%=?’-. (1.11)
dr x dt b

Knowing the tunneling path, we can obtain WKB tunneling amplitude between two

minima 1 and 2. It is given by

_Rolﬁ
Tunneling amplitude =e (1.12)
with
2 (1.13)
RO = I: J dsv2m(V - E)
1 MPEP .
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We can generalize our method easily to a system with n degrees of freedom.

Let the system be
(1.14)

32

L=!2'- w2 - V(D)

with

->
r=(x1, Kos + « s xn) . (1.15)

We can describe an arbitrary tunneling path between —{l and ;2 by a one-parameter

set of points

(1.16)

X, =xg (1), rl<1<12

such that
(1.17)

> > -+ -+
r(-rl) =T, r('rz) =r, .

The condition that this path be a MPEP is for the path to obey Euclidean equation

of motiona
2
o d ; - B_Z , (1.18)
dt 3T

where 7 is an appropriate parametrization.
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2. Ground State Wave Functions.
We can use the WKB method to compute the ground state wave function
for a system with finite degrees of freedom, or the ground state wave functiomal
->

for a field theory. Let T be the location of the classical ground state,

and Eo be the energy of the classical ground state. Then, the ground state

WKB wave function is

-> '_RO'Lﬁ
y(r) =A e (2.1)
with
r
R, @) = [ J* dsv/2m(V - Eo)] 2.2)
ro MPEP .

It is easy to see that we are always in the tunneling region when we compute
the ground state wave function w(?).

Let us generalize our result to a scalar field theory

1:2 1,..2
L=3 4" -5 -0 (2.3)
H=% n2+% $)2 +u(s) (2.4)

where I E$ is the momentum conjugate to ¢$(x). A path joining two configurations

¢1 and ¢2 is a family of field configuratiouns ¢(§,T) such that

$ET) =0 D, KTy =0, @) (2.5)

In analog to a MPEP in n-dimensional space, we can construct a MPEP in the

ES
function space. It is possible to show that a MPEP, ¢(x,T), obeys the Euclidean

field equation,

2
3 2 > U
(';z—'l" v ) ¢ (x,1) - 'a'rp-'=0. (2.6)

869



An FEuclidean solution to a classical field theory comnecting two inequivalent
ground states (¢1,¢2) is known as an instanton. In WKB language, instantons
are most probably tunneling paths joining inequivalent classical ground
states.

Along a MPEP, the problem becomes one-dimensional. The effective

Lagrangian is given by

Logs =% m(x) ¥ -v(r) 2.7
with
2
n(t) ‘:'J d3x (%%) (2.8)
V(1) eJ a3x [% @2 +u)] . (2.9)

The WKB exponent is

R = J dt/Im(1) V(t) -E) . (2.10)

To obtain WKB wave functiomal ¥($) around a classical ground state ¢0
with classical ground state energy EO’ we construct a MPEP connecting d>o to ¢

and have

¢
y(4) =const. exp [— J d1v2m(z) (V(1) - EO):‘ (2.1
<b0 MPEP

where m(t) and V(1) are given in (2.8), (2.9). Equation (2.11) provides the
probability amplitude for finding the configuration ¢(;) in the ground state.

The method can be extended to non-abelian gauge theories as well.
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Let us work out an explicit example. Consider a free scalar field

1 2 1 22
L—-2 (au¢) 2 D ¢ . (2.12)
The classical ground state is at ¢ =0 with Eo =0. A MPEP obeys
2
(— 2. vz) ¢+m2¢=0 . (2.13)
at
The MPEP joining ¢ =0 at T =-= to an arbitrary ¢(;) at T=0 is
3 /[2 2 > >
6, 1) =J—i’—k§ A ) (2.18)
(2m)
LAY -> ->
where ¢ (k) is the Fourier transform of ¢(x). Along the MPEP ¢(x,1), we have
3 /2 2
n(r) =2 v(r)=J Lk alen®y 2T T Gaoy? . (2.15)
(2m)
~R
Hence, the WKB wave functional is ¥(¢$) =e with
0
RO =J dt Y2m(T)V{(T)
- (2.16)
3
2 2, % 2
=J~d—‘;~ < +n*) G )
2m) 2w
where
w = k2+m2 . (2.17)

Equation (2.16) shows that field configurations with large ¢ or V¢ are

suppressed.
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3. MPEP's at Finite Temperatures

We shall now discuss tunnelings at a finite temperature.5’6’7 In

particular, we shall generalize the concept of MPEP to finite temperatures.
Consider a system of n degrees of freedom as described in Eq. (1.14). Let
En and wn(;) be energy and wave function of a typical eigenstate n. The

statistical weight for the system to be at state n is given by the Boltzmann
-BE
factor e ™. The probability of finding a particle at T is proportional to

-BE

2
p(M=xe ©°

N3] I (3.1

Using WKB approximation, we can compute wn for a given n. For E >V0, the
spatial region is divided into a classically allowed region (E>V) and a
tunneling region (V>E). We should compute the classical trajectory in the
classically allowed region and the MPEP in the tunneling region, and match the
solutions at the interface. However, this will make the calculation rather
difficult. 1In the following, we shall make further simplifications:
(1) We assume that we can replace g by an integral over the continuous vari-
able E.
(2) For a given E, the probability distribution function in the classically
allowed region is given by the Boltzmann factor e—BE times the phase space.
The probability distribution function in the tunneling region is given

_BE

by e times the WKB damping factor along the MPEP. The MPEP begins at

a point ;(E) at the boundary of the tunneling region and ends at x. Hence,

we have
N
by = e PE exp [— 2 Ji dsv/Zm(V - E)] (3.2)
r (E) MPEP .
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