Lecture Notes In

Mathematics

Edited by A. Dold and B. Eckmann

1170

Brian S. Thomson

Real Functions

SpringerVerlag
Berlin Heidelberg New York Tokyo




Lecture Notes In
Mathematics

Edited by A. Dold and B. Eckmann

1170

Brian S. Thomson

Real Functions

SpringerVerlag
Berlin Heidelberg New York Tokyo



Author

Brian S. Thomson
Department of Mathematics and Statistics, Simon Fraser University
British Columbia, Canada, V5A 1S6

Mathematics Subject Classification (1980): 26-02

ISBN 3-540-16058-2 Springer-Verlag Berlin Heidelberg New York Tokyo
ISBN 0-387-16058-2 Springer-Verlag New York Heidelberg Berlin Tokyo

This work is subject to copyright. All rights are reserved, whether the whole or part of the material
is concerned, specifically those of translation, reprinting, re-use of illustrations, broadcasting,
reproduction by photocopying machine or similar means, and storage in data banks. Under

§ 54 of the German Copyright Law where copies are made for other than private use, a fee is
payable to “Verwertungsgesellschaft Wort", Munich.

© by Springer-Verlag Berlin Heidelberg 1985
Printed in Germany

Printing and binding: Beltz Offsetdruck, Hemsbach/Bergstr.
2146/3140-543210



Lecture Notes in Mathematics

For information about Vols. 1-952 pl tact your booksell

or Springer-Verlag.

Vol. 953: Iterative Solution of Nonlinear Systems of Equations. Pro-
ceedings, 1982. Edited by R. Ansorge, Th. Meis, and W. Térnig.
VII, 202 pages. 1982.

Vol. 954: S.G. Pandit, S.G. Deo, Differential Systems Involving
Impulses. VI, 102 pages. 1982.

Vol. 955: G. Gierz, Bundles of Topological Vector Spaces and Their
Duality. IV, 296 pages. 1982.

Vol. 956: Group Actions and Vector Fields. Proceedings, 1981. Edited
by J.B. Carrell. V, 144 pages. 1982,

Vol. 957: Differential Equations. Proceedings, 1981. Edited by
D.G. de Figueiredo. VIII, 301 pages. 1982.

Vol. 958: F.R. Beyl, J. Tappe, Group Extensions, Representations,
and the Schur Multiplicator. IV, 278 pages. 1982,

Vol. 959: Geéométrie Algébrique Réelle et Formes Quadratiques,
Proceedings, 1981. Edité par J.-L. Colliot Théléne, M. Coste, L. Mahé,
et M.-F. Roy. X, 458 pages. 1982.

Vol. 960: Multigrid Methods. Proceedings, 1981. Edited by W. Hack-
busch and U. Trottenberg. VII, 652 pages. 1982.

Vol. 961: Algebraic Geometry. Proceedings, 1981. Edited by J.M.
Aroca, R. Buchweitz, M. Giusti, and M. Merle. X, 500 pages. 1982.

Vol. 962: Category Theory. Proceedings, 1981. Edited by K.H. Kamps
D. Pumpliin, and W. Tholen, XV, 322 pages. 1982.

Vol. 963: R. Nottrot, Optimal Processes on Manifolds. VI, 124 pages.
1982.

Vol. 964: Ordinary and Partial Differential Equations. Proceedings,
1982. Edited by W.N. Everitt and B.D. Sleeman. XVIII, 726 pages.
1982.

Vol. 965: Topics in Numerical Analysis. Proceedings, 1981. Edited
by PR. Turner. IX, 202 pages. 1982.

Vol. 966: Algebraic K-Theory. Proceedings, 1980, Part 1. Edited
by R.K. Dennis. VIIl, 407 pages. 1982.

Vol. 967: Algebraic K-Theory. Proceedings, 1980. Part II. VIl
409 pages. 1982.

Vol. 968: Numerical Integration of Differential Equations and Large
Linear Systems. Proceedings, 1980. Edited by J. Hinze. VI, 412 pages.
1982.

Vol. 969: Combinatorial Theory. Proceedings, 1982. Edted by
D. Jungnickel and K. Vedder. V, 326 pages. 1982.

Vol. 970: Twistor Geometry and Non-Linear Systems. Proceadings,
1980. Edited by H.-D. Doebner and T.D. Palev. V, 216 page:. 1982.

Vol. 971: Kleinian Groups and Related Topics. Proceedings, 1981.
Edited by D.M. Gallo and R.M. Porter. V, 117 pages. 1983.

Vol. 972: Nonlinear Filtering and Stochastic Control. Proceedings,
1981. Edited by S.K. Mitter and A. Moro. VIIl, 297 pages. 1983.

Vol. 973: Matrix Pencils. Proceedings, 1982. Edited by B. Kagstrom
and A. Ruhe. XI, 293 pages. 1983.

Vol. 974: A. Draux, Polynémes Orthogonaux Formels - Applications.
VI, 625 pages. 1983.

Vol. 975: Radical Banach Algebras and Automatic Continuity. Pro-
ceedings, 1981. Edited by J.M. Bachar, W.G. Bade, P.C. Curtis Jr,
H.G. Dales and M.P. Thomas. VIIl, 470 pages. 1983.

Vol. 976: X. Fernique, PW. Millar, DW. Stroock, M. Weber, Ecole
d'Eté de Probabilités de Saint-Flour XI - 1981. Edited by PL. Henne-
quin. XI, 465 pages. 1983.

Vol. 977: T. Parthasarathy, On Global Univalence Theorems. VIIl,
106 pages. 1983.

Vol. 978: J. tawrynowicz, J. Krzyz, Quasiconformal Mappings in the
Plane. VI, 177 pages. 1983.

Vol. 979: Mathematical Theories of Optimization. Proceedings, 1981.
Edited by J.P. Cecconi and T. Zolezzi. V, 268 pages. 1983.

Vol. 980: L. Breen. Fonctions théta et théoreme du cube. XIII,
115 pages. 1983.

Vol. 981: Value Distribution Theory. Proceedings, 1981. Edited by
I. Laine and S. Rickman. VIII, 245 pages. 1983.

Vol. 982: Stability Problems for Stochastic Models. Proceedings,
1982. Edited by V.V.Kalashnikov and V.M. Zolotarev. XVIl, 295 pages.
1983.

Vol. 983: Nonstandard Analysis-Recent Developments. Edited by
A.E. Hurd. V, 213 pages. 1983.

Vol. 984: A. Bove, J.E. Lewis, C. Parenti, Propagation of Singularities
for Fuchsian Operators. IV, 161 pages. 1983.

Vol. 985: Asymptotic Analysis Il. Edited by F. Verhulst. VI, 497 pages.
1983.

Vol. 986: Seéminaire de Probabilités XVII 1981/82. Proceedings.
Edited by J. Azéma and M. Yor. V, 512 pages. 1983.

Vol. 987: C.J. Bushnell, A. Fréhlich, Gauss Sums and p-adic Division
Algebras. XI, 187 pages. 1983.

Vol. 988: J. Schwermer, Kohomologie arithmetisch definierter Grup-
pen und Eisensteinreihen. Ill, 170 pages. 1983.

Vol. 989: A.B. Mingarelli, Volterra-Stieltjes Integral Equations and
Generalized Ordinary Differential Expressions. XIV, 318 pages. 1983.

Vol. 990: Probability in Banach Spaces IV. Proceedings, 1982.
Edited by A. Beck and K. Jacobs. V, 234 pages. 1983.

Vol. 991: Banach Space Theory and its Applications. Proceedings,
1981. Edited by A. Pietsch, N. Popa and I. Singer. X, 302 pages.
1988.

Vol. 992: Harmonic Analysis, Proceedings, 1982. Edited by G. Mau-
ceri, F. Ricci and G. Weiss. X, 449 pages. 1983.

Vol. 993: R.D. Bourgin, Geometric Aspects of Convex Sets with the
Radon-Nikodym Property. XIl, 474 pages. 1983.

Vol. 994: J.-L. Journé, Calderén-Zygmund Operators, Pseudo-Dif-
ferential Operators and the Cauchy Integral of Calderon. VI, 129
pages. 1983.

Vol. 995: Banach Spaces, Harmonic Analysis, and Probability Theory.
Proceedings, 1980-1981. Edited by R.C. Blei and S.J. Sidney.
V, 173 pages. 1983.

Vol. 996: Invariant Theory. Proceedings, 1982. Edited by F. Gherar-
delli. V, 159 pages. 1983.

Vol. 997: Algebraic Geometry - Open Problems. Edited by C. Cili-
berto, F. Ghione and F. Orecchia. VI! , 411 pages. 1983.

Vol. 998: Recent Developments in the Algebraic, Analytical, and
Topological Theory of Semigroups. Proceedings, 1981. Edited by
K.H. Hofmann, H. Jiirgensen and H. J. Weinert. VI, 486 pages. 1983.
Vol. 999: C. Preston, lterates of Maps on an Interval. VII, 205 pages.
19883.

Vol.1000: H. Hopf, Differential Geometry in the Large, VI, 184 pages.
1983.

Vol. 1001: D.A. Hejhal, The Selberg Trace Formula for PSL(2, IR).
Volume 2. VIII, 806 pages. 1983.

Vol. 1002: A. Edrei, E.B. Saff, R.S. Varga, Zeros of Sections of
Power Series. VIII, 115 pages. 1983.

Vol. 1003: J. Schmets, Spaces of Vector-Valued Continuous Func-

" tions. VI, 117 pages. 1983.

Vol. 1004: Universal Algebra and Lattice Theory. Proceedings, 1982.
Edited by R.S. Freese and O.C. Garcia. VI, 308 pages. 1983.

Vol. 1005: Numerical Methods. Proceedings, 1982. Edited by V. Pe-
reyra and A. Reinoza. V, 296 pages. 1983.

Vol. 1006: Abelian Group Theory. Proceedings, 1982/83. Edited by
R. Gébel, L. Lady and A. Mader. XVI, 771 pages. 1983.

Vol.1007: Geometric Dynamics. Proceedings, 1981. Edited by J. Palis
Jr IX, 827 pages. 1983.

continued on page 231



PREFACE

Our intention in this mongraph is to survey a number of topics related to the study of the
continuity and differentiation properties of real functions, in certain generalized senses. There is
now a relatively large literature devoted to such subtle concerns but which is accessible and
known only to specialists. Since the ideas are essentially simple and the techniques required
fairly elementary this literature should be easily absorbed by any interested mathematician, and it
is hoped that the presentation here is sufficiently readable and the exposition adequately clear for
this purpose.

Probably the reader needs only a familiarity with the usual basics of real analysis (measure,
category, density, etc.) in order to follow the arguments. This material is readily available in a
variety of textbooks. A better preparation would be to master the books

S.Saks, Theory of the integral,

and

A.M.Bruckner, Differentiation of real functions,

(references [33] and [209] in the bibliography) that most analysts who work in this particular
set of topics would surely consider fundamental to our subject. The present monograph continues
certain concerns that arise in each of these works.

Part of this material was presented in a series of seminars at the University of California at
Santa Barbara in the spring of 1984, during the special year in Real Analysis that was held there.
| am particularly grateful and certainly indebted to the participants in that seminar who offered
much helpful criticism and indicated numerous improvements. What remains is, doubtless, flawed
but much less so than it would have been without the opportunity to meet with so many fine
analysts.

In the first chapter is presented a general structure (called here a local system of sets) that
can be used to formulate a variety of general notions of limit, continuity, derivative, etc. for real
functions. The reason we have chosen this abstract framework is to enable us to clarify and
codify the type of arguments that appear in the study. The greater generality itself is not of much
interest; the real intention is to lay bare the underlying analysis. Thus it will appear that almost
all of the arguments used in the subject reduce to a few general themes, most notably "intersec-
tion conditions® and various thickness conditions (porosity and density usually). All the basic
concepts and arguments to be used in the rest of the work are introduced in the first chapter.

The second chapter is a review of the classical material on real cluster sets, from the perspec-
tive established in the first chapter. Again the basic arguments here, and elsewhere, will involve
appropriate intersection conditions. This cluster set material is attractive and elementary, but
does not seem to have been presented in any text to date leaving the interested reader to search
through a large number of early references. By restricting ourselves to real cluster sets (i.e.
cluster sets for functions of one real variable) we can present an apparently complete survey of

the known results.



v

Chapter three contains a brief account of some general notions of continuity for real
functions.

Chapter four gives an introduction to the notion of total variation for a real function. This
presentation allows us to include some very classical material on functions of bounded variation,
VBGe functions, singular functions, Lebesgue-Stieltjes measures, etc. from a perspective that is
not well known and which allows a unified and simple treatment of some apparently diverse ideas.

In Chapter five we have given an account of several classes of monotonicity theorem. This
should perhaps be read in conjunction with a study of Chapter X| of Bruckner's monograph
((33,pp.173-198]).

Chapters six and seven are devoted to a number of questions whose theme is the relationship
that must hold among different types of generalized derivatives. This includes the well-known
Denjoy-Young-Saks theorem and a variety of lesser known variants, both classical and recent.

Finally an Appendix is included that contains a survey on the notion of set porosity. This
material too is not well known and can be found, so far, only scattered in the literature. As
porosity computations and language appear in many instances in real analysis, this material should
be of some use either as a point of reference or as an introduction to the concepts.

There are many more topics that could have been included and which would fit naturally within
the framework that we are using. The properties of derivatives and extreme derivates in a gener-
alized sense are currently being studied by some researchers. However this appears still to be in
the early stages of development and we have chosen not to report on it. The interested reader
should consult the article Bruckner, O'Malley and Thomson [43].

The bibilography contains many articles related to our concerns here, even if not explicitly
discussed. It should not be considered complete, however, and the authors whose works | have not
mentioned will forgive my oversight.

The notation used is mostly standard nowadays. Thus A uB, AnB, and A\ B denote the
usual union, intersection and difference of the sets A and B, while R denotes the set of real
numbers and A the closure of the set A in R. However the peculiarities of the word processor
have led to the somewhat old fashioned notation

n n

Z A and ]  Ag

k=m k=m
for the union and intersection of a sequence of sets {Ay}. This notation should present no diffi-

culties. Other special notations are explained in the text and may be found in the index.

Vancouver,B.C., 1985 B.S.T.
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CHAPTER ONE
LOCAL SYSTEMS

$1. Introduction.

The basic concepts of elementary analysis, (limits, continuity, derivatives, etc.) have
undergone numerous generalizations in order to provide deeper insights into the structure
of real functions. The beginning analysis student soon learns that all of the notions of
"limit® that are introduced in a first course may be applied in a one sided version. Thus
functions may have right or left hand limits, may be right or left continuous, and have right
or left hand derivatives. Many authors have carried these ideas further by considering
much more delicate refinements. The most important of the generalizations in this spirit
has been the approximate limit and various related notions.

We shall give in this introductory section a definition of the approximate extreme
limits that will help motivate the abstract structure that will be introduced in this
chapter. Recall that the usual extreme limits of a function f at a point x,, may be
written in the following three equivalent formulations; each expresses essentially the
same computation but suggests a different perspective on the limit operation. We may
define limsup x + x, f(x) as

inf{y:{t: t=x,0r f(t)<y} isaneighbourhoodof x4},
or as

inf{y: x, isnotalimitpointof {t:t=x,0rf(t)>y}},
or, again equivalently,

sup{y: x, isalimitpointof {t: t=x, or f(t)>y}}.
Symmetrically we may define liminf X+ X, f(x) as

sup{y: {t:t=x,0rf(t)>y} isaneighbourhoodof x,},
sup{y: x, isnotalimitpointof {t: t=x, or f(t)<y}},

inf{y:x, isalimitpointof {t: t=x, or f(t)<y}}.

These expressions have led numerous authors to a number of generalizations of the
notion of a limit for a real function. One of the earliest and most useful of these has been
the concept of an approximate limit introduced by Denjoy (under that name) and by
Khintchine (under the name "asymptotic limit*). The definitions above for the extreme
limits use in the computations the idea that some set is either very thin at x, (does not
have x, asalimitpoint)orisvery fatat x, (isafull neighbourhoodof x,). The approxi-
mate limits are defined in a similar way but take thinness and thickness in the sense of

density; thus the thinness is taken as density zero (that is upper, outer density zero) and



the thickness is taken as full density 1 (that islower, inner density 1).
For an arbitrary function f at apoint x, onedefines ap-limsupx*," f(x) as
inf{y:{t: t=x, or f(t)<y} has(inner)density 1 at x,},
or

inf{y:{t: t=x, or f(t)>y} hasdensity zeroat x,},

sup{y:{t: t=x, or f(t)>y} haspositivedensityat x,},
and withsimilar definitions for the lower approximate limit.

Once these definitions had been sufficiently studied it was natural that there would
appear studies in which some analogous generalization would be used. Thus one can
consider a number of alternative concepts that might might be used for the thinness and
thickness notions here, in place of density.

With one sided versions, a spectrum of density type properties (upper, outer, inner,
lower, various density values in [0,1], etc.) and with further notions replacing density
there has evolved a large literature devoted to the investigation of subtle properties of
real functions within the language of certain of these generalized limits. The methods,
even when they are similar, have not been systematically described, and the results often
appear in a scattered fashion in the literature, and are frequently duplicated. It has
become difficult to keep track of the results that have been obtained, the interrelations,
andthe general patterns.

In this chapter we outline a general structure which can be used to unify and simplify
this study, and which will allow us to survey a broad range of results. The abstract notion
of a "local system® will merely replace, formally, the above informal ideas relating to
thickness and thinness. The duality between the two notions of thick and thin (expressed
above in the observation that an extreme limit is defined as either an inf or a sup relative
either to the thick or the thin notion) will be formalized too, and systematically used as a
genuine dual notion.

The basic ideas are derived from many sources. Thestructure represents amildgener-
alization of the notion of limit used in topology, but adapted to the needs of certain
problems in real analysis. Other authors have used similar structures. See, for example,
Csaszar [52], Jedrzejewski [129], Tevy and Bruteanu [230], Swigtkowski [226], and
Zajic¢ek [268].

§2. Local systems.

The framework that we shall use for our general notions of limit, continuity, derivation,
etc. is amodification of the concept of a filter that is used in topology. Many authors have
taken the definition of a filter and relaxed it in various ways, as for example in the notion

of "sieve" or "quasi-filter". The setting we use is particularly convenient for expressing



alargeclassof ideas inclassical real analysis.

(2.1) DEFINITION. By alocal system we mean a family S suchthat at eachpoint x € IR
thereis given anonempty collectionof sets S(x) withthe following properties :
(i) {x} ¥ S(x),
(ii) if S €S(x) then x €35,
(iii) if S, € S(x) and S, S, then S, € S(x),
(iv) if S e€S(x) and 6§ >0 then
Sn(x=-8,x+8) € S(x) .

Such a system can be used for a variety of generalized notions and it is this notion that
isto be exploited extensively throughout this work. In this section, by way of an introduc-
tion, we will present only some of the more basic ideas. If S isalocalsystemthenonecan

define a notion, relativeto S,of alimitof afunction f at apoint x.

(2.2) DEFINITION. Let S be alocal system, let f be a real function andlet x bea
point of IR. Thenan (S)-limitof f at x isdefinedas any extended real number c,
(S)-limy &y f(y)=c
for which it is true that the set
{t: t=x or f(t) €U}

belongs to S(x) forevery neighbourhood U of c.

There isno requirement here that alimit be unique, and indeed in many applications it is
the family of such numbers that is of interest. In such studies we shall denote the
collectionof all S-limits by the expression

(S)- A(f, x)
andrefer to this collection by theterm S-cluster set.
The extreme limits relative toasystem S at apoint x aredefinedas
(S)-Iimsupy*xf(y)=inf{y: {t:t=x or f(t)<yl}l €S(x)}
and
(S)-Iiminfy*xf(y)=sup{y:(t: t=x or f(t)>y} €S(x)}.

The example which follows will help make the intention of this definition clear as well
as to exhibit the scope of its application. The two systems that are introduced in this
example, S, and S,, will be used frequently in the sequel and we will use this notation

throughout our study.



(2.3) Example. Let S, denotethesystemdefinedat eachpoint x as
S,(x)={ S: S contains anopeninterval about the point x}

sothat each S, (x) isprecisely the neighbourhood filter at the point x.

We define a closely associatedsystem S_ defined at eachpoint x as

So(x)={S: S contains x and has x as anaccumulation point} .
The limits defined above then can be easily seen to have the following properties :
(Sg)=limy  x f(y)=limy , xf(y)
where the limit is takenin the usual sense; and (more dramatically)
(Sm)-limy+ x fly)=c

if and only if there is at least one sequence x5+ x (xp# x) such that the sequence f(xp)
converges to c. Inparticularitisclear that the limits inthe S, sense are normally not
unique.

For the extreme limits relative to these two systems we have a remarkable property :
these extreme limits are again just the usual extreme limits but with an interesting
reversal forthesystem S, .

One has

(S,)-Iimsupy, xf(y)=(Sm)-Iiminfy’ x f(y) =limsup Y+ x f(y),
and
(S, )=lim infy* x fly) = (S, )-limsupy , x f(y)=1im inf I f(y) -

This feature of the twosystems offers us a duality for local systems that we will exploit
in section 4. The unusual feature of these limits can be made more intuitive by reviewing
the material in the introduction. It is an elementary fact that an extreme limit may be

viewed as a sup-infor equally well as an inf-sup.

The systems S, and S_ donot merelyserveasillustrations of the theory, but actually
lie at the two extremes permitted by the definition. We may express this in an easily

proved lemma.

(2.4) LEMMA. For any local system S, and at any point x, one has invariably the set
inclusions

S, (x) € S(x) ©S_(x) .

PROOF. By the way that alocal system S has beendefined it is clear that, at any point x,
each neighbourhood (x-g§,x*g) must belong to S(x) and that eachset S € S(x) must

have x as alimit point. This is precisely what the twosetinclusions say.



$3. Partial order.

It is natural in this setting to introduce a partial order on the family of local systems, so
that we have alattice structure available. Although we have no great needof an elaborate
formal treatment of such structures, it is nonetheless convenient to introduce this

language and to exploit it to some degree in the theory.

(3.1) DEFINITION. Let S, and S, betwolocalsystems. We will write S <<, if,at

every point x, thereistheinclusion S,(x) c S,(x).

Itisclearthat thisrelationis apartial order on the family of local systems that allows
us torewrite lemma (2.4) above as asserting the relation
S, << § <K S_.
Thus there are two extremes in the partial order. In fact the partial order has the

structure of alattice withthe following definitions of the lattice operations.

(3.2) DEFINITION. Let S, and S, betwolocal systems. Then we define the systems
S, vS, and S, AS, by writing at each point x,
[S, v $,1(x)=5,(x) uS,(x),
and
(S, AS,l(x)=5,(x) nS,(x).
It is easy to check that theterms S, vS, and S, AS, arethemselves local systems,
and that one has the partial order relations

S, AS, <K §§ <K S, VS, (i=1,2).

(3.3) Example. Let S, denote the usual neighbourhoodsystem. We can defineright and
left versions of this by writing
S,*(x)={U: U arightneighbourhoodof x}
and
S, (x)={U: U aleftneighbourhoodof x} .
Then the systems S,, S,*, and S,” arerelatedby the assertion

S, =S,* A S,".

Interpreted in terms of limits these lattice operations permit the following expres-

sions.



