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Preface

The University of Washington hosted a Workshop in Algebraic Topology
during the 1984-85 academic year. The program had several components.
Four topics courses were offered:

Doug Ravenel, "Im J and the EHP sequence.'

Emmanuel Dror Far joun, "Homotopy and homology theory for diagrams
of spaces."

Fred Cohen, "Some aspects of classical homotopy theory."

Mark Mahowald, "The Kervaire invariant."

Some 29 topologists visited Seattle for varying periods of time, mainly
in the Winter and Spring quarters. A very active seminar resulted; a
schedule follows on pages v and vi.

We gratefully acknowledge support from several sources. The
Department of Mathematics focused its resources on it: Fred Cohen,
Emmanuel Dror Farjoun, and Mark Mahowald were given visiting positions;
four quarters of topics courses with very low nominal enrollment were
offered; and the recently donated Milliman endowment underwrote the visit
by J. Frank Adams as well as a number of others. The N.S.F. provided
travel and per diem support under grant number DMS-8407234.

In this volume we have collected lecture notes from the courses of
Fred Cohen and Emmanuel Dror Farjoun, together with papers submitted by
participants in the workshop. All have been refereed; we wish to thank
the referees for their assistance.

This volume is dedicated to Seattle’s children, Helen Beatrice
Whalen Cohen and Meier Amir Farjoun.
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A course in some aspects of classical

homotopy theory

F.R. Cohen*

These notes are based on a course in classical homotopy theory given
during the 1985 emphasis year in Topology at the University of Washington.
The material here is expository and expresses some prejudices of the
author; all of it is either in the literature or known to the experts.

The main direction of these notes is based on the Whitehead product
and the classical distributivity law. The divisibility of the Whitehead
product, the so-called strong form of the Kervaire invariant, comes up in
several places where we study the difference between the H-space squaring
map and the loopings of the degree 2 map on Qqsn. We study the relation
to P. Selick's theorem on the odd primary homotopy groups of S3 and
allied 2-primary decompositions. A smattering of information is given
about function spaces together with some remarks about related work of
Dickson.

These notes are neither comprehensive nor complete; they are an
exposition of some interesting aspects of classical homotopy theory.

We would like to thank Ed Curtis, Haynes Miller, Doug Ravenel, and
Steve Mitchell for their kind hospitality; Joe Neisendorfer, Frank
Peterson, Paul Selick, Kathleen Whalen, and Helen Beatrice Whalen Cohen

for their conversations and help.

*Partially supported by an NSF grant.
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§1: Whitehead products and Samelson products

Throughout this paper spaces are simply-connected unless otherwise
stated. Let X and Y be compactly generated Hausdorff spaces with non-
degenerate base-point *[St] and let F denote the homotopy theoretic fibre
of the inclusion i: XvY - XxY. Since 2(i) is a principal fibration with
a cross-section, it follows that 2(XvY) is homotopy equivalent to
aXxQYxQF. Thus nq(XvY) is isomorphic to an@an@an. If X=Sk and Y=Sn,

then F is (n+k-2)-connected and = k—]F is isomorphic to Z by inspection

n+
of the Serre spectral sequence for i. The Whitehead product [lk’ln] is

. k cn
the element in n . ,(S"vS")

given by the image of a choice of generator
for nn+k_]F[Wh]. Notice that [‘k"n] has been defined up to a sign which
will be made precise shortly. Furthermore, since the composite
smk-1 s Kugh L g
[1sty]
gives a long exact sequence in homology by the above calculation, the

following proposition is immediate.

Proposition 1.1. The Whitehead product [lk’ln] is the attaching map of

the top cell in sKxs" to skys”,

Next notice that there is an induced map

[ s 1: nkX@nnX > ﬂn+k—'lX
with [ , ] defined to be the composite
[y-1,] avB fold
gtk-1 2 k2 n7y okygh s yux 5 X

for a in nkX and g in nnX.

Useful properties of the Whitehead product are given below and proven

in [HZ,MU,NT,T4,WZ].



Proposition 1.2. The Whitehead product

[, 1w X8 X >m X

satisfies the following properties where degree (1q)=q.

(1) It is bilinear.
k
(2) Lyergd = (D0 v

(3) 10y T 33410 1o B4 DR 00, D = 0,

1o
n,

Instead of deriving these directly, we use methods of G.W. Whitehead

[w2] and H. Samelson [Sa] after Tisting the following corollary.

Corollary 1.3.

(M) [‘2n+1"2n+1] has order 2 in ﬂ4n+152n+1'

(2) [12n+1[12n+1’12n+1]] =0 in ﬂ6n+-|52n+]

(3) 3[12n[l2n’12n]] =0 1n TT6n—2$2n'

(4) [12n[12n[12n’12n]]]: 0 im T'8n—352n'

Remarks.1.4. The element [12n’12n] has infinite order in n4n_132n as we
shall see later. That [12n+1’12n+1] is non-zero in n4n+152n+1 if n#0,1,3

follows from work of J.F. Adams [A1]. The so-called "strong form of the
Kervaire invariant" is the question whether [12n+1’32n+1] is divisible

by 2 when n=2K_1. The element [12n[12n’12n]] is discussed by Toda [T1].

Next assume that G is a loop space, QA. Consider the group of
pointed homotopy classesof maps [X1xX2,QA] which is isomorphic to

[2(X1xX2),A]. Since z(X]xX is homotopy equivalent to ZX]VZXZVZ(X]AXZ),

2)

and X,vX, > X;xX, > X;AX is a cofibration, there is a short exact

1°72 1772 172
sequence of groups which is split as sets,

1 -+ [X]AXZ,QA] - [X1XX2,QA] -+ [X1VX2’QA] - 1.



Next, observe that there is a map c: QAxQA > QA given by
c(f,g) = ((f-g)f'])g'] which when restricted to QAveA is null-homotopic.
Thus there is a map c: 2Aa2A - QA which is unique up to homotopy and

which gives a homotopy commutative diagram

c
QAXQA — QA

quotient
QAAQA

(5

Define the Samelson product
<, > anA@ﬂqQA - 'np+qQA

to be given by the composite

anf C

SpASq — QAAQA > QA.

Proposition 1.5. The Samelson product satisfies the following properties.

(1) It is bilinear.
(2) <a,B> = (-1)pq+1<8,a> for aeanA and BeanA.

(3) <a<B,y>> = <<a,B>,y> + (-1)PY%p<a,y>> for aem A, Bem @A, and vem oA

Consider the suspension E: X -+ 2rX and the induced map

ad: XAX -+ QzX given by c-(EAE). Inductively define adk: QX + QzX by

C‘(EAadk-]

). Recall that with field coefficients, H,2zX is isomorphic
to the tensor algebra T(H,X) as an algebra; the diagonal is induced by the
diagonal for X[BS]. Assume that homology groups are taken with field
coefficients in the following Temma.
Lemma 1.6. (1) ad,(xey) = xey—(-])lxl]ﬂy@m L ;287 .

k>?2
(2) If x and y are primitive, ad,(xmy) = xmy—(—])'xllylynx.



Thus consider the fundamental classes L and Ln in n*QZ(Skan). By
. . . o kn
Lemma 1.6, the Hurewicz image of Aoty 1s the primitive 1km1n-(-1) LRy
But by inspection of the Serre spectral sequence, this Tast element is a
generator of Hk+nQF = ﬂk+nQF. Since 9F is (k+n-1)-connected, ikt is the
adjoint of the Whitehead product up to a sign. Define the sign of
) o k
[lk+1’1n+1] by setting [Lk+],ln+]] adjoint to (-1)" < sl The
details in 1.2 are deleted.
. . . . 2 .
Notice that the Hurewicz image of Uon10tonot” IS 2(12n—1’ and this

2n

element has infinite order in H4n_2(QS Z) .

A good reference for homotopy with coefficients is [N7].

Proof of Proposition 1.5: First check that <ka,8> = k<a,8>. Notice that

k
k<a,B8> is given by the composite SpASq >QAAQA -# QA = QA where k
k

denotes the kth power map. Thus k is the composite QA é—éan ——5»QA where
k

x) = (X,...,x) and “k(xl""’xk) = (x1(x2(---(xk_],xk)--). Since
> ﬁSn factors through the inclusion of the bouquet ﬁs" in ﬁSn,

there is a homotopy commutative diagram

ct (ang)
SR\Sq —_— > QA

k l k
A A
1/// l [c (aAB)]k

visASY) = xsPA8Y -y xan
k k k

fold l l Hi

Sp/\Sq > QA
cs (anB)

The left hand composite from SR«Sq to itself is degree k and thus statement
(1) follows.
We next prove (2). Let a and g be in elements in anA and anA

respectively. Then <a,> is the composite sPasd 2 ————9 QAAQA § QA. But



observe that by the definitions, <a,B> is homotopic to the composite
sPagd TN (arep B oanan S aa Thaa. Thus (2) follows.

Next recall that if A is a group with x,y,z in A, then
[x[yz]]-Ly[zx]]-[z[xy]] = 1 modulo commutators of length at least
4[Z]. Consider pointed maps a: SP - @A, p: s > oA and v: st 5 gA. Then
the composite prquSt+ oA represented by [a[gy]]+[B[y,a]]+[y[a,B]] is
0 in the group [prquSt,QA] because the diagonal sMas™s" s null-
homotopic in s"as". Now observe that [8[y,x]] and [y[«,B]] are

represented by

o ad2
sPastast 1y s9astasP M)A?)QA %5 9A, and
g2 AGAR ad?

sPAsInst — S5 stasPasd T Ou‘>/\3QA >QA

respectively where o is the indicated permutation of coordinates. Thus

the following equation
Laley11+(-1)PO ey o 1o(-1) HP* )y o610 = 0
is satisfied in the group [Sp+q+t,QA]. Proposition 1.5(3) follows.

Proof of Lemma 1.6: By definition, the following diagram homotopy commutes

where ns XxX->XAX ic the natural projection:

ExE o AxA 2 2 (Tx-1)x(1x-1) A
XxX —> (azX)" —> (azX)x (X)) ————— > (aIX)
l1xswitchx1
m (QZX)4
I
XAX > QX

ad

Thus ad,(xmy) = z(-])lx"l]yllx'ny‘nx(x")nx(y') where Az = £z'mz" is the



coproduct and x=(-1),. Furthermore, it follows from the definition [MM]
that x(1)=-1 and ox'y(x")=0 if |x|[>0. Hence x(x)=-x + decomposable
elements. The formula in 1.6(1) follows. Notice that if x is primitive,

then x(x)=-x and so formula (2) follows.



§2: The Hilton-Milnor theorem

Before stating one form of the Hilton-Milnor theorem [H1,Mr], we
point out that it gives a partial description of the group [IA,ZXvIY].
For example, let [k]: s" 5 s" denote the degree k map. Since the map

inch fold
[k] is given by gh 4 \zsn >s" if k>1, one can use the Hilton-

Milnor theorem to study the effect of [k] on the homotopy groups of S"
by factoring the map through the homotopy groups of XS".

The Hilton-Milnor theorem gives a specific product decomposition
for az(XvY). Let X[k] denote the k-fold smash product x:-&-nx. Namely

-3

there is a homotopy equivalence
9: QZXXQZ(YkV1(X[k]AY)) + Qz(XvY).

The usual statement of the Hilton-Milnor theorem is obtained by
iterating the above decomposition to exhibit a specific homotopy
equivalence between 2u(XvY) and the weak product {EQZ(Za) where L is
a smash product of copies of X and Y. We will not need this further
precision here. However, it is useful to have a precise description of
the map 6.

There are canonical maps EX: X + az(XvY) and EY: Y > z(XvY).

Recall the map c: QAAQA -~ QA of section 1 inducing the Samelson product.
Inductively define maps ad [k]AY + Qz(XvY) by setting ad1 (EXAEY)

k+1

and ad” = c-(E Aadk). Thus there is a map ad: ka](X[k]AY) > Qz(XvY)

X
which is given by EY on Y and by ad on X[k]AY Let

a(xr): Qz(Ykgl(X[k]AY)) + Qr(XvY) denote the canonical multiplicative
extension of ad. Define 6 to be the composite

(' )xa(x) u

asXas(Y,y; (X Iy s 0 12 2 s (xe)

where ix is the natural inclusion X - £XvzY.



10

Theorem 2.1[H7,Mr,P]. The map 6 is a homotopy equivalence.

An immediate consequence is

Proposition 2.2. The homotopy theoretic fibre of the inclusion

IXviY < zXxzY is z(azX)a(erY).

That the homotopy theoretic fibre of the inclusion of AvB in AxB is
z(QA)A(aB) for simply-connected A and B is given in [G].

There are several proofs of this theorem. We reproduce the
quick proof in [G]] which does not specifically give the map & and which

is based on the following where we assume that A and B are simply-connected.

Proposition 2.3. The homotopy theoretic fibre of the pinch map

p: AvB - A is the half-smash product BxQA/+«x0A = BaoA.

Proof. Recall that if f: X >~ A is any map, then there is a map fr X A

which is a fibration and X is homotopy equivalent to X; the space i is

{(x,9) | xeX, g: T > A, g(o)=f(x)} and %(x,g)=g(1)}. Apply this to the

pinch map p: AvB -~ A to get p: AVE > A. The fibre of p,F, is the space

{(x,9) | xeAvB, p(x)=g(0), and g(1)=+} where * is the base-point in A.
Write FA={(x,g) | xeA, p(x)=g(0), g(1)=+} and

FB = {(x,9) | xeB, p(x)=g(0), g(1)=x}. Notice that (1) F = FAk)FB, (2)

F, is homeomorphic to BxnA, and (3) FA is homeomorphic to the path space

B

PA. Next observe that FA(\FB

QA. Thus F is homeomorphic to (BXQA)kéAPA. Since PA is contractible and

is {(x,g) | xeANB, p(x)=g(0), g(1)=*} which is

(F,PA) is an NDR pair, the quotient map F - F/PA is a homotopy
equivalence. But F/PA is homeomorphic to (BxQA)k)QAPA/PA and this latter
space is homeomorphic to BxQA/*xQA. The proposition follows.

Next one has

Lemma 2.4. ©AxB/*xB8 1is homotopy equivalent to AA(ZBV§ ).



