Lecture Notes In

Mathematics

Edited by A. Dold and B. Eckmann

1339

T. Sunada (Ed.)

Geometry and Analysis
on Manifolds

Proceedings, Katata-Kyoto 1987

@ SpringerVerlag



Lecture Notes In
Mathematics

Edited by A. Dold and B. Eckmann

1339

T. Sunada (Ed.)

Geometry and Analysis
on Manifolds

Proceedings of the 21st International Taniguchi
Symposium held at Katata, Japan, Aug. 23—29
and the Conference held at Kyoto, Aug. 31 — Sept. 2, 1987

SpringerVerlag

Berlin Heidelberg New York London Paris Tokyo



Author

Eduard Reithmeier

5134 Etcheverry Hall

Department of Mechanical Engineering
University of California, Berkeley
Berkeley, CA 94720, USA

Cover: Leupold’s draft for periodic perpetual motion. From: Jacob Leupold. Theatrum
Machinarum Generale. Schauplatz des Grundes mechanischer Wissenschaften.
Mathematico und Mechanico der kéniglich Preu8ischen und Séchsischen Societit der
Wissenschaften, vol 1, Leipzig, Zunkel, 1724.

Mathematics Subject Classification (1991): 34B15, 347'5, 34C25, 58F10, 58F14,
58F21

ISBN 3-540-54512-3 Springer-Verlag Berl g New York
ISBN 0-387-54512-3 Springer-Verlag New Y Heidelberg

This work is subject to copyright. All rights are reserved, whether the whole or part of
the material is concerned, specifically the rights of translation, reprinting, re-use of
illustrations, recitation, broadcasting, reproduction on microfilms or in other ways, and
storage in data banks. Duplication of this publication or parts thereof is only permitted
under the provisions of the German Copyright Law of September 9, 1965, in its current
version, and a copyright fee must always be paid. Violations fall under the prosecution
act of the German Copyright Law.

© Springer-Verlag Berlin Heidelberg 1991
Printed in Germany

Typesetting: Camera ready by author
Printing and binding: Druckhaus Beltz, Hemsbach/Bergstr.
2146/3140-543210 - Printed on acid-free paper



Lecture Notes in Mathematics

For information about Vols. 1-1118 please contact your bookseller
or Springer-Verlag.

Vol. 1118: Grossissements de filtrations: exemples et applications.
Seminaire, 1982/83. Edité par Th. Jeulin etM. Yor. V, 315 pages. 1985.

Vol. 1119: Recent Mathematical Methods in Dynamic Programming.
Proceedings, 1984. Edited by I. Capuzzo Dolcetta, W.H. Fleming
and T.Zolezzi. VI, 202 pages. 1985.

Vol. 1120: K. Jarosz, Perturbations of Banach Algebras. V, 118 pages.
1985.

Vol.1121: Singularities and Constructive Methods for Their Treatment.
Proceedings, 1983. Edited by P. Grisvard, W. Wendland and J.R.
Whiteman. IX, 346 pages. 1985.

Vol. 1122: Number Theory. Proceedings, 1984. Edited by K. Alladi.
VIl, 217 pages. 1985.

Vol.1123: Séminaire de Probabilités XIX 1983/84. Proceedings. Edité
par J. Azéma et M. Yor. IV, 504 pages. 1985.

Vol. 1124: Algebraic Geometry, Sitges (Barcelona) 1983. Proceed-
ings. Edited by E. Casas-Alvero, G.E.Welters and S. Xamb¢-
Descamps. XI, 416 pages. 1985.

Vol. 1125: Dynamical Systems and Bifurcations. Proceedings, 1984.
Edited by B.L.J. Braaksma, H.W. Broer and F. Takens. V, 129 pages.
1985.

Vol. 1126: Algebraic and Geometric Topology. Proceedings, 1983.
Edited by A. Ranicki, N. Levitt and F. Quinn. V, 423 pages. 1985.

Vol. 1127: Numerical Methods in Fluid Dynamics. Seminar. Edited by
F. Brezz, VII, 333 pages. 1985.

Vol. 1128: J. Elschner, Singular Ordinary Differential Operators and
Pseudodifferential Equations. 200 pages. 1985.

Vol. 1129: Numerical Analysis, Lancaster 1984. Proceedings. Edited
by PR. Turner. XIV, 179 pages. 1985.

Vol. 1130: Methods in Mathematical Logic. Proceedings, 1983. Edited
by C.A. Di Prisco. VII, 407 pages. 1985.

Vol. 1131: K. Sundaresan, S. Swaminathan, Geometry and Nonlinear
Analysis in Banach Spaces. Ill, 116 pages. 1985.

Vol. 1132: Operator Algebras and their Connections with Topology
and Ergodic Theory. Proceedings, 1983. Edited by H.Araki, C.C.
Moore, $.Stratila and C. Voiculescu. VI, 594 pages. 1985.

Vol. 1133: K. C. Kiwiel, Methods of Descent for Nondifferentiable Opti-
mization. VI, 362 pages. 1985.

Vol. 1134: G.P. Galdi, S. Rionero, Weighted Energy Methods in Fluid
Dynamics and Elasticity. VI, 126 pages. 1985.

Vol. 1135: Number Theory, New York 1983-84. Seminar. Edited by
D.V. Chudnovsky, G.V. Chudnovsky, H. Cohn and M.B. Nathanson.
V, 283 pages. 1985.

Vol. 1136: Quantum Probability and Applications |l. Proceedings,
1984. Edited by L. Accardi and W. von Waldenfels. VI, 5634 pages.
1985.

Vol. 1137: Xiao G., Surfaces fibrées en courbes de genre deux. IX, 103
pages. 1985.

Vol. 1138: A. Ocneanu, Actions of Discrete Amenable Groups on von
Neumann Algebras. V, 115 pages. 1985.

Vol. 1139: Differential Geometric Methods in Mathematical Physics.
Proceedings, 1983. Edited by H. D. Doebner and J. D. Hennig. VI, 337
pages. 1985.

Vol. 1140: S. Donkin, Rational Representations of Algebraic Groups.
VIl, 254 pages. 1985.

Vol. 1141: Recursion Theory Week. Proceedings, 1984. Edited by
H.-D. Ebbinghaus, G.H. Miiller and G.E. Sacks. IX, 418 pages. 1985.

Vol. 1142: Orders and their Applications. Proceedings, 1984. Edited
by I. Reiner and K. W. Roggenkamp. X, 306 pages. 1985.

Vol. 1143: A. Krieg, Modular Forms on Half-Spaces of Quaternions.
Xlll, 203 pages. 1985.

Vol. 1144: Knot Theory and Manifolds. Proceedings, 1983. Edited by
D. Rolfsen. V, 163 pages. 1985.

Vol. 1145: G. Winkler, Choquet Order and Simplices. VI, 143 pages.
1985.

Vol. 1146: Séminaire d'Algébre Paul Dubreil et Marie-Paule Malliavin.
Proceedings, 1983-1984. Edité par M.-P. Malliavin. IV, 420 pages.
1985.

Vol. 1147: M. Wschebor, Surfaces Aléatoires. VII, 111 pages. 1985.

Vol. 1148: Mark A. Kon, Probability Distributions in Quantum Statistical
Mechanics. V, 121 pages. 1985.

Vol. 1149: Universal Algebra and Lattice Theory. Proceedings, 1984.
Edited by S. D. Comer. VI, 282 pages. 1985.

Vol. 1150: B. Kawohl, Rearrangements and Convexity of Level Sets in
PDE. V, 136 pages. 1985.

Vol 1151: Ordinary and Partial Differential Equations. -Proceedings,
1984. Edited by B.D. Sleeman and R.J. Jarvis. XIV, 367 pages. 1985.

Vol. 1152; H. Widom, Asymptotic Expansions for Pseudodifferential
Operators on Bounded Domains. V, 150 pages. 1985.

Vol. 1163: Probability in Banach Spaces V. Proceedings, 1984. Edited
by A. Beck, R. Dudley, M. Hahn, J. Kuelbs and M. Marcus. VI, 457
pages. 1985.

Vol. 1154; D.S. Naidu, A.K. Rao, Singular Pertubation Analysis of
Discrete Control Systems. IX, 195 pages. 1985.

Vol. 1155: Stability Problems for Stochastic Models. Proceedings,
1984. Edited by V.V. Kalashnikov and V.M. Zolotarev. VI, 447
pages. 1985.

Vol. 1166: Global Differential Geometry and Global Analysis 1984.
Proceedings, 1984. Edited by D. Ferus, R.B. Gardner, S. Helgason
and U. Simon. V, 339 pages. 1985.

Vol. 1157: H. Levine, Classifying Immersions into IR* over Stable Maps
of 3-Manifolds into IR?. V, 163 pages. 1985.

Vol. 1168: Stochastic Processes — Mathematics and Physics. Procee-
dings, 1984. Edited by S. Albeverio, Ph. Blanchard and L. Streit. VI,
230 pages. 1986.

Vol. 1159: Schrodinger Operators, Como 1984. Seminar. Edited by S.
Graffi. VI, 272 pages. 1986.

Vol. 1160: J.-C. van der Meer, The Hamiltonian Hopf Bifurcation. VI,
115 pages. 1985.

Vol. 1161: Harmonic Mappings and Minimal Immersions, Montecatini
1984. Seminar. Edited by E. Giust. VI, 285 pages. 1985.

Vol. 1162: S.J.L. van Eijjndhoven, J. de Graaf, Trajectory Spaces,
Generalized Functions and Unbounded Operators. IV, 272 pages.
1985.
Vol. 1163: Iteration Theory and its Functional Equations. Proceedings,
1984. Edited by R. Liedl, L. Reich and Gy. Targonski. VIIl, 231 pages.
1985.

Vol. 1164: M. Meschiari, J.H. Rawnsley, S. Salamon, Geometry
Seminar “Luigi Bianchi” Il — 1984. Edited by E. Vesentini. VI, 224
pages. 1985.

Vol. 1165: Seminar on Deformations. Proceedings, 1982/84. Edited
by J. tawrynowicz. IX, 331 pages. 1985.

Vol. 1166: Banach Spaces. Proceedings, 1984. Edited by N. Kalton
and E. Saab. VI, 199 pages. 1985.

Vol. 1167: Geometry and Topology. Proceedings, 1983—84. Edited by
J. Alexander and J. Harer. VI, 292 pages. 1985.

Vol. 1168: S.S. Agaian, Hadamard Matrices and their Applications. |l
227 pages. 1985.

Vol. 1169: W.A. Light, E.W. Cheney, Approximation Theory in Tensor
Product Spaces. VI, 157 pages. 1985.

Vol. 1170: B.S. Thomson, Real Functions. VI, 229 pages. 1985.

Vol. 1171: Polynédmes Orthogonaux et Applications. Proceedings,
1984. Edité par C. Brezinski, A. Draux, A.P. Magnus, P. Maroni et A.
Ronveaux. XXXVI|, 584 pages. 1985.

Vol. 1172: Algebraic Topology, Gottingen 1984. Proceedings. Edited
by L. Smith. VI, 209 pages. 1985.

continued on page 281



PREFACE

The twentyfirst Taniguchi International Symposium was held at Katata in

Shiga prefecture, Japan from August 23rd through 29th, 1987 under the title
Geometry and Analysis on Manifolds.

The symposium was followed by a conference held at the Institute for Mathematical
Science in Kyoto University from August 31lst till September 2nd under the same
title.

The symposium and conference were focused on various aspects of geometric
analysis, including spectral analysis of the Laplacian on compact and noncompact
Riemannian manifolds, harmonic analysis on manifolds, complex analysis and
isospectral problems. The present volume contains expanded versions of most of
the invited lectures in Katata and Kyoto.

We, the organizers and all the participants, would like to express our
hearty thanks to Mr. Toyosaburo Taniguchi for his support. Thanks are due to
Professor Shingo Murakami who, as the coordinator of the Taniguchi International
Symposia, guided the organizing committee to the success of the symposium and

conference.

Toshikazu Sunada
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LZHARMONIC FORMS CN COMPLETE RIEMANNIAN MANIFOLDS

Michael T. Anderson*
Mathematics 253-37, California Institute of Technology
Pasadena, CA 91125

In this paper, we briefly survey selected recent developments and
present some new results in the area of L2 harmonic forms on complete
Riemannian manifolds. In light of studies of L2 cohomology relating to
singular varieties, discrete series representations of Lie groups,
arithmetic quotients of symmetric spaces among others, our discussion will
be rather Timited, focussing only on aspects of L2 harmonic forms in global
Riemannian geometry. This paper is partly intended as a completion of
the announcement [1]. One may refer to [13] for a previous survey in this
area.

Throughout the paper, all manifolds will be connected, complete,
oriented Riemannian manifolds, of dimension n.

2

§1. L~ cohomology and L2 harmonic forms.

[1.1] Let AM denote the Laplace-Beltrami operator acting on C” p-forms
c”(AP(M)) on the manifold M. The space of L2 harmonic p-forms #? )(M)
consists of those forms w € C”(AP(M)) such that Ayw = 0 and w € L7, i.e.
[|w”2 = waA*m < o, where #: AP(M) > A""P(M) is the Hodge * operator.
The regu]érity theory for elliptic operators implies that #?2)(M) is a
Hilbert space with L2 inner product.

If M is compact, the Hodge theorem implies that #?2)(M) = Hp(M,R) so
that these spaces are topological invariants of M. One guiding problem
is to understand to what extent this remains true for non-compact manifolds.
Note that since A and * commute, * induces on isomorphism #?2)(M) ?.#?ég(M)
(representing Poincaré duality for M compact). In particular, * induces
an automorphism of ‘#?é§(M) with £ = (—l)"/z. Since %= is a conformal
invariant on n/2-forms, one obtains the important fact that the Hilbert
space structure onzﬂ?ég(M) depends only on the conformal structure of M.

A well-known result of Andreotti-Vesentini [10] implies that

4/52)04) = {weC™(AP(M))nLZ:dw=0 and 6w=0},

where d is the exterior derivative and § its formal adjoint. Thus one has

a natural map
p > HP
#(2)(M) Hiep (M) .

We now relate the space of L2 harmonic forms on M to its L2 cohomology.
The simplest definition of L2 cohomology is

*Partially supported by NSF Grant DMS-8701137



HP,y (M) ker d, (1.1)

where ker dp = {w € Cm(ApM)an:dm=0}, Im dp 1 = {nGC”(ApM)nLZ:da=n,
for some o € dom, ;} with dom d_, = {a€C =(AP=TM)nL2: daeL?}. Clearly
there is a natural map

1y J/‘(’z)(M) > H‘(?z)(M)

and one says the Strong Hodge Theorem holds if i# is an isomorphism.
Cheeger [6] has shown that i# is always an injection (since M is assumed
complete). However, in many cases i# is not surjective. For example,
it is easily calculated that #22)(IR)= {0}, but H}z)(IR) is infinite
dimensional(c.f. [6]).

Define the reduced L2 cohomology by

ker d
ﬁ?z)(n) = —FP (1.2)
Im d
p-1
2

where the closure is taken in L
in L2 , i.e., Hpa = B if 3o, €dom d such that o; » a and da; - g in L
There is a natural surJect1on H(z)( ) + ﬁ?z)(M) and we have the basic
fact [6] that

and Ep is the strong closure of d

#?2)(M) £ H?Z)(M) (1.3)

for any complete Riemannian manifold M. (1.3) may be viewed as a non-
compact Hodge theorem: the reduced L2 de Rham cohomology of M is isomorphic
to the space of L2 harmonic forms. For a de Rham-type theorem relating
H( )(M) to the simplicial L2 cohomology of M, c.f. [12].

An immediate consequence of (1.3) is that #k )(M) (up to equivalence)
depends only on the quasi-isometry class of the metric on M, since it
is easily verified that the topology on F?Z)(M) is a quasi-isometry
invariant. In particular, if M is a (non-compact) regular cover of a
compact manifold N with metric lifted from N, then #pz (M) does not depend
on the metric. One is led to expect in this case that #?2)(M) is a
topological invariant of the pair (N=M/T,T) in this case. In fact,
Dodziuk [11] has shown that the action of T on #?2)(M) is a homotopy
invarant of (N,T) (up to equivalence). In particular, the L2 Betti
numbers b?(N) = dim ‘#(2)( ), c.f. §2, are homotopy invariants of N.

In general, one is interested in understanding relations between the
topology and geometry of M and the spaces #(2)(M) However, in many
cases dim #( )(M) has been difficult to estimate, even whether it
vanishes or not. Some examples and discussion follow.

0 if vol M = =
{ Further, if M is simply

1.2 i) #0,, (M) = 40 (M
[1.2]  (3) #5)( (2)(™ IR if vol M<w



connected, then #}2)(M) is naturally identified with the space of harmonic

functions u: M - IR with finite energy or Dirichlet integral | tdu|2<w.
M
(i) #?2)(Iﬂtf1at) = 0, for O<pxn.

(iii) Let H"(-1) be the hyperbolic space of constant curvature -1.
Then
0 p#n/2.
dim 42, (H"(-1)) = {
o p = n/2.
In fact, the same result holds for any irreducible symmetric space of non-
compact type, c.f. [4].

[1.3] Let (C:(M),d) denote the de Rham complex of forms of compact
support on M and let Hg(M) be the corresponding cohomology with compact
supports. There is a natural map

m: Hg(m) —»J/?z)(M) (1.4)

given by M[w] = P(w ), where P denotes orthogonal projection (in Lz)
onto #fz)(m). The weak Hodge theorem of Kodaira [20]

2 =

L In & ® Im d ) #?2)(M) (1.5)

p+l,o0 p-1,0

implies that I is well defined on cohomology. A result of Gaffney [16]
that J w =J P(w) for any compact p-cycle ¢ in M and closed p-form
c -

w € C:(ApM) implies that kerTT:Z!{mGCZ(ApMydm=O, J w = 0 for all compactly
c

<

supported p-cycles c}.

For example, suppose E - X is a vector bundle over the compact n-
manifold X with fibre IR™. The Thom class U € HzeR(E) of E is represented
by a closed m-form in C:(AmE) and is non-zero (in HEER(E)) if for instance
the Euler class e(E) € HZeR(X) is non-zero, since e(E) = z*U, where z
is the O-section. It follows in this case that P[U] € #Tz)(E) represents
a non-trivial L2 harmonic n-form on E, for any complete metric on E.

[1.4] As an application of [1.3] we mention the following. Suppose M is
a complete non-compact Riemannian manifold which admits a complete metric
with non-negative curvature operator R: AZ(TM) - AZ(TM). The well-known
Bochner-Weitzenbock formula implies that for any harmonic p-form w on M

%Alwlz = |Vm|2 + <pr,m>. (1.6)

It is shown in [17] that R>0 = <Fw,w> > 0, for any p. If w € L2, then
one may integrate (1.6) by parts, and using a standard cutoff function
argument it follows that

J |Vw|2 + <Fpm.w> = 0.
M



Thus, |Vm|2 = 0, i.e. w is a parallel p-form on M. It follows that

2

|w|2 = const and since w € L° and vol(M) = =, we see w = 0.

This shows that for any complete metric on M with R > 0, there are no
L2 harmonic p-forms, for any p. Since F] is basically the Ricci curvature
Ricy of M, we also see that if Ricy > 0 then there are no non-trivial

harmonic 1-forms on M.

Corollary. Let X be a compact n-manifold and E - X a rank m vector
bundle with non-zero Thom class U € ngR(E). Then E admits no complete
metric with non-negative curvature operator R.

Proof. By [1.3] above, M[U] is a non-trivial L2 harmonic m-form on E.
If E has a complete metric with R > 0, we contradict the discussion above.

For example, Ts" admits no complete metric with R » 0 for n even,
even though s" admits metrics with R > 0. Note that TS" admits complete
metrics with sectional curvature K > 0. An open question of Gromoll asks
whether every vector bundle over a compact manifold of non-negative
sectional curvature admits a complete metric of non-negative sectional

curvature.

[1.5] By [1.3], one may produce L2 harmonic forms on M if M has compactly
supported cohomology and homology. In fact, it is easily verified that
Ho(M) and Z are topological invariants of M so that YEHO(M)/ZcImTTc
#(2)(M) depends only on the topology of M.

Note further that one may use the * operator to produce harmonic forms
not in Im II. For instance, if n = 4k+2, then x2 2 -1 on 2k+*1 forms so that
#%sgj(M) is even dimensional. If E + X is a rank 2k+1 bundle over
x2k*1 yith non-zero Thom class, then Im I, . = <I[U]> so that *m(U)¢Im 1.

The space *Y is also seen to be a topological invariant so if we

P = YU *Y P - 4P p ; ’
set #C Ypu Yn—p we may form K = #(2)(M)/#£. A basic problem is

to determine whether, and if so how, #2 is characterized by the geometry
of M at infinity (up to quasi-isometry).

Based on examples, one expects to a certain extent that if M is
"lTarge" at infinity, e.g. strictly negative curvature, exponential volume
growth, etc., then M should possess L2 harmonic p-forms in ﬂﬁ, for some p.
If M is "small" at infinity, e.g. non-negative curvature, polynomial
volume growth, etc., then M may possess no L2 harmonic p-forms in #ﬁ‘

In this respect, we raise the following questions.

1) If M is a complete, non-compact manifold of positive sectional curvature,
is it true that M admits no non-trivial L2 harmonic p-forms? Of course, the
Gromoll-Meyer theorem [19] implies that M is diffeomorphic to RrR" so

there is no compactly supported homology. By the remarks above, the question
is true if M has non-negative curvature operator or M is quasi-isometric

to IR".



One may ask if the curvature condition above can be weakened. For
example, if H](M) = Hn-l(M) =0 and Mn,n33, is of polynomial volume growth,
i.e. volB(r) < c-r" for r>1, some k, where B(r) is the geodesic r-bail
in M, is every L2 harmonic 1-form on M zero? Similarly, if Hp(M) =
Hn_p(M) = 0, is every L2 harmonic p-form on M", p# % zero? One must
exclude the middle dimensions because of conformal invariance. However,
we will see in [3.7] below that these questions are false in every dimen-
sion.

2) If M2n is simply connected with curvature Ky < -1, does M admit a
non-trivial L2 harmonic p-form? One expects the answer should be yes and
that one can weaken the hypothesis to KM < -1 outside a compact set.

2

§2. L° Betti numbers.

[2.1]1 The L2 Betti numbers b%z)(M), introduced by Atiyah in [2], are

homotopy invariants attached to a compact manifold M defined as follows.
Let M be the universal cover of M equipped with a Tifted metric so that
r = ﬂ1(M) acts by isometries. The Hilbert space‘#%z)(ﬁ) thus becomes a

r-module. Let P: L2 - #%2 (M) be the orthogonal projection with associated

smooth kernel p(x,y) € Hom(A;(ﬁ),A:(ﬂ)). Note that T commutes with A and

preserves inner products so that it commutes with P. In particular,
p(Yx,vy) = P(x,y), VYET. (2.7)

If {¢n} is an orthonormal basis of #?2)(ﬁ), then one has the sequence of

partial sums

N
py(x,y) = ¥¢n(X) 8 or(y),

where ¢; is the dual of o defined by the metric in (Ap(M))*. PN defines
a projection of finite rank on L2 and the sequence PN converges strongly
in L2 to P. In particular,

= *
px,y) = ? o,(x) 8 62(y),
where the convergence is uniform on compact sets in M. In particular,
tr p(x,x) = §|¢n(x)]2 > 0. (2.2)

Since p(x,y) is TI-invariant, tr p(x,x) is a T-invariant function on M and

thus defines a function on M. Define the L2 Betti number b%z)(M) by
k 5 k =
s J/ = . .
b,y (M) = ain 4, () JMtr p(x.x)dV, (2.3)
2

Note that one may define the L® Betti numbers b;(M]F) of a Galois
cover M » M with group T in exactly the same way. We list below several
properties and results for L2 Betti numbers. Many of these carry over to



the case b?z)(M,F), but for simplicity we assume I = w](M).

[2.2] It is clear that the L2 Betti numbers are largely dependent on the
structure of n1(M). 0f course, if n](M) = 0, then b?z)(M) = dim Hk(MJR)
by the Hodge theorem. Thus, one is really only interested in the case
1“1(M)| = o« and we will always assume this below. The group n1(M) enters
in two ways: (i) in determining the basic features of the geometry and
topology of M and thus of the space #( )(ﬁ), and (ii) via the acEion
of T on #( )( ). Roughly speaking, (i) determines whether b( )(M) is
zero or not, while (ii) leads to the exact value of b%z)(M) (assumed
positive).

As an example of the n]-dependence: note that if M] and M2 are
compact manifolds with M] isometric to M2 (or quasi-isometric), then
b?z)(M]) > 0 = b%z)(Mz) > 0. For example, L2 Betti numbers of all flat

manifolds are zero.

[2.3] Since we assume |n1(M)] = =, the following statements are equivalent:
. k

(i1) dim #(2)( ) >0, i.e. there is a non-trivial L2 harmonic k-form
on M.
? k =
(iii) dim #(2)(M)

The L2

i.e. if M > M is an g2-sheeted cover, then

Betti numbers behave multiplicatively under finite covers,

k

k ~
2y (M) = b oy (M)

b

2

Also, the L% Betti numbers satisfy a Poincaré duality b%z)(M) - b?§§(m).

[2.4] The L2 index theorem of Atiyah [2] implies that a number of
topological invariants of M can be computed in terms of the L2 Betti
numbers. In particular, for the Euler characteristic x(M) one has

n k, k
x(M) = ¢ (-1) b(z)(M)~ (2.4)
k=1
For the signature o(M), assuming n = 0(4), one has

o(m) = gh/2 . /2, (2.5)

where 8 ny/2 denotes the r-dimensions of the +1 eigenspaces of the *
perator acting on‘#(z)( ).

[25]1t follows easily from standard elliptic theory that one has an
estimate of the form

tr p(x,x) < c(geo(M)), (2.6)

where ¢ is a constant depending on sup|Ky| and inf Inj(x,M). Thus, if M



collapses with bounded covering geometry, i.e. if M admits a sequence of
metrics g; such that geo(ﬁ,gi) < ¢ and vo](M,gi) + 0, then

b%g)(M) = JMtr Pi(x,x)dv, < c-vol(M,g:) > 0.

This observation of Cheeger-Gromov [7] shows that the L2 Betti

numbers are obstructions to the collapse of M with bounded covering
geometry. For instance, any manifold M of the form M = NXS collapses
with bounded covering geometry. In general, of course, (2.6) leads to
the upper bound

b%g)(M) < c(n,k,geo(ﬂ))-volM.

[2.6] Suppose n](M) is an amenable group. This may be characterized

geometrically by the condition hCh(ﬂ) = 0, where hCh(ﬂ) = qnf YolaU

- UceM
is the Cheeger isoperimetric constant on M (c.f. [5]). Examples of

amenable discrete groups include all nilpotent and solvable groups, as
well as groups of subexponential growth with respect to the word metric.

vollU

On the other hand, fundamental groups (and subgroups) of compact
negatively curved manifolds are non-amenable (unless infinite cyclic).

Cheeger-Gromov [9] prove the interesting result that if n](M) is
amenable, then the natural map

p: Hip)(M) + HEep(M) (2.7)

is injective, for any P. This has the following immediate consequence.
(1) b(z)(ﬁ) = 0, i.e. M has no L2 harmonic 1-forms. Using a result
of Brooks [5], this implies that if X is any compact manifold, then X has
L2 harmonic 1-forms only if XO > 0, where Ao is the infinum of the
L2-spectrum of A on functions. Similarly, by a result of Lyons-Sullivan
[21], X has L2 harmonic 1-forms only if X carries a non-constant bounded
harmonic function.
(ii) If M is a K(w,1), then M has no L2 harmonic p-forms, for any p.
(iii) If M has a non-zero L? harmonic p-form, then dim H3ER(M) =,
For general w](M), the method of Cheeger-Gromov can easily be shown

to imply that

bfz)(M,o) < c(geo(M))-h_, (M),

C

where b?z)(M,p) = dimrker p. It would be interesting to bound ¢ in terms
of weaker invariants, e.g. inf RicM and diamM.

Note that the converse of the result above is false, i.e., there exist
compact manifolds with non-amenable n](M) with all L2 Betti numbers zero,

c.f. [2.5] for example.
Also, (2.7) is not valid for general non-compact manifolds with say,

polynomial volume growth, c.f. [3.7].



