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Preface

This book is a revised version of my doctoral dissertation, completed at Carnegie-Mellon
University in 1984. Its primary aim is to present a formal mathematical theory of a
popular reasoning strategy that to date has been defended mostly by appeals to intuition:
multiple inheritance with exceptions to inherited properties. Virtually all knowledge
representation schemes and object-oriented programming languages include some sort
of inheritance mechanism. Common examples are FRL, KRL, KLONE, NETL, Simula,
Smalltalk, Flavors, LOOPS, and Ada. But the lack of a formal theory of inheritance
hid some defects in existing inference algorithms. One was the incorrect treatment of
networks with multiple consistent theories; another was a tendency to reason incorrectly
when true but redundant statements are present. Both these problems can be eliminated

once a more rigorous understanding of inheritance has been achieved.

Reasoning with exceptions is complicated because it involves operations outside of
classical first order logic. The formalism I have developed to express the nonstandard
inference rules that underlie inheritance bears some relation to default and nonmono-
tonic logics, but it includes an important hierarchical notion these other systems lack.
The formalism and the definitions that follow allow us to prove theorems about the con-
sistency, uniqueness, and constructability of inheritance theories, and lead to a formal

semantics for inheritance in terms of constructable lattices of predicates.

The second major component of this thesis is the application of the inheritance theory
to the analysis of a connectionist computer architecture, parallel marker propagation
machines (PMPM’s), of which the best-known example is Fahlman’s NETL Machine.
PMPM’s and related connectionist schemes have aroused considerable interest as high
speed inference engines for Al. The formal theory serves as a correctness specification for
PMPM inheritance algorithms and allows us to show that a PMPM can reason correctly
only for certain limited network topologies. However, through a technique known as
“conditioning,” the topology of a network can be altered to force the PMPM to produce

correct results in the more general case.



The final task of this thesis is to demonstrate that the topological, network-oriented
approach to reasoning as found in property inheritance systems can be successfully
applied to other inference problems. We consider the problem of inheritable relations
such as “bigger than” in the sentence “elephants are bigger than bread boxes,” and the
sorts of inferences we should be able to make from them, e.g., that particular elephants
are bigger than particular bread boxes, modulo known exceptions. This type of reasoning
can be formalized as an extension to property inheritance, and after this is done we can
return to the analysis of PMPM architectures and produce new inference algorithms,
correctness specifications, and theoretical results.

D.S.T.
December, 1985



Acknowledgements

The work reported here, although applicable to inheritance systems in general, began
as an attempt to answer certain questions raised by Scott Fahlman’s parallel knowledge
representation system, NETL. I am grateful to Scott for creating such a pleasing and
stimulating intellectual puzzle, and for allowing me to happily explore its intricacies as
his graduate student. One piece of the puzzle is solved now, but others remain. Scott also
aided and abetted most of my other adventures as a graduate student. The combination
of freedom and unhesitating support he provided was invaluable.

Jon Doyle, the second member of my committee, taught me to write mathematics.
(I, however, take credit for any remaining flaws in the writing.) Over a two year period
Jon and I worked together on finding the right intuition for inheritance and rigorously
formalizing it. The mathematical analysis 1 present here would not have been possible
without his guidance. Jon read countless versions of the early chapters of the thesis; his
high level of enthusiasm was a wonderful antidote for occasional discouragement.

I am grateful to Dana Scott for asking some tough questions about the meaning
of inheritance, which helped guide me down the path to a formal analysis. Dana also
contributed to the lattice theory part of the thesis.

James Allen, the fourth member of my committee, provided insight and encourage-
ment in several useful discussions and helped publicize the work after the defense.

I thank David Etherington of the University of British Columbia, who was kind
enough to corresponded with me periodically on such topics as inheritance and default
logic, for the insights he provided and for his careful reading of the final draft of the
thesis.

For the revised edition published by Pitman, Sandy Koi turned almost a hundred
crudely scrawled diagrams into professional quality illustrations. Readers familiar with

the original dissertation will no doubt appreciate her talents as much as I now do.



During five of my six years in graduate school 1 was supported as a fellow of the
Fannie and John Hertz Foundation. It is a pleasure to be able to acknowledge here the
Foundation’s generosity.

Finally, 1 thank my family, and my friends: Lars Ericson, Loretta Ferro, Cynthia
Lamb, Al Rotella, Andi Swimmer, and Cindy Wood.

This thesis is dedicated to the Allegheny County Airport in West Mifflin, Pennsyl-
vania, where I spent many hours as a pilot and flight instructor — a welcome respite

from thinking about inheritance.



Contents

1 Inheritance Hierarchies 1
1.1 Imtroduction . . . . . . . . . . . . e e e e e e 1
1.2 Taxonomic hierarchies . . . . . .. . .. .. ... . ... ... 2
1.3 Advantages of hierarchical structuring . . . ... ... ... ... ..... 2
1.4 The necessity of exceptions . . . . . . .. .. ... ... ... ... 3
1.5 Two actual inheritance systems . . .. .. .. ... ... .......... 3
1.6 Normativeinference . .. .. . .. .. ... ... ... ... 6
1.7 Multiple inheritance . . . .. . . ... .. ... L oo 7
1.8 Problems with multiple inheritance . . . . . . ... ... ... ....... 8
1.9 The inferential distance ordering . . . .. .. .. ... ... ... ..... 11
1.10 A predicate logic description of inheritance . ... ... ... ....... 15
1.11 Nonmonotoniclogic . . . . . . . ... ... ... ... ... ... 16
1.12 Default logic . . . . . . . . . e e e 19
1.13 The meaning of normative statements . . . . . . ... ... ........ 21
1.14 The logic of “many” and “pearly all” . . . . . ... ... .......... 22
1.15 Frames as prototypes . . . . . ... ... ... B R e G B AL QS m 27
1.16 Reasoning about typicality . . .. .. ... ... ... ... ... ..... 27
1.17 Outline of thethesis . . . .. . . ... ... ... ... ... ... .... 28

2 A Theory of IS-A Inheritance 31
2.1 A generic inheritance system . . ... ... ... ... . ... ....... 31
2.2 The inheritance language . . .. ... .. .. ... ... ... ..., 31
2.3 Ordered pairs as logical sentences . . . . . . . .. .. .. ... ....... 34
2.4 Inheritance graph notation . . ... ... .. ... ... .......... 35
2.5 An example: Clyde theelephant . ... ... .. .............. 36
2.6 Imheritance paths . . . . . . . . . ... ... .. ... 38

2.7

The inheritance axioms . . . . . . . v v v v v b e e e e e e e e e e 39



2.8 Clyde the elephant, revisited . . . . . .. ... ... ... ... ... 47

2.9 Independence of groundedness and closure . . . . . . ... ... ... ... 48
2.10 Ordering relations . . . . . . . . .. ... ... ... 48
2.11 Consistency . . . . . . . .. e e e e e e e 50
212 EXistence « o o s o o 6 v o 50 o 0 v v e ma o m e e e e e e e 54
213 AMbIgUItY = 5 2 s s 55 v 0% 5 S5 8 59 F 6 EEEE G e w e B e e e s 57
2.14 Independence of consistency and ambiguity . . ... .. ... .. ..... 62
2.0 S12€ s s ms e s s s E s s B EE S E Y SRS R G S S s e e 62
2.16 Alternative definitions for inheritability . . .. ... ... ... ...... 66
2.17 Specialized inheritance systems . . . . . . . .. ... ... .00 70
2.18 Taxonomic hierarchies . . . . . . .. ... ... ... ... ... ...... 70
2.19 Class/property inheritance systems . . . . . .. ... ... ......... 71
2.20 Exception-free inheritance systems . . .. ... ... ... ......... 76
2.21 General multiple inheritance systems . . . . . .. .. ... ... ...... 77
Predicate Lattices and Formal Semantics 79
3.1 Imtroduction . . . . . . . . . . . i i i e e e 79
32 Lathices . o v v v oo v v vvmis s 5 0 08 mmm e s s e e s s 79
3.3 Powersof abooleanalgebra . . . ... ... ... . ... ... ... 80
3.4 Three isomorphic types of lattices. . . . . . ... .. ... ......... 81
3.5 The three-valued case . . . ... ... .. ... ... ..., 82
3.6 Extensions of three-valued predicates . . . . ... .. ... ......... 85
3.7 The universe of the inheritance graph ey reEpen Tz aBs 84 und 86
3.8 Erpredicates . . . . . . . ... e e e e e e e e e e e 86
3.9 Constructability of lattice predicates . . . . .. ............... 87
3.10 A mathematical semantics for inheritance systems . ... ... ... ... 88
3.11 A-predicates as the duals of E-predicates. . . . . .. ... ......... 91
Parallel Marker Propagation Machines 101
41 Introduction v s o v w s s o m s s m v v va s ¥ E e P E s s s B E S S S E s 101
42 Graphcolorg . « « « s s c v o s s s sswwnmi s o osssseiss 102
43 Markeibits v w s s v s v v o swp s n s s« BaG@Ss 285 5 S wEE ¥ s 8 B 102

4.4 A language for PMPM algorithms . . .. ... ... .. ... ....... 103



45 Link commands . . . . . . .. ..o e 106
46 Transitiveclosures . : « s v s s s v s s s s s s s ww e s ¢ § ¥ 8 s 828 &5 108
4.7 Reconstructing the extensions of predicates . . .. .. ... ... .. ... 109
4.8 Correctness of the upscan algorithm . . . .. ... .. ... ... ..... 115
4.9 PMPM’sarestilluseful . .. ... .. ... ... . oL 117
4.10 Upscan conditioning . . . . . . . . . . .. ... e e 120
4.11 Effective conditioning . . . . . .. . . .. .. ..o 123
4.12 The downscan algorithm . . . . . . . . .. . ... ... ... ... 127
4.13 Correctness of the downscan algorithm . . . . . . ... ... .. ...... 131
4.14 Relationship between 'and I . . . . .. .. .. ... ... ....... 135
4.15 Updating the knowledge base . . . . . .. .. .. ... ... ........ 135
A Theory of Inheritable Relations 139
5.1 Imtroduction . . . . . . .. . . . . . . e e e e 139
5.2 An example of an inheritable relation . . .. ... ... ... .. ..... 139
5.3 Relations in predicate logic . . . . . . .. ... .. ... 140
5.4 Frames, slots, and relations . . . . . ... ... ... .. ..o ... 141
5.5 Exceptionstorelations . . . . . .. . ... ... oL L oL 141
5.6 Extending II and © to include relations . . ... ... ... ... ..... 142
5.7 Relational tokens as nonmonotonic logic expressions . . . . ... .. ... 144
5.8 Relational SEQUENCES . . . . . . et 144
5.9 Relational ordered pairs as logical sentences . . . . .. ... ........ 145
5.10 Relational inheritance paths . . . . . . .. .. ... .. .. .. ... ... 146
5.11 Inverses of sequences . . . . . . . . . . .. .t e e 146
5.12 The graphical representation of relations . . . . . . .. ... ... ..... 147
5.13 The inferential distance ordering applied to relations . . . . ... .. ... 150
534 Nofation : o s s s 6 s v s v wm s @ 6s 5 § BB BB EE D w s 5 » BE BB EE s 152
5.15 The inheritance aXioms . . . . . o o v oo v vt e 152
516 Generaltheorems . . . . « v - v v o v v s s s v v swonssessssa 154
B.A7 Symimefty < « v s v s 50 B 8 S FF 6 S S F S RFERER B E TS B s HEE A 155
5.18 Ordering relations . . . . . . . .. . . . . . e 156
5.19 ComSiStency . . . v v v v v i e e e e e e e e e e e e e e e e e e 156



520 EXistence . : s s+ s e« 65 4 65 5 6 5 85 5% 98 5 s 6665 5 55 8 0aw s s 158

5.21 Other properties . . . . . . . . . . . . .. i e 160
5.22 More examples of relational inheritance . . . ... ... ... ... .... 160
Marker Propagation and Inheritable Relations 167
6.1 Introduction . . .. .. .. . .. . . . i e 167
6.2 Extensions of relational predicates . . . . . ... ... .. ... ...... 167
6.3 The relscan algorithm ............................. 168
6.4 The relscan algorithm and exceptions . . . .. ... ... ... ...... 172
6.5 Correctness of the relscan algorithm . . . .. ... ... ... ....... 178
6.6 Places where the relscan algorithm fails . . . . ... .. ... ....... 179
6.7 Relational conditioning . . . . . . . . . .. ... Lo 183
6.8 Other considerations . . . . . . . . . . .. ...t 189
Further Extensions to Inheritance 191
7.1 Introduction . . . . . . . . . .. . e e e e e e 191
7.2 Extending IS-A hierarchy inheritance . . . . .. ... ... ... ... .. 191
7.3 [Extensions to the inheritance of relations . . . ... ... .. ... .... 192
7.4 Propertiesof relations . . . . . . ... ... ... L L., 192
7.5 A hierarchy of relations . . .. ... ... ... .. ... . ... .. 197
7.6 Relations of higherarity . . . . . . .. .. . ... ... ... .. ...... 198
7.7 Quantification . . . . . .. ... ... ... .. L m B4 i s awEdRE e 198
7.8 Other applications of exceptions . . . .. . ... ... .. ......... 203
Conclusions 207
8.1 Historical summary . . . . . . . . . .. oL i i e e e e e e e e e 207
8.2 Inferential distance in 25 wordsorless . . . .. ... ... ... .. ..., 208
8.3 Resultsofthethesis . ... ... ... .. ... ... ... ...... 208
8.4 Summary of major theorems . . . . . . .. ... ... .. ... AR PP 209
8.5 The relationship between inheritance systems and logic . . .. ... ... 210
8.6 Inferential distance applied to default logic .. ... .. .......... 211
8.7 Usefulness of parallel marker propagation in AI . . . . . e 211

8.8 Practical applications of the thesis . . . . ... ... ... ......... 212



8.9 Theoretical applications of the thesis . . . . . . ... ... ... ......

8.10 Fahlman’s virtual copy idea

8.11 Observations about knowledge representation in general . . . . . ... ..

References



1 Inheritance Hierarchies

“This structure of concepts is formally called a hierarchy and since ancient
times has been a basic structure for all Western knowledge.”

— Robert M. Pirsig, Zen and the Art of Motorcycle Maintenance

“How anybody can get useful work done when restricted to hierarchical in-
heritance is beyond me; the world just doesn’t work hierarchically.”

— Daniel L. Weinreb, Symbolics, Inc.

1.1 Introduction

An inheritance system is a representation system founded on the hierarchical structuring
of knowledge. Virtually all knowledge representation languages and object-oriented pro-
gramming languages are organized around such systems. As Weinreb notes, inheritance
is often extended to more complex domains than pure hierarchies (which are just tree
structures), but even so, the essential idea of a hierarchical ordering of objects remains.
Well-known systems with inheritance include FRL (Roberts and Goldstein, 1977), KRL
(Bobrow and Winograd, 1977), SRL (Wright and Fox, 1983), KLONE (Brachman and
Schmolze, 1985; Brachman, in press), NETL (Fahlman, 1979), Simula (Dahl, 1968),
Smalltalk (Borning and Ingalls, 1982), Flavors (Weinreb, 1981), LOOPS (Bobrow and
Stefik, 1981), and Ada (DoD, 1982). Until recently, despite their widespread use, inher-
itance systems with exceptions remained unformalized; the lack of a formal theory hid
some defects in the behavior of existing systems. This thesis presents a formal math-
ematical theory of inheritance with exceptions and shows how to correct the flaws in
existing inheritance systems. In later chapters, the formal theory of inheritance is applied
to the formal analysis of a massively parallel computer architecture known as a parallel
marker propagation machine, of which the most well-known example is Fahlman’s NETL
Machine (Fahlman, 1979). This machine has been proposed as a high speed inference

engine for applications in Al



1.2 Taxonomic hierarchies

In Al, as in other endcavors at organizing knowledge, regularity can be exploited by
creating abstractions. For our purposes, an abstraction is a collection of properties
shared by the members of a set. For example, if a knowledge base contains many
references to gray, long-nosed, four-legged, peanut-eating jungle dwellers, we might be
motivated to create an abstraction with these properties, perhaps giving it a name such
as “clephant.” Abstractions can also share properties, as individuals do. Elephants and
sheep have some properties in common: both are warm-blooded and bear live young.
One abstraction that includes both elephants and sheep is mammal. When abstractions
organized by inclusion relations form a tree, the result is known as a taxonomic hierarchy,
or in Al, an inheritance hierarchy. More complex organizations are possible when the

tree is replaced by a general directed graph.

1.3 Advantages of hierarchical structuring

The primary advantage of hierarchical structuring is that it is an efficient method of rep-
resentation. In the case of the gray, long-nosed, four-legged et ceteras mentioned above,
the naive method of representing them would list the properties of each individual sep-
arately, but after creating the elephant abstraction listing the properties the individuals
have in common, we can fully describe each one simply by saying that he or she is an
elephant. To efficiently represent lions and tigers and bears as well as elephants, we
could create a higher class, such as mammal, to describe the properties common to all
these animals.

A second advantage of hierarchical structuring, after representational compactness,
is that it makes searching more efficient. Just as we can search a binary tree of al-
phabetized names faster than an unordered list of names, a set of assertions organized
hierarchically can be searched faster than an unordered list of assertions. Often we will
have more than one retrieval task in mind, with each task requiring a different orga-
nization of the hierarchy. This calls for multiple, overlapping, orthogonal groupings of
properties, and is known as multiple inheritance. Multiple inheritance provides tremen-
dous representational flexibility, but it also introduces semantic problems that do not

arise in tree-structured (simple inheritance) systems. These problems will be discussed
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later in the chapter.

1.4 The necessity of exceptions

Mandatory inheritance of properties is too inflexible for representing real-world knowl-
edge (Fox, 1979). The real world contains exceptions to almost every generalization. Al-
though most people’s ideal elephant is a gray, four-legged, peanut-eating jungle dweller,
there are non-gray elephants, three-legged elephants, elephants who don’t eat peanuts,
and elephants who don’t live in jungles. If we required an abstraction to hold true for all
members of a class, very few properties could be placed there. Instead, most inheritance
systems allow individuals to override the properties of an abstraction that do not apply
to them. For example, if we assert that Clyde is an elephant but is not gray, Clyde may
inherit four-leggedness, long nosedness, jungle dwelling, and other properties from the
elephant abstraction, but he will not inherit grayness.

Classes as well as individuals may have exceptional properties. It is useful to assert
that mammals have four legs, but humans are mammals with only two. If we make
four-leggedness a property of mammals, then lions and tigers and bears and elephants
will become four-legged by inheritance. Humans won’t if we state explicitly that they

are two-legged. Ahab, a one-legged human, is an exception to an exception.

1.5 Two actual inheritance systems

FRL is a typical frame-based inheritance language (Roberts and Goldstein, 1977). Fig-
ure 1.1 shows how elephants, mammals, humans, and their respective numbers of legs
are represented in FRL. Abstractions are encoded in FRL as frames, and the inclusion
relation between them is called an AKO (A Kind Of) link. The properties associated
with a frame are called its slots. In figure 1.1, each frame has a “number of legs” slot.
Mammal has the value “4” in its number of legs slot, while human has the value “2”.
The other frames have no value in their number of legs slot.

To determine how many legs Clyde has in figure 1.1, FRL first checks the number of
legs slot of the Clyde frame. Finding no value there, it proceeds up the AKO hierarchy
to search the number of legs slots of higher frames. At the elephant frame the number of

legs slot is also empty. At the mammal frame the value “4” is found, so FRL concludes



MAMMAL

#-of-legs
4
AKO AKO

ELEPHANT HUMAN
#—of-legs #—of-legs
— 2
AKO AKO

CLYDE FRED

#-of-legs #—of-legs

Figure 1.1: A frame-based representation of mammals, elephants, humans, and

their respective numbers of legs.



