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PREFACE

This book is intended to provide the engineer and scientist with
information about some of the basic techniques for finding solutions for
nonlinear differential equations having a single independent variable.
Physical systems of many types and with very real practical interest
tend increasingly to require the use of nonlinear equations in their mathe-
matical description, in place of the much simpler linear equations which
have often sufficed in the past. Unfortunately, nonlinear equations gen-
erally cannot be solved exactly in terms of known tabulated mathematical
functions. The investigator usually must be satisfied with an approxi-
mate solution, and often several methods of approach must be used to
gain adequate information. Methods which can be used for attacking
a variety of problems are described here.

Most of the material presented in this book has been given for several
years in a course offered to graduate students in electrical engineering
at Yale University. Emphasis in this course has been on the use of
mathematical techniques as a tool for solving engineering problems.
There has been relatively little time devoted to the niceties of the mathe-
matics as such. This viewpoint is evident in the present volume.
Students enrolled in the course have had backgrounds in electrical
circuits and mechanical vibrations and a degree of familiarity with linear
differential equations. Their special field of interest has often been that
of control systems. A knowledge of these general areas is assumed on
the part of the reader of this volume.

Nonlinear problems can be approached in either of two very dlfferent
ways. One approach is based on the use of a minimum of physical
equipment, making use only of pencil, paper, a slide rule, and perhaps a
desk caleulator. The degree of complexity of problems which can be
successfully handled in a reasonable time with such facilities is admittedly
not very great. A second approach is based on the use of what may be
exceedingly complicated computing machinery of either the analog or
the digital variety. Such machinery allows much more information to
be dealt with and makes feasible the consideration of problems of com-
plexity far greater than can be handled in the first way. The efficient
_ use of computing machinery is a topic too large to be considered in the
present discussion. Only techniques useful with the modest facilities
available to almost everyone are considered here.
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vi. PREFACE

" A set of problems related directly to the subject matter of each chapter
is added at the end of the text.

For a variety of reasons, it has seemed desirable to concentrate the
bibliographic reference material in a special section also at the end of the
text, rather than have it scattered throughout the book. In this way,
a few comments can be offered about each reference and an effort made
to guide the reader through what sometimes appears to be a maze of
literature.

As is the case in most textbooks, by far the greater part of the material
discussed here has developed through the continuing efforts of many
workers,. and but little is original with the present author. He would
like, therefore, to acknowledge at this time his indebtedness to all those
who have led the way through the thorny regions of nonlinearities.

W. J. Cunningham
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CHAPTER 1

INTRODUCTION

Whenever a quantitative study of a physical system is undertaken, it
is necessary to describe the system in mathematical terms. This descrip-
tion requires that certain quantities be defined, in such a way and in such
number that the physical situation existing in the system at any instant
is determined completely if the numerical values of these quantities are
known. In an electrical circuit, for example, the quantities may be the
currents existing in the several meshes of the circuit. Alternatively, the
quantities may be the voltages existing between some reference point
and the several nodes of the circuit. Since the quantities, the currents
and voltages of the example, change with time, time itself becomes a
quantity needed to describe the system.

For a physical system, time increases continuously, independent of
other occurrences in the system, and therefore is an independent quantity
or an independent variable. If the system is made up of lumped ele-
ments, such as the impedance elements of the electrical circuit, time may
be the only independent variable. If the system is distributed, as an
electrical transmission line, additional independent variables such as the
position along the line must be considered. The independent variables
may change in any way without producing an effect upon one another.

Also in a physical system are certain parameters which must be speci-
fied but which do not change further or at least which change only in a
specified way. Among these parameters are the resistance, inductance,
and capacitance of an electrical circuit and the driving voltage applied
to the circuit from a generator of known characteristics.

The remaining quantities that describe the system are dependent upon
the values of the parameters and the independent variables. These
remaining quantities are the dependent variables of the system. The
system is described mathematically by writing equations in which
the variables appear, either directly or as their derivatives or integrals.
The constants in the equations are determined by the parameters of the
system. A complicated system requires description by a number of
simultaneous equations of this sort. The number of equations must be
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2 INTRODUCTION TO NONLINEAR ANALYSIS

the same as the number of dependent variables which are the unknown
quantities of the system. If a single independent variable is sufficient,
only derivatives and integrals involving this one quantity appear.
Furthermore, it is often possible to eliminate any integrals by suitable
differentiation. The resulting equations having only derivatives with
respect to one variable are called ordinary differential equations. Where
there is more than one independent variable, partial differentials with
respect to any or all such variables appear and the equations are partial
differential equations. Only the case of ordinary differential equations
is considered in this book.

The equations are said to be linear equations if the dependent variables
or their derivatives appear only to the first power. If powers other than
the first appear, or if the variables appear as products with one another
or with their derivatives, the equations are nonlinear. Since a tran-
scendental function, for example, can be expanded as a series with terms
of progressively higher powers, an equation with a transcendental function
of a dependent variable is nonlinear.

The following equation for a series electrical circuit is a linear equation:

di | ; L
L%—I—Rz—i-afzdt—Lsmwt (1.1)

In this equation, the time ¢ is the independent variable and the current 7
is the dependent variable. The coeflicients represent constant parame-
ters. The equation describing approximately a circuit with an iron-
core inductor which saturates magnetically is a nonlinear equation,

L — ai?) % ¥ Bi = Bsin o (1.2)

The term involving 72 di/dt is a nonlinear term.

In the simplest case, the parameters of the physical system are con-
stants and do not change under any condition that may exist in the
system. For many cases, however, the parameters are not constants.
If the parameters change in some fashion with a change in value of one
or more of the dependent variables, the equation becomes nonlinear.
This fact is evident since the parameter which is a function of the depend-
ent variable appears as a coefficient of either that variable or another
one. Thus, a term is introduced having a variable raised to a power
other than unity, or appearing as a product with some other variable.
Such a term appears in Eq. (1.2), where variable 7 is squared and its
product with the derivative di/dt appears.

A second possibility is that the parameters change in some specified
way as the independent variable changes. In this case, the equation
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remains a linear equation but has varying coefficients. The equation
for the current in the electrical circuit containing a telephone transmitter
subjected to a sinusoidal sound wave is linear but has a time-varying
coefficient,

Rl(l + a sin wi)l + RQ’L =K (13)

It is possible, of course, to have both nonlinear terms and terms with
varying coefficients in the same equation. This would result for the
example of a circuit having both a saturating inductor and a telephone
transmitter. The equation would be a combination of Egs. (1.2)
and (1.3).

The solution for a set of differential equations is a set of functions of
the independent variables in which there are no derivatives. When
these functions are substituted into the original equations, identities
result. It is generally quite difficult, and often impossible, to find a
general solution for a differential equation. There are certain special
kinds of equations, however, for which solutions are readily obtainable.

The most common type of differential equation for which solutions
are easily found is a linear equation with constant coefficients. These
equations can be solved by applying certain relatively simple rules.
Operational methods are commonly employed for this purpose. If the
number of dependent variables is large, or if the equations are otherwise
complicated, application of the rules may be a fairly tedious process.
In theory, at least, an exact solution is always obtainable.

A most important property of linear equations is that the principle of
superposition applies to them. In essence, this principle allows a com-
plicated solution for the equations to be built up as a linear sum of
simpler solutions. For a homogeneous equation with no forcing function,
the solution may be created from the several complementary functions,
their number bejng determined by the order of the equation. An
equation with a forcing function has as a solution the sum of comple-
mentary functions and a particular integral. A complicated forcing
function may be broken down into simpler components and the particular
integral found for each component. The complete particular integral is
then the sum of all those found for the several components. This is
the principle allowing a complicated periodic forecing function to be
expressed as a Fourier series of simple harmonic components. Particular
integrals for these components are easily found, and their sum represents
the solution produced by the original forcing function. Superposition is
not possible in a nonlinear system.

Much of the basic theory of the operation of physical systems rests
on the assumption that they can be described adequately by linear
equations with constant coefficients. This assumption is a valid one for
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many systems of physical importance. Most of the beautiful and compli-
cated theory of electrical circuits, for example, is based on this assump-
tion. It is probably no exaggeration to say, however, that all physical
systems become nonlinear and require description by nonlinear equations
under certain conditions of operation. Whenever currents or voltages
in an electrical circuit become too large, nonlinear effects become evident.
Iron cores saturate magnetically; the dielectric properties of insulating
materials change; the temperature and resistance of conductors vary;
rectification effects occur. Currents and voltages that are large enough
to produce changes of this sort sometimes prove to be embarrassingly
small. It is fortunate for the analyst of physical phenomena that his
assumption of linearity with constant coefficients does apply to many
systems of very real interest and importance. Nevertheless, he must
remember that his assumption is likely to break down whenever the
system is pushed toward its limits of performance.

The procedures for finding solutions for nonlinear equations, or equa-
tions with varying coefficients, generally are more difficult and less
satisfying than are those for simpler equations. Only in a few cases can
exact solutions in terms of known functions be found. Usually, only
an approximate solution is possible, and this solution may apply with
reasonable accuracy only within certain regions of operation. The
analyst of a nonlinear system must use all the facilities at his disposal
in order to predict the performance of the system. Often he must be
guided by intuition based on a considerable insight into the physical
operation of the system, and not be dependent upon a blind application
of purely mathematical formulas. It is a truism to observe that it
helps greatly to know the answer ahead of time. Experimental data
concerning the operation of the system may be of great value in analyzing
its performance.

If the amount of nonlinearity is not too large, or if the equations are
of a few special types, analytical methods may be used to yield approxi-
mate solutions. Analytical methods give the solution in algebraic form
without the necessity for inserting specific values for the numerical
constants in the course of obtaining the solution. Once the solution is
obtained, numerical values can be inserted and the effects of wide vari-
ations in these values explored rather easily.

If the amount of nonlinearity is larger, analytical methods may not be
sufficient and solution may be possible only by numerical or graphical
methods. These methods require that specific numerical values for the
parameters of the equations and for the initial conditions of the variables
be used in the course of obtaining the solution. Thus, any solution
applies for only one particular set of conditions. Furthermore, the
process of obtaining the solution is usually tedious, requiring considerable
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manipulation if good accuracy is to be obtained. Then, if a solution for
some different set of values for the numerical parameters is required, the
whole process of solution must be repeated. Because of the large amount
of manipulation needed in solving equations by numerical methods, a
suitable digital computer is almost a necessity if many equations of this
sort are to be solved.

In summary, the situation facing the analyst can be described as
follows: The equations describing the operation of many physical systems
can be reduced to sets of simultaneous ordinary differential equations.
When the equations are linear with constant coefficients, standard rules
can be applied to yield a solution. If the number of dependent vari-
ables is large, or if the order of the differential equations is large, the
application of the rules may be tedious and time-consuming. A solution
is possible, at least in theory. When the differential equations are
nonlinear, solution by analytical methods is possible only if the amount of
nonlinearity is small and, even then, available solutions are usually only
approximate. Equations with a considerable degree of nonlinearity can
be solved only by numerical or graphical methods.

In many practical problems of interest, the situation is so complicated
that an exact solution is not possible, or at least not possible in terms of
available time and effort. In such a case, it becomes necessary to
simplify the problem in some way by neglecting less important effects
and concentrating upon the really significant features. Often suitable
assumptions can be made which lead to simplified equations that can be
solved. While these equations do not describe the situation exactly,
they may describe important features of the phenomenon. The simpli-
fied equations can be studied by available techniques and certain infor-
mation obtained. This process may be compared with setting up a
simplified mathematical model analogous to the physical system of
interest. The model may be studied in various ways so as to find how
it behaves under a variety of conditions. While the information so
obtained may not always be sufficient to allow a complete design of a
physical device, the information may well be enough to provide useful
criteria for the design. This kind of procedure has proved useful in
many practical situations. An electronic oscillator, for example, is
usually too complicated to be studied if all its details are taken into
account. However, the classic van der Pol equation describes many of
the operating features of the oscillator and is simple enough so that
much information can be found about its solutions. A study of the
van der Pol equation has led to much useful knowledge about the oper-
ation of self oscillators.

In the chapters which follow, methods are considered for the solution
of ordinary differential equations that either are nonlinear or have varying
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coefficients. The first methods described are based on numerical or
graphical techniques. While only relatively simple cases are considered
here, these methods can be extended to apply to systems with consider-
able complexity. Usually, more information about the system can be
obtained more quickly if an analytical solution is possible. Some of the
simpler analytical procedures that can be used are considered in later
chapters. Much of the work that has been done with nonlinear equations
is limited to equations of first and second order. For this reason, the
emphasis here is on equations of these orders. The methods of solution
can be extended to equations of higher order, but complications increase
rapidly when this is done.

It is assumed throughout the discussion that the reader is familiar
with methods of solving the simpler kinds of differential equations and,
in particular, differential equations that are linear with constant coef-
ficients. The emphasis is on the use of mathematical techniques as a
tool for studying physical systems, and no attempt has been made to
provide elaborate justification for the techniques that are discussed. It
is assumed that the reader has a reasonable degree of familiarity with
analysis of electrical circuits and mechanical systems. A single method
of attacking a nonlinear problem often gives only a partial solution, and
other methods must be used to obtain still more information. For this
reason, the same examples appear at a number of different places in the
book, where different methods of analysis are applied to them. An
attempt is made, however, to keep each chapter of the book as nearly
self-contained as possible.

Tt is, perhaps, not out of place to remark that some of the procedures
commonly used by mathematicians in studying a particular problem
seem at first to be unessential and, in fact, confusing. In considering a
single differential equation of high order, for example, it is common
practice to replace it with a set of simultaneous first-order equations.
This process is usually necessary when a numerical method of solution
is being employed, since most numerical methods apply only to first-order
equations. For other methods of analysis, separation into first-order
equations is largely a convenience in that it allows better organization
of the succeeding steps in the solution. In still other cases, it is actually
necessary to recombine the equations into a single higher-order equation
at certain points in the solution.

Another device commonly employed is that of changing the form of
certain variables in the equation. Sometimes, a change of variable
replaces an original equation which could not be solved with an alternate
equation which can be solved. A few nonlinear equations can be made
linear by appropriate changes of variable. At other times, a change of
variable is made for purposes of convenience. Often, in problems con-
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cerning physical systems, simplification is possible by combining into
single factors certain of the dimensional parameters that appear. By
proper choice of factors, the resulting equation can be made dimensionless.
The variables in the equation are then said to be normalized. A normal-
1zed equation and its solution often present information in a more compact
and more easily analyzed form than does the equation before normal-
ization. A normalized equation is free of extraneous constants, and the
constants that do remain are essential to the analysis.

It should be recognized that this book, as well as most others of its
type, represents the distillation of the work done by a great many investi-
gators over a long period of time. The discussions presented here show
the effects of continued revision and retain what are thought to be the
most useful and essential principles. The examples that are chosen for
discussion are admittedly ones which illustrate a particular principle and
are chosen because a solution for them is possible. Changes of variable
and definitions of new quantities are introduced at many points in the
discussion. The fact that analysis is, after all, a sort of experimental
science should not be overlooked. Often, the changes that are made are
found only after a great many such modifications have been tried. The
one which successfully simplifies the equation is the one, of course, which
appears in the discussion. An analyst faced with a new and unknown
problem may have to try many approaches before he finds one that gives
the information he needs.

One of the fundamental problems in the analysis of any physical
system is the question of its stability. For this reason, discussions
relating to stability arise in many places in the following chapters.
Because of the kinds of phenomena which occur in a nonlinear system, it
is not possible to use a single definition for stability that is meaningful
in all cases. Several definitions are necessary, and the appropriate one
must be chosen in any given situation. Since the question of stability
is fundamental to almost every problem, it is a topic which ought,
perhaps, to be the first considered. On the other hand, the intricacies
of the question can be appreciated only after background has been
acquired. Therefore, points relating to stability appear at many places
throughout the book. Then, in the last chapter, these points are brought
together and presented in a more complete manner. A certain amount
of repetition is necessarily involved in this kind of presentation, but it
does provide a closing chapter in which many basic ideas are tied together.



