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Preface

The present work wants to be the systematic presentation of g funes
tional-analytic theory. It is an abstract version of those parts of
classical analytic function theory which can be circumscribed by boundary
value theory and Hardy spaces HP. The fascination of the field comes from
the fact that famous classical theorems of typical complex-analytic flas
vor appear as instant outflows of an abstract theory the tools of which
are standard real-analytic methods such as elementary functional analysis
and measure theory. The abstract theory started about twenty years ago
in papers of Arens and Singer, Gleason, Helson and Lowdenslager, Bochner,
Bishop, Wermer,... and went through several steps of abstraction (Diri-
chlet algebras, logmodular algebras,...). It never ceased to radiate back
and illuminate the concrete classical theory. We present the ultimate

step of abstraction which has been under work for about ten years.

The central concept is the abstract Hardy algebra situation. It is
comprehensive as well as pure and simple and permits to build up a cohe-
rent theory of remarkable and pleasant width and depth. We attempt to
present a systematic account in Chapters IV-IX. The abstract Hardy alge-
bra situation can be looked upon as a local section of the abstract func-
tion algebra situation. To achieve the localization is the main business
of the abstract F.and M.Riesz theorem and of the resultant Gleason part
decomposition procedure. These are central themes in Chapters II-III de-
voted to the absggact function algebra situation. Chapter I presents the
concrete unit disk situation in such a spirit as to prepare the abstract
concepts. Chapter X is devoted to standard applications of the abstract
theory to polynomial and rational approximation in the complex plane and

is the most conventional part of the book.

In comparison with the respective parts of the earlier treatises on
uniform algebras, the most comprehensive of which is GAMELIN [1969], the
present work contains numerous new results. In concepts and systematiza-
tion it is shaped after the work of Konig. Most of the chapters contain
substantial new material. A prime point is the systematic use of the asso-
ciated algebra H#. The most important individual new result is perhaps the
approximation theorem VI.4.1. Let us also quote Section VI.5 on the Marcel
Riesz estimation for the abstract conjugation after fundamental results of
Pichorides in the unit disk situation. For more details we refer to the

Introductions and Notes to the individual chapters.
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In its overall structure and in certain parts the present work resemb-
les the lectures on function algebras which Kdnig held in 1967/68 at the
california Institute of Technology in Pasadena/California, and which in
part had been distributed in a ﬁrovisional form. He wants to express his
warmest thanks to Wim Luxemburg and Charles DePrima who were his hosts
in those days, and likewise to Gunter Lumer to whom he owes the partici-
pation in the Function Algebra Seminar at the University of Washington
in Seattle/Washington in 1970. Above all he sends his deepest thanks to
Galen Seever and to K&zd Yabﬁta for most valuable and pleasant coopera-
tion, and he wants to include his former student Klaus Barbey who started
to participate with the elaboration of 1970/71 lecture notes which formed

the next step in the evolution of the present text.

In conclusion we want to express our sincere thanks to Michael Neumann
for his active interest and valuable work in connection with a common
seminar, to Ulla Faust and Gisela Schirmbeck who typed the final text
with impressive care and thoughtfulness, to Horst Lochwwho read most of
the proofs with distinctive care, and to Karla May and Gerd Rodé for

their kind assistance.
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Chaptex d

Boundary Value Theory

for Harmonic and Holomorphic Functions in the Unit Disk

The present chapter describes the concrete situation which forms the
basic model for the subsequent abstract theory. It leads up to the point
where the abstract theory can be put into action. The abstract theory
will then illuminate the reasons for which the individual classical theo-

rems are valid.

1. Harmonic Functions

For G an open subset of the complex plane ¢ let Harm(G) denote the
class of harmonic functions G-¢, Harm™(G) the class of bounded functions
in Harm(G), and CHarm(G) the class of those functions in Harm(G) which
admit continuous extensions G-¢. Here G means the closure of G relative
to the Riemann sphere so that «€G if G is unbounded. Furthermore let
Hol(G), Hol®(G) and CHol(G) denote the respective classes of holomorphic
functions G-¢.

The boundary value theory for the above function classes for unit disk
D = {ze¢:
Poisson kernel P:DxS-oR. It is defined to be

z|<1} and unit circle S = {s€¢:|s|=1} is dominated by the

s+z s sz 1—|z{2
P(z,s) = Re — = — + it e vV z€D and sE€S,
s-z. s-z 1-sz |s-z|
i - M 1_R2
P(Re™ ,e" ) = V O<R<1 and real u,v.

1—2Rcos(u-v)+R2
We list some immediate properties. i) P is continuous on DxS and

1-]z| 14|z |
=< P(z,8) <

[0JE < vV z€D and s€S.

14|z 1-|z]|
ii) P(R,etV)<P(R,e!¥) for real u,v with |u|<|v|<m and O<R<1.

d/1d) P(R,elt)»o for R+1 pointwise in 0<|t|<m and hence uniformly in

§<|t|<m for each §>0.



iv) P(za,so)=P(z,s) for z€D and s,q0€S.

v) P(Ra,B)=P(RB,a) for a,BES and O<R<1.

And we recall from elementary éﬁélytic function theory t
Here ) denotes one-dimensional Lebesgue measure On S

he basic repre-

sentation theorem.
with the normalization A(S)=1.

1.1 REPRESENTATION THEOREM: For fEHol (D) we have

_S_£(Rs)dA(s) = iImE(0) + | SZZRef(Rs)AX(s)
s

£(Rz} = [ =

P(z,s)f(Rs)dA(s) vV z€D and O<R<1.

[
S
/
S

'Hence for f€Harm(D) we have

f(Rz) = [ P(z,s)f(Rs)dA(s) v z€D and O<R<1.
S

In particular we have f P(z,s)dX(s) =1 for z€D.
S

We turn to the boundary behaviour of the functions in Harm(D). For

£:D»¢ and O<R<1 we put f :f(s)=f(Rs) Vs€S.

1.2 REMARK: Let 1<p<w. For f€Harm(D) then
1

(f[f(Rs>|de<s))5 for 1gp<=
S

| £g11 =
P (\) Max | f (Rs) | for p=e
SES

is monotone increasing in O<R<1.
Proof: For O<r<R<1 we obtain from 1.1
£(rz) = £(Rgz) = [ P (Ez,s) £ (Rs)dA (s) v ZE€S.
S

From this the cases p=1, 1<p<> and p=® require separate treatment. The

cases p=1 and p=x» are almost obvious, so we restrict ourselves to 1<p<x®.

For 1<g<» the conjugate exponent we obtain
[|£(xz) |Par(z) < [(] P(%z,s)\f(Rs)]dX(s))pdA(z)
S S S :

= (([ pEz,8) /9P Ez,s) " /P|£(rs) N (s))Par(z)
55 R R




A

(f P(%z,s)dx(s)]P/q(f P(%z,s)[f(Rs)]de(s))dX(z)
s g

{
s
/
s

(f P(%z,s)|f(Rs)|pdA(s)]dA(z) = [|£(rs) |Par(s),
S S
where v) above has been applied. QED.

For 1<p<> we define Harmp(D) to consist of the functions f€Harm(D)
with

Ly

=  sup || Bl

£l
E RH1 1P () o<kt (R g

For p=» this coincides with the earlier definition. From

N1f SoNGE k NCE for f€Harm(D)

we see that Harmm(D) < Harmp(D) (= Harm1(D). We formulate the boundary
behaviour of the functions in Harmp(D) in the subsequent propositions.

Here ca(S) denotes the class of complex-valued Baire measures on S.
1.3 PROPOSITION: i) For 0€ca(S) define the function

<6>:<06>(z) = [ P(z,s)d6(s) vV zE€D.
S

Then <6>€Harm' (D) and N1<e>=|bH:=total variation of 6. Furthermore for
R+1 we have convergence <9>RA+6 in the weak* topology o(ca(S),C(S)) =
gi(C(8),C(8)) .

11) Let 1<p<®. FOr FELP(A) consider the function
f = <FA>:£(z) = [ P(z,s)F(s)dA(s) v 2z€D.
S
Then f€Harm® (D) and pr=||FH & Furthermore for R41 we have conver-
LT ()

gence fR+F in LP(A\)-norm if 1<p<~ and in the weak* topology G(Lw(l),L1(A))
5 1 e | : -
B ool (A),L ()) 1f p=si

iii) For FEC(S) we have f=<FA>€CHarm(D). Furthermore for R+1 we have

convergence fR+F uniformly on S.

Proof: 1) <06>€Harm(D) for @€ca(S) is obvious since for real-valued
§ the definition represents <6> as the real part of a function in Hol(D) .
2) In order to prove iii) it suffices to show the uniform convergence
fxoF for Rt1. For O<R<1 and z€S we have




go(s)~Rinio= | P(Rz,s) (F(s)-F(z))dr(s) = [ P(R,2) (F(s)-F(z))dA(s)
S

S

m™ T
& 5L [ P(R,e" (F(zelt)—F(Z))dt,
e i

and hence for 0<8<m after subdivision into |[t|<é and §<|t|<m

5
]fR(z)—F(z)|_;§%-f p(r,ettyw(s)at + 2 ||F|| P(R,e1®) <w(8) +2 ||F|| P(R,e A

|
o

where w is the modulus of continuity of the function FEC(S). Therefore
lim sup |[|fp- F|| < w(8) for each o<é<m,
RM
so that|IfR—FH+o for RH1.
3) We next prove i). For f=<f>€Harm(D) and O;R<1 we have
[|£(Rz) |dA(z) < [([ P(Rz,s)d|6] (s))dX(z)
S S Ss

=[(f P(Rs,z)dr(z))dle]|(s) =]le]],
SRR
therefore fe€Harm' (D) and N,£< [|0]|. The weak* convergence to be shown

means that foRdA + [HA8 for Rt1 for each HEC(S). But this is true since
S 2]

for h=<HA> we know from iii) that

[ HEgax = [(f H(z)P(Rz,s)do (s))dA (z)
S S S

= /(f H(z)P(Rs,z)dA(z))d6(s) = [ hp(s)d6(s) > [ HA® for Rt1.
g8 5 S

And then |[Hfpd)[< |[H]| [1£xlaxrs [|H]|N, £ for O<R<1 implies that
S S
|fHd9];]|HHN1f for each HEC(S). This means [|6][ < N;f, so that we obtain
S
N, f= CHIE
4) In order to prove ii) we obtain

| £5 11 < 7|l for O<R<1
L oY P () T

as in the proof of 1.2. Thus feHarmP (D) and pr; HFIIP . Then in the
Lo Ax)

case 1<p<= we use the fact that C(S) is dense in LP()). Thus for HEC(S)

|
|
]



and h=<HA> we have

B SCs ae Seme aid b

* ”hR—H” -

HiEn =l < (E=h)l| + ||F-H]|
el t Y Fo12) P (1) P(x)
< 2 ||F-H|| + ||h-H| for O<R<1
s LR o ol
< 2 ||F-H|| in view of iii),

lim sup || £,-F|
RH1 hollgbi P

and hence fR+F in Lp(x)—norm. From this it follows that

HEIl 1P (yy = Lim |[£ || =N_f.
AR g R g B

In the case p == the weak* convergence to be shown means that foRdA
S

+ [HFdA for R41 for each H€L1(A). But this is true since for h=<HA>€
S

€Harm1(D) we know that hR+H in L1(A)—norm and hence

[ HEAA = [ hpFdx > [ HFdA ForiRig,
s 5 5
And then
[ redh] <lBH o ffall wo SllEE E for begc
s T L (A) L (2)

implies that |/ HFAA| < ||H|| N f for each HEL' (A). This means
5 2hch

ey . <N_f, so that we obtain N_f=||F|| , . QED.
1 L (A)
1.4 PROPOSITION: i) For each f€Harm1(D) there exists a unique
§ € ca(S) with f=<6>.
ii) Let 1<p;¥. For each f€HarmP (D) there exists a unique FeLP (1)
with f=<FA>.
iii) For each f€CHarm(D) there exists a unique FEC(S) with f=<FA>.

Proof: i) The measures foeca(S) fulfill

[Egr ]l = |I£ < N,f<® V O<R<1.

Il &
Rakain
Let 6 € ca(S) be a weak* limit point of these measures for R+1. Thus
for each HEC(S) there is a sequence R(n)+1 with foR(n)dA+fHde. Now from
1.1 we have s s
£(Rz) = [ P(z,s)f;(s)dA(s) v z€D and O<R<1.
S

For fixed z€D we take H=P(z,-) and a suitable sequence R=R(n)+1 to obtain




£(z) = [ P(z,s)de(s) =

S

<A (2 2EDy

ii) For 1<g<~ the conjugate exponent we have tP()=19())°. In view of
fleect| <N_f<» for O<R<1 there exists a weak* limit point FerP (1) of
R LP()\)_ P 3

the fR for R+1. Then we obtain f=<FA> as in the proof of i). The proof

of iii) is similar but simpler since the compactness argument is not

needed. The uniqueness assertions are immediate from 1.3. QED.

1.5 COROLLARY (HERGLOTZ): The formula f=<6> defines a bijection bet-
ween the nonnegative functions f€Harm(D) and the nonnegative measures
0€ Pos(S) .

Proof: For feHarm(D) nonnegative we have

£(0) = [ £(Rs)dr(s) = |[£:ll 4 for O<R<1,
S

(X)

so that feHarm1(D) and N1f=f(o). Then the assertions follow from 1.3
and 1.4. QED.

2. Pointwise Convergence: The Fatou Theorem and its Converse

Let f€Harm1(D). We ask for the pointwise convergence behaviour of the

functions fR for R+41. The answer is the famous Fatou theorem. Besides

of this abelian-type
Loomis. As usual the

dition is satisfied:

theorem we prove its tauberian converse due to

converse is not true unless

here we have to assume that

will in Section V.5 be valuable for the abstract

It is convenient for us to work with functions

an extra tauberian con-
f>0. The Loomis theorem

theory.

of bounded variation.

The Baire measures 0€ca(S) are in bijective correspondence with the
functions of bounded variation O:[—n,ﬂ]+¢ with the normalization

o(t) = %(6(t+)+6(t—)) foriielamidBi(mpi= Blr~) =60 (mTh) =0 (el

and 0(0)=0: the correspondence is

™ .
[ Fas = [ FetHrao(t)
S =1

vV Fec(s).

We can extend 0:[-m,m]+¢ to a unique function 0:R>¢ with the periodicity




property ©O(t+2m)-0(t)=const V real t, which then is a function of local
pounded variation with the normalization G(t)— (0(t+)+0(t-)) Vreal t

and 0(0)=0. The above correspondence reads

T+T
[ ras =" F(e )de(t) v FEC(S) and each real T.
S =T

Equivalent is
6({elt:u<t<v}) = 0(v-)-06(u+) V real u<vsu+2m.

In particular 6 is nonnegative € Pos(S) iff © is real-valued and mono-

tone increasing.

2.1 FATOU THEOREM: Let fEZHarm1(D) with corresponding 6€ca(S) and
0:R>¢. Let 0€R with

O(a+t) - 0 (a-t) A
TS s GE foX “t¥0.

Then f£(Re'¥) +A for Rt1.
From the above we see that

Q(o+t=)=B(o—t+) 1 9 ({eiu

5T 5T :a-t<u<a+tl})

iu
Bl mmusteusu El) g o<tsm,

£Y A({etY:a-t<u<a + t})

2T
have the subsequent corollary.

and this tends »> T %%(ela) for t40 for A-almost all e*%es. Thus we
2.2 COROLLARY: Let fEHarm1(D) with corresponding 6€ca(S). Then the

radial limit lim f(Rs) exists for A-almost all s€S, and the limit func-
RHM

: AV )
tion is = &y €L LX)
The result can be extended from radial limits to non-tangential

limits. We shall come back to this point in Section 4.

2.3 LOOMIS THEOREM: ILet f€Harm1(D) be nonnegative with correspon-
ding 6€ca(S) and O: k+¢ Let aG& with f(Re )+A for R+1. Then

|
i
H
i



