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Preface

“A group is defined by means of the laws of combinations of its symbols,”
according to a celebrated dictum of Cayley. Ahd this is probably still as
good a one-line explanation as any. The concept of a group is surely one
of the central ideas of mathematics. Certainly there are a few branches of
that science in which groups are not employed implicitly or explicitly. Nor
is the use of groups confined to pure mathematics. Quantum theory,
molecular and atomic structure, and crystallography are just a few of the
areas of science in which the idea of a group as a measure of symmetry has
played an important part.

The theory of groups is the oldest branch of modern algebra. Its origins
are to be found in the work of Joseph Louis Lagrange (1736-1813), Paulo
Ruffini (1765-1822), and Evariste Galois (1811-1832) on the theory of
algebraic equations. Their groups consisted of permutations of the variables
or of the roots of polynomials, and indeed for much of the nineteenth
century all groups were finite permutation groups. Nevertheless many of the
fundamental ideas of group theory were introduced by these early workers
and their successors, Augustin Louis Cauchy (1789-1857), Ludwig Sylow
(1832-1918), Camille Jordan (1838-1922) among others.

The concept of an abstract group is clearly recognizable in the work of
Arthur Cayley (1821-1895) but it did not really win widespread acceptance
until Walther von Dyck (1856-1934) introduced presentations of groups.

The stimulus to study infinite groups came from geometry and topology,
the influence of Felix Klein (1849-1925), Sophus Lie (1842-1899), Henri
Poincaré (1854-1912), and Max Dehn (1878-1952) being paramount.
Thereafter the standard of infinite group theory was borne almost single-
handed by Otto Juljevi¢ Schmidt (1891-1956) until the establishment of the
Russian school headed by Alexander Gennadievi¢ Kuro§ (1908-1971).

Vil
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In the meantime the first great age of finite group theory had reached its
apogee in the period immediately before the First World War with the work
of Georg Frobenius (1849-1917), William Burnside (1852-1927), and Issai
Schur (1875-1936). After 1928, decisive new contributions were made by
Philip Hall, Helmut Wielandt, and, in the field of group representations,
Richard Dagobert Brauer (1901-1977). The present intense interest in the
classification of finite simple groups is very largely the legacy of their work.

This book is intended as an introduction to the general theory of groups.
Its aim i8 to make the reader aware of some of the main accomplishments of
group theory while at the same time proyiding a reasonable coverage of
basic material. The book is addressed primarily to the student who wishes to
learn the subject, but it is hoped that it will also prove useful to specialists
in other areas as a work of reference. '

An attempt has been made to strike a balance between the different
branches of group theory, abelian groups, finite groups, infinite groups,
and to stress the unity of the subject. In choice of material I have been guided
by its inherent interest, accessibility, and connections with other topics. No
book of this type can be comprehensive, but I hope it will serve as an intro-
duction to the several excellent research level texts now in print.

The reader is expected to have at least the knowledge and maturity
of a graduate student who has completed the first year of study at a North
American university or of a first year research student in the UK. He or she
should be familiar with the more elementary facts about rings, fields, and
modules, possess a sound knowledge of linear algebra and be able to use
Zorn’s Lemma and transfinite induction. However, no knowledge of homo-
logical algebra is assumed: those homological methods required in the
study of group extensions are introduced as they become necessary. This
said. the theory of groups is developed from scratch. Many readers may
therefore wish to skip certain sections of Chapters 1 and 2 or to regard them
as a review. '

A word about the exercises, of which there are some 650. They are to be
found at the end of each section and must be regarded as an integral part of
the text. Anyone who aspires to master the material should set out to solve
as many exercises as possible. They vary from routine tests of comprehension
of definitions and theorems to more challenging problems, some theorems in
their own righ’t’:’j Exercises marked with an asterisk are referred to at some
subsequent point in the text.

Notation is by and large standard, dnd an attempt has been made to keep
it to a minimum. At the risk of some unpopularity, I have chosen to write all
functions.on the right. A list of commonly used symbols is placed at the
beginning of the book.

While engaged on this project I enjoyed the hospitality and benefited
from the assistance of  several institutions: the University of Illinois in
Urbana-Champaign, the University of Warwick, Notre Dame University,
and the University of Freiburg. To all of these and to the National Science
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Foundation I express my gratitude. I am grateful to my friends John Rose
and Ralph Strebel who read several chapters and made valuable comments
on them. It has been a pleasure to cooperate with Springer-Verlag in this
venture and I thank them for their unfailing courtesy and patience.

University of Illinois DEREK ROBINSON
Urbana, Illinois
August, 1980
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Chapter 1

Fundamental Concepts of Group Theory

In this first chapter we introduce the basic concepts of group theory, develop-
ing fairly rapidly the elementary properties that will be familiar to most
readers.

1.1 Binary Operations, Semigroups, and Groups

A binary operation on a set is a rule for combining two elements of the set.
More precisely, if S is a nonempty set, a binary operation on S is a function
a:S x S — S. Thus a associates with each ordered pair (x, y) of elements of S
an element (x, y)a of S. It is better notation to write x o y for (x, y)a, referring
to “o” as the binary operation.

If o is associative, that is, if

(i) (xoy)oz = xo(yoz)isvalid for all x, y, z in S, the pair (S, o) is calied a
semigroup. "

Here we are concerned with a very special type of semigroup. A semigroup
(G, o) is called a group if it has the following properties.

(ii) There exists in G an element e, called a right identity, such that x o e = x
for all x in G.

(iii) To each element x of G there corresponds an element y of G, called a
right inverse of x, such that xoy = e.

While it is clear how to define left identity and left inverse, the existence of
such elements is not presupposed; indeed this is a consequence of the group
axioms.



2 . 1 Fundamental Concepts of Group Theory

It is customary not to distinguish between the group (G, ¢) and its under-
lying set G provided there is no possibility of confusion as to the intended
group operation. Howeyer it should be borne in mind that there are usually
several possible group operations on a given set.

The order of a group is defined to be the cardinality of the underlying set G.
This is written | G | . If the group operation is commutative, that is,if x o y = y o x
is always valid, the group (G, o) is called abelian.*

Before giving some standard examples of groups we shall list the most
immediate consequences of the group axioms. The first of these is a general-
ization of the associative law to four or more elements.

1.1.1 (Generalized Associative Law). If an element of a group is constructed
from a sequence of elements x,, x,, . .., X, in this order by repeatedly inserting
brackets and applyirg the group operation, the element must equal

G..((xg0x3)0x3)...)0x,
and so is independent of the mode of bracketing.

Proof. Certainly we may assume that n > 2. If u is an element constructed
from x,, x,, ..., X, in the prescribed manner, we can write u = v o w where
v and w are constructed from’ Xy, Xp,...,X; and X;;q, ..., X, respectively
(1 <i<n).Ifw = x,, the result follows by induction onn. Otherwise we can
write w = wox, and u = (v o"w') o x,: once again the result follows by in-
duction on n. O

Consequently in any expression formed from the elements x4, ..., x, in
that order brackets can be omitted without amblguxty, an enormous s1mp11-
fication in notation.

1.1.2. Let x be an element of a group G, let e be a right identity and let y be a
right inverse of x. Then

(1) yox =e,
(i) eox = x,
(iii) e is the unique left identity and the unique right identity; y is the unique left
inverse of x and the unique right inverse of x.

@
Proof.(i)Letz = yox;thenzoz = yo(xoy)ox = zby 1.1.1. Now there is a
winGsuchthatzow = e.Sincezoz = z,wehavezo(zow) = zoworz = e.

(i) By(i) wehave x = xce=xo(yox) =(xoy)ox =eox.

(iii) By (ii) a right identity is a left identity. If ¢’ is any left identity, then
e = e’ o e = e. By (i) aright inverse of x is a left inverse. If ¢ is any left inverse
of x,thent =to(xoy) =(toXx)oy = y. O

" * After Niels Henrik Abel (1802-1829).



1.1 Binary Operations, Semigroups, and Groups 3

In view of the last result it is meaningful to speak of the identity of G and
the inverse of x in G.

There are two commonly used ways of writing the group operation of a
group (G, o). In the additive notation x o y is written as a “sum” x + y and the
identity element Og; or 0, while — x denotes the inverse of x. This notation is
often used for abelian groups. We shall -generally employ the multiplicative
notation wherein x o y is written as a “product” xy, the identity element is
1 or 1 and x~! is the inverse of x.

1.1.3. In any (multiplicative) group the equation xa = b implies that x = ba™!
and the equation ax = b implies that x = a™'b.

Proof. If xa = b, then x = (xa)a~! = ba™!: similarly for the second part. (J

1.14. Inany group (xy) ' =y !'x tand (x ')~ ! = x.

Proof. Let z = (xy)~*; then xyz = 1, whence yz = x ' and z = y " !x~ ! by
1.1.3. Since xx~! = 1, we have x = (x ')~ ! by 1.1.3 again.  ° O

Powers of an Element

Let x be an element of a multiplicatively written group G and let n be an
integer. The nth power x” of x is defined recursively in the following manner:

(i) x° = 14, x* = x, and x ! is the inverse of x,
(i) x"*!' = x"x ifn > 0,
(i) x"=(x"")"tifn < 0.
Naturally, if G is written additively, we shall write nx instead of x" and speak
of a multiple of x.

1.1.5 (The Laws of Exponents). Let m and n be integers and let x be an element -
of a group G. Then

(i) x™x" = x"*" = x"x",
(i) (7" = x™ = (x")".

Proof. (i) Let m > 0 and n > 0; then by induction on n and the definition
x™x" = x™*" Applying 1.1.3 we deduce that x" = x™™x"*" and x™ =
x™*"x~" Finally inversion of the equation x"x" = x™*" and application of
1.1.4 yield x""x~™ = x ™%, Hence the law is established in all cases.
“(ii) If n > O, it follows from the definition that (x™)" = x™. Now assume
that n < 0; then (x™)" = (x™) ")~ ! = (x™™)~! = x™ since x ™x™ = 1.

d



4 | Fundamental Concepts of Group Theory

Isomorphism

If G and H are groups, a function a: G — H is called an isomorphism if it is a
bijection (or one-one correspondence) and if (xy)a = (x)a - (y)o. The sym-
bolism G ~ H signifies that there is at least one isomorphism from G to H. If

* a: G - H is an isomorphism, an application of « to 1515 = 1; shows that
lga = 14, and to xx~! = 15 that (x™")a = (xa) 1. It is easy to prove that
isomorphism is an equivalence relation on groups.

One can see from the definition that isomorphic groups have exactly
corresponding underlying sets and group operations. Thus any property of a
group deg cible from its car ty and group operanou wxll be possessed by
all groups morphnc to it. Fof this reason one is not usually interested in
distinguishing between a group and groups that are isomorphic to it.

. EXERCISES 1.1 :
1. Show that a semigroup with a left-identity and left inverses is a group.
2. The identity (x;%5...x) ' =x; ... I)t; ‘x,‘_‘b holds in any group.
3. If the identity x> = 1 holds in a group G, then G is abelian, ‘
4

. Show from first principles that a group of even order contains an mvoluuon that is, an
element g # 1 such that g> = 1.

5. The equation (xy)" = x"y" holds ldentically in a group for all nif and only if the group
is abelian.

1.2 Examples of Groups

We shall now review some of the mare obvious sources of groups.

(i) Groups of Numbers

Let Z, Q, R, and C denote respectively the sets of all integers, rational numbers,
real numbers, and complex numbers. Each set becomes a group if we specify
ordinary addition as the group operation, zero as the identity and —x as the
inverse of x. The axioms of arithmetic guarantee the validity of the group
axioms as well as the commutativity of the group operation. Thus all four
groups are abelian. .’

The sets Q\ {0}, R\ {0}, and C\ {0} are groups with respect to multiplica-
tion, 1 being the identity and 1/x being the inverse of x. Again all the groups
are abelian.



