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Preface

Starting with the middle of the 1980s, there has been a growing and fruitful
interaction between algebraic geometry and certain areas of theoretical high-
energy physics, especially the various versions of string theory. In particular,
physical heuristics have provided inspiration for new mathematical definitions
(such as that of Gromov—Witten invariants) leading in turn to the solution of
(sometimes classical) problems in enumerative geometry. Conversely, the avail-
ability of mathematically rigorous definitions and theorems has benefitted the
physics research by providing needed evidence, in fields where experimental
testing seems still very far in the future.

This process is still ongoing in the present day, and actually expanding.
A partial reflection of it can be found in the courses of the CIME session
Enumerative invariants tn algebraic geometry and string theory. The session
took place in Cetraro from June 6 to June 11, 2005 with the following courses:

e Dan Abramovich (Brown University): Gromov-Witten Invariants for Orb-
ifolds. (5h)
Marcos Marino (CERN): Open Strings. (5h)
Michael Thaddeus (Columbia University): Moduli of Sheaves. (5h)
Ravi Vakil (Stanford University): Gromov-Witten Theory and the Moduli
Space of Curves. (5h)

Moreover, the following two talks were given as complementary material
to the course of Abramovich.

e Jim Bryan (University of British Columbia): Quantum cohomology of orb-
ifolds and their crepant resolutions.
e Barbara Fantechi (Sissa): Virtual fundamental class.

Orbifolds are a natural generalization of complex manifolds, where local
charts are given not by open subsets of a complex vector space but by their
quotients by finite groups. There are two natural descriptions, one in terms
of charts (which actually works in symplectic geometry) and one in algebraic
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geometry as smooth complex Deligne-Mumford stacks. Physicists have long
suggested treating orbifolds analogously to manifolds; this has led to the de-
velopment of an orbifold Euler characteristic, then of orbifold Hodge numbers,
and finally (due to Chen—Ruan, in 2000) of an orbifold cohomology, induced
by a full theory of Gromov Witten invariants for orbifolds. The course of Dan
Abramovich has presented the foundations, laid down in a series of papers by
Abramovich, Vistoli and others, of the definition of Gromov—Witten invariants
for orbifolds in the algebraic setting.

The course of Marcos Marino presented explicit enumerative computations
by manipulation of formal power series, based on the physical idea of trans-
forming an open string theory to a closed string theory. The aim was to de-
rive explicit relationships between Gromov-Witten, Donaldson Thomas and
Chern Simons invariants. In particular, the technique of the topological vertex
was explained, which allows a cut-and-paste approach to the determination
of such invariants. These methods have only partially received nmrathematical
proofs; they are therefore an important source of conjectures and methods for
further developments.

Enumerative geometry computations on moduli spaces of sheaves have
long been extremely useful both in physics and in mathematics; for instance
we may recall the definition of Donaldson and (more recently) Donaldson
Thomas invariants, for surfaces and (some) threefolds respectively. The course
by Michael Thaddeus has been a very broad overview of this kind of tech-
niques, with a particular accent on the definition of the Donaldson Thomas
invariants and the recent conjectures that relate them to Gromov-Witten in-
variants for Calabi Yau threefolds; evidence for the conjectures and examples
illustrating their significance have also been included.

One of the more established parts of the algebraic geometry — high energy
physics interaction has been the rigorous definition and the computation of
Gromov Witten invariants for smooth projective varieties. At the basis of
the very definition there is the existence and properness of the moduli stack
M, of stable curves. Surprisingly, in recent years it has been possible to
deduce theorems about M, using the results of the Gromov-Witten theory.
The course of Ravi Vakil gave a general introduction to this area of research,
starting at a comparatively elementary level and then reaching proofs of some
conjectures of C. Faber on the tautological cohomology ring of M, .

We acknowledge the COFIN 2003 “Spazi di moduli e teoria di Lie” for the
partial financial support given to this C.I.LM.E. session.

We express our deep gratitude to Barbara Fantechi, for her very active role
in the organization, for help and for precious scientific advices to the second
editor.

Kai Behrend
Marco Manett:
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