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Introduction.

This book presents recent progress on covering theorems for
simple groups. These results, as well as the methods, have applicat-
ions in diverse areas of group theory.

Let G be a group, C any nontrivial conjugacy class of G.
We define a regular covering theorem to be a theorem which guarantees,
under certain conditions, that for a positive integer m and avery
conjugacy class C # 1, c™ = G. An extended covering theorem
guarantees, under appropriate conditions, that for a positive integer
X, iﬁl C. = G for every sequence Cl’C2""’cr of (not necessarily
distinct) nontrivial conjugacy classes of G.

The basic theorems establish the existence of such m and r
for finite nonabelian simple groups and for certain types of infinite
simple groups. While the general problem of determining minimal values
for m and r is as yet unsolved, we have obtained a number of
interesting results. We denote by c¢n(G) (covering number of G) and
ecn (G) (extended covering number of G) the minimal values for m
and r, respectively. Clearly c¢n(G) € ecn(G).

Covering theorems for finite simple groups were first studied

by J. Brenner and his associates [2-10]. Focusing especially on An,

n 2 5, they determined conjugacy classes C satisfying c® = G,

where m = 2, 3, or 4. In [2] the following conjecture appears: for
n =6, cn(An) = [g]. In [16] J. Stavi proved this conjecture. 1In
Chapter 3 Y. Dvir showed that ecn(An) = [g] +1, n > 6, and that this
result implies c¢n(An) = [g], n 2 6. It is easy to check that

cn(As) = 3, ecn(AS) = 4.

In order to establish these extended covering numbers, Dvir
developed a theory of the products of conjugacy classes in An and
Sn, n 2 5. This theory provided answers to a number of questions

raised by Brenner. For example, in Chapter 3, Section 10, Dvir



presents a characterization of conjugacy classes C of An which
satisfy C3 = An (See [9]). 1In addition, a criterion is given which
determines whether or not a permutation is a product of two cycles
(see [71).

Dvir's theory gives a new proof of a well-known theorem of
Ree [15,11]. It also generalizes results of Brenner [10] and Bertram
[1] and improves results of Herzog and Reid [12,13].

Let S denote the set of finite simple groups G for which

we have computed c¢cn(G) and ecn(G). This set consists of

1) An, n = 6 (Chapter 3)
2n+1l

2) sz (2 ), n 21, cn(G) = 3, ecn(G) = 4 (Chapter 4)

3) PSL(2,q), g = pn > 2, p a prime, cn(G) =3, ecn (G) = 4
(Chapter 4)

4) Nonabelian simple groups of order less than one million
(Chapter 2)

5) M1l1l, M12, M22, M23, M24, Jl' JZ' J3, HS, SUZ, MCL, RU, HE,
ON, C3 (Chapter 2).

As mentioned above, cn(G) < ecn(G). We found, for all the

groups in S, but one, that ecn(G) = cn(G) + 1, and in particular, a

product of c¢n(G) nontrivial conjugacy classes covers at least G - {1}
The exception is €3 with c¢n(C3) = 3 and ecn(C3) = 5.

In addition we computed in Chapter 4, c¢cn(G) for several
families of infinite simple groups. We found an infinite simple group
for which cn(G) = 2, but ecn(G) =2 4. M. Droste [18] state the follow-
ing as a corollary of results of Chapter 4: Every infinite group G
can be embedded into a simple group H of the same cardinality which
satisfies cn(H) = 2.

The calculations drew upon the theories of permutations and
group characters. A large digital computer was used extensively.

We conjecture that if G 1is a nonabelian simple group with
k conjugacy classes, then c¢n(G) < k-1 if G is finite, and

cn(G) < 2(k-1) if G is infinite. In Chapter 1 we show that for G



finite,

cn(G) < min{ k(k-1)/2, 4k?/9} (Theorem 8.11),

ecn(G) < k(k+1)/2 (Theorem 9.6),

ecn(G) < |G| (Theorem 9.8).

We obtained a sharper bound than ecn(G) < |G| by using the
theory of group characters:

ecn(G) < 4|G|!‘ 1n|G| (Theorem 10.10).

J. Thompson conjectured that if G 1is a finite simple group,
then there exists a conjugacy class C such that C2 = G. We
verified Thompson's conjecture for all the groups in S, This con-
jecture would imply the well-known conjecture of Ore [14] that every
element of a finite nonabelian simple group is a commutator. We prove
that if G 1is a finite simple group in which every element is a com-
mutator, then c¢n(G) < 2(k-1). 1In view of the classification of the
finite simple groups and our results, in order to establish these
conjectures, it would suffice to compute c¢n(G) and ecn(G) for the
remaining sporadic and Chevalley groups. For many of the Chevalley
groups, this appears to be a difficult task.

For the following six groups in S we found that c ¢ C2
for a nonidentity conjugacy class C: U(3,3), U(4,2), U(3,4), L(3,5),
HS and C3 (Chapter 2)

In every one of the groups in S we found a set of three
distinct nontrivial conjugacy classes, whose product is G, and we
conjecture that this holds for all nonabelian finite simple groups.

In Chapter 4 we show that if c¢n(G) = 2, and G 1is finite,
then G 1is isomorphic to Jl. For infinite groups, on the other
hand, we present numerous examples of groups for which cn(G) = 2.

We conjecture that the product of two nontrivial conjugacy
classes of a nonabelian finite simple group is not a conjugacy class.
This holds for all groups in S. Proving this conjecture would

provide an affirmative answer to a famous conjecture of Szep [17]



that a factorizable group G = AB, where A and B are proper
subgroups of G with nontrivial centers, is not simple, Special
cases, which have been proved, include Burnside's paq Theorem and
the Kegel-Wielandt Theorem on the solvability of groups which are a
product of two nilpotent subgroups.

In Section 3 of Chapter 1 we generalize covering theory to
perfect groups. We also study properties of products of subsets of
G which are not necessarily conjugacy classes (Chapter 1, Section 3-6).

These investigations received their initial impetus from
answering a question arising in Universal Algebra and Model Theory
(Chapter 1, Section 2). The answer is an application of the basic
covering theorem.

Each chapter of the book has been written as an independent
article, with its own bibliography. Together they give a comprehensive

picture of recent results on coverings of groups.
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§1. Introduction

Let A be a subset of a group G. We say that A covers a subgroup # of & if
there exists an integer m such that A™ = H. One of the major problems con-
sidered in this research is whether or not A covers G, and if so, what is the
minimal integer satisfying A™ = G. In particular, we consider the case when 4 is
a conjugacy class of ¢. The smallest integer n satisfying C™ = G for each non-
trivial conjugacy class of G is called the covering number of G and is denoted by
cn(G). The extended covering number of G, denoted by ecn (G), is the smallest
integer m such that C, - ... - (5, = G for every choice of m non-trivial conjugacy
classes Cy,..., G of G. If G is finite, then cn(G) and ecn(G) exist if and only if
G is non-abelian simple. Upper bounds for cn(G) and ecn(G) are given in Sec-
tions B, 9 and 10 of this research. The values of cn(G) and ecn (G) for some fam-

ilies of simple groups will be studied in other chapters of this book.

Covering problems for special families of groups, in particular the 4, , were
studied by J. Brenner et al. in a series of paper [B1]-[B9], with an emphasis on
classes C such that ¢ = G. Our interest in this subject arose from the direction
of model theory and Boolean algebras. If G is a finite group and &£ is a Boolean
algebra, then the existence of cn(G) implies that the Boolean power G(£) deter-
mines £ uniquely up to isomorphism. Section 2 of this research is devoted to
this problem; see also [St] and [BM].

Properties of powers of a subset A of a finite group G are investigated in
Sections 3 and 4. In particular, it is shown that there always exists n such that
A™ is a subgroup of G. In Section 5 some of these results are generalized to
infinite groups.

In Section 6 some technical lemmas are proved, which are useful in Sec-

tions 8 and 9 for obtaining upper bounds for cn (G).



Section 7 is devoted to derivation of bounds for various exponents of conju-

gacy classes of G, such as e3 = min{n |C™ is a subgroup of G}, where C is a fixed

conjugacy class of G. It is shown, for example, that eg s;—kz. where k£ denotes

the number of conjugacy classes of G.

The methods of Sections 1-9 are elementary, while in Section 10 we use Lhe

character theory in order to improve some results of the earlier sections.

Notation and the basic covering theorem.

We shall use the standard notation of group theory. The identity element of
every group G will be denoted by 1. The set {1} will also be denoted by 1 and
called the trivial subgroup (or conjugacy class) of G. If H is a nonempty subset
of the group G, then H < G, H 4G, H<G, H 4 G, denote, respectively: H is a
subgroup of G, A is a normal subgroup of G, H is a proper subgroup ol G and H
is a proper normal subgroup of G. We shall often use the fact that if 4 is a
nonempty finite subset of G and products of every two element of A belong to 4,
then A < G. The subgroup of G generated by a nonempty subset A (or
{a,b,c,...}) will be denoted by <A> (or <a.b,c,...>). To each ¢ # A C G there
corresponds the normalizer subgroup of A in G, which is defined by
Ng(A) =z € G|zA = Ax}. The subset A will be called normal in G if Ng(4) = G.
If ¢ # A B € G and at least one of the subsets is normal in G, then AR = BA,
where AB = {ab |a € A, b € B|. The conjugacy class of a € G will be denoted by
Clg(a) or Cl(a), where Cl(a) = {zaz |z € G|. The conjugacy classes of G are

normal subsets and therefore their multiplication is commutative. If

¢ # A, ... A, CG, we define
M4 |i=1..ny=layaz .. anfa, € A, ap € Ap, . . . .Gy €4n) .

Clearly {a™|a € A} C A™; however, in general, these sets are not equal. The pro-

duct of zero nonempty subsets of G is defined to be 1. In particular, 4° = 1. If



<A> is finite, then <A> = U {4A™|n =0,1,...}. We also define 47! = {a"!la € 4}
and forn >0, A™ = (471" = (4*)!

Following Brenner [B1] the abbreviation FINASIG will be used for: finite
non-abelian simple group

The following basic theorem is not new (see [B1] or [Fe, §6, Theorem 6]).
However, the method of its proof reveals the basic technique which will be used

in this paper in order to prove many of its generalizations.

Theorem 1.1. (The basic covering theorem). Let G be a FINASIG and let
C # 1 be a conjugacy class in G. Then there erists a positive integer m such

that C™ = G.

Proof. Choose 7 > 0 such that 1 € C". For example, choose 7 to be the

order of a, where C = Cl{a). For each k=0 clearly:
CrikH) = COBLE 5 (0 . g 5 O
and consequently:
i e € ...

Since G is finite, there exists k& >0 such that C* = C**Yr and hence
¥ = c.+1)7 for each j=0. In particular, C¥ = C?7 = (C¥7)2 and since G is fin-
ite, C*" < G. But C is a conjugacy class, hence a normal subset of G, and conse-
quently C* 4G. Now G is a FINASIG, so it has a trivial center and thus |C| > 1.
Let a,b be distinct elements of C. Then a*" and a*"~1b are distinct elements of
C* and therefore C¥ # 1. The simplicity of G now implies that C* = G, com-

pleting the proof of Theorem 1.1. O

If m is an integer satisfying Theorem 1.1, then clearly C™*! = GC = G and

in general C" = G for n >m. As G has only a finite number of conjugacy



classes, we obtain

Corollary 1.2. [f G is a FINASIG then there exists a positive integer m

such that C™ = G for every nontrivial conjugacy class C in G.

The minimal m with the property of Corollary 1.2 will be called the covering
number of G. One of the basic goals of this paper, as well as of some papers to

follow, will be to supply estimates for the covering number.

Finally we shall state Corollary 1.2 in a different way, which will be useful in
the following section. We shall call a finite group G # 1 m- good if given any two
elements a and b of G, a # 1, the following property holds: b is a product of m
conjugates of a. In other words: b € {Cl(a))™ holds for every a,b € G such that
a # 1. Clearly that is equivalent to the condition C™ = G for every nontrivial
conjugacy class C of G. Thus Corollary 1.2 states that a FINASIG & is m-good for

some positive integer m. However, the converse is also true.

Corollary 1.3. [et G be a nontrivial finite group. Then G is a FINASIG if

and only if there exists m such that G is m-good.

Proof. Suppose that G is m-good. In view of Corollary 1.2, we have only to
prove that G is a FINASIG. If A is a normal subgroup of G containing a # 1, then
G = (Cl(a))™ = H and hence G is simple. Moreover, G is nonabelian, since oth-
erwise {a} = Cl(a) for each a € G and G = {a™] for every a # 1, a contradiction

as G # 1. O

§2. Applications to Boolean powers

If G is a finite group, viewed as a discrete topological space, and if X is any
topological space, define C(X.G) as the group of all continuous functions from X
to G with multiplication defined by (fg)(z) = f(z)g(z) for every f.g € C(X.G)
and z € X. Notice that if f € C(X.G)., then f obtains a finite number of values

(since G is finite) and each value is obtained on an open and closed subset of X.



1"

Denote by Clop (z) the collection of open and closed subsets of X and view it as a
Boolean algebra with the set-theoretical operations of union, intersection and
complement. One can view Clop(X) also as a partially ordered set with respect
to the inclusion C relation. It is well known that a partial ordering of a Boolean

algebra determines its operations.

Theorem 2.1. Let G be a nontrivial finite group and suppose that G is m.-
good for some positive integer m (by Corollary 1.3 this is equivalent to the con-
dition: G is a FINASIG). Let X,Y be any topological spaces. If the groups
C(X.G) and C(Y.G) are isomorphic, then the Boolean algebras Clop(X) and
Clop (Y) are isomorphic.

Proaof. It suffices to show how the structure of Clop(X) as a partially
ordered set is determined by the structure of the group C(X.G). In order to do
so, we define for each f € C(X.G) its support by: s(f)={xr € X|f(z) # 1}. For
each f € C(X.G), s(f) is an open and closed subset of X. Since G is nontrivial,
for each set A in Clop(X) there exists f € C(X.G) such that A =s(f). There-
fore, each set in Clop(X) can be represented as an equivalence class of elements
of C(X,G) with respect to the relation s(f) = s(g), and the partial ordering of
Clop (X) is induced on the equivalence classes by the relations(f) € s(g). Thus
it suffices to show that it is possible to define the relations s(f) =s{g).
s(f) < s(g) between elements f and g of C(X,G) in an algebraic way from the

group structure of C(X,G). Now we shall apply the assumption that G is m-good

in order to prove:

Lemma 2.2. Let g.f € C(X,G). Then s(f) Cs(g) if and only if f is a pro-
duct of m conjugates of g in the group C(X,G).

Proof of Lemma 2.2. Suppose, first, that f = [I{kgh ' |i=1, .. ., m], where
hy, ... ,hy, € C(X,G). Then whenever g(z) = 1, also f{z) = 1 and consequently,

s(f) < s(g). Suppose, on the other hand, thats(f) C s(g). Let (X;.... .X,) be



