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Preface

Constraint programming is the fruit of several decades of research carried out
in mathematical logic, automated deduction, operations research and artificial
intelligence. The tools and programming languages arising from this research
field have enjoyed real success in the industrial world as they contribute to solving
hard combinatorial problems in diverse domains such as production planning,
communication networks, robotics and bioinformatics.

This volume contains the extended and reviewed versions of a selection of
papers presented at the Joint ERCIM/CoLogNET International Workshop on
Constraint Solving and Constraint Logic Programming (CSCLP 2003), which
was held from June 30 to July 2, 2003. The venue chosen for the seventh edition
of this annual workshop was the Computer and Automation Research Institute
of the Hungarian Academy of Sciences (MTA SZTAKI) in Budapest, Hungary.
This institute is one of the 20 members of the Working Group on Constraints of
the European Research Consortium for Informatics and Mathematics (ERCIM).
For many participants this workshop provided the first opportunity to visit their
ERCIM partner in Budapest.

CoLogNNET is the European-funded network of excellence dedicated to sup-
porting and enhancing cooperation and research on all areas of computational
logic, and continues the work done previously by the Compulog Net. In partic-
ular, the aim of the logic and constraint logic programming area of CoLogNET
is to foster and support all research activities related to logic programming and
constraint logic programming.

The editors would like to take the opportunity and thank all the authors who
submitted papers to this volume, as well as the reviewers for their helpful work.
We hope this volume is useful for anyone interested in the recent advances and
new trends in constraint programming, constraint solving, problem modelling
and applications.

January 2004 K.R. Apt, F. Fages, F. Rossi, P. Szeredi and J. Vancza
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A Comparative Study of Arithmetic Constraints
on Integer Intervals

Krzysztof R. Apt!? and Peter Zoeteweij!

1 CWI, P.O. Box 94079, 1090 GB Amsterdam, the Netherlands
2 University of Amsterdam, the Netherlands

Abstract. We propose here a number of approaches to implement con-
straint propagation for arithmetic constraints on integer intervals. To
this end we introduce integer interval arithmetic. Each approach is ex-
plained using appropriate proof rules that reduce the variable domains.
We compare these approaches using a set of benchmarks.

"1l  Preliminaries

1.1 Introduction

The subject of arithmetic constraints on reals has attracted a great deal of atten-
tion in the literature. For some reason arithmetic constraints on integer intervals
have not been studied even though they are supported in a number of constraint
programming systems. In fact, constraint propagation for them is present in
ECL!PS¢®, SICStus Prolog, GNU Prolog, ILOG Solver and undoubtedly most of
the systems that support constraint propagation for linear constraints on integer
intervals. Yet, in contrast to the case of linear constraints — see notably [5] —
we did not encounter in the literature any analysis of this form of constraint
propagation.

In this paper we study these constraints in a systematic way. It turns out
that in contrast to linear constraints on integer intervals there are a number of
natural approaches to constraint propagation for these constraints.

. To define them we introduce integer interval arithmetic that is modeled after
the real interval arithmetic, see e.g., [6]. There are, however, essential differences
since we deal with integers instead of reals. For example, multiplication of two
integer intervals does not need to be an integer interval. In passing by we show
that using integer interval arithmetic we can also define succinctly the well-
known constraint propagation for linear constraints on integer intervals. In the
second part of the paper we compare the proposed approaches by means of a set
of benchmarks.

1.2 Constraint Satisfaction Problems

We review here the standard concepts of a constraint and of a constraint satis-
faction problem. Consider a sequence of variables X := z1,...,z, where n > 0,

K.R. Apt et al. (Eds.): CSCLP 2003, LNAI 3010, pp. 1-24, 2004.
© Springer-Verlag Berlin Heidelberg 2004



2 Krzysztof R. Apt and Peter Zoeteweij

with respective domains Dy, ..., D, associated with them. So each variable z;
ranges over the domain D;. By a constraint C on X we mean a subset of
Dy x ... x D,. Given an element d := dy,...,d, of D; x ... x D,, and a sub-
sequence Y := z;,,...,z;, of X we denote by d[Y] the sequence d;,,...,d;,. In
particular, for a variable z; from X, d[z;] denotes d;.

A constraint satisfaction problem, in short CSP, consists of a finite se-
quence of variables X with respective domains D, together with a finite set C of

constraints, each on a subsequence of X. We write it as (C ; z1 € Dy,...,zn €
D,), where X :=21,...,2, and D := Dy,..., D,.
By a solution to (C ; z; € Dy,...,z, € D,,) we mean an element d € D; x

...x D, such that for each constraint C' € C on a sequence of variables X we have
d[X] € C. We call a CSP consistent if it has a solution and inconsistent if it
does not. Two CSPs with the same sequence of variables are called equivalent
if they have the same set of solutions. In what follows we consider CSPs the
constraints of which are defined in a simple language and identify the syntactic
description of a constraint with its meaning being the set of tuples that satisfy
it.

We view constraint propagation as a process of transforming CSPs that
maintains their equivalence. In what follows we define this process by means of
proof rules that act of CSPs and preserve equivalence. An interested reader can
consult [1] for a precise explanation of this approach to describing constraint
propagation.

1.3  Arithmetic Constraints
To define the arithmetic constraints use the alphabet that comprises

— variables,

— two constants, 0 and 1,

— the unary minus function symbol ‘—’,

— three binary function symbols, ‘+’,—’and ‘.’, all written in the infix notation.

By an arithmetic expression we mean a term formed in this alphabet and
by an arithmetic constraint a formula of the form

sopt,

where s and ¢ are arithmetic expressions and op € {<, <,=,#, >, >}. For exam-
ple
28 y? 2t 3% 25 <104+ 40?8 22 — g2 25 2 (1)

is an arithmetic constraint. Here z® is an abbreviation for z -z -z - z - z and

similarly with the other expressions. If ‘-’ is not used in an arithmetic constraint,
we call it a linear constraint.

By an extended arithmetic erpression we mean a term formed in the
above alphabet extended by the unary function symbols ‘.’ and ‘ 3/ for each
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n > 1 and the binary function symbol ‘/’ written in the infix notation. For

example
V(2 - 24)/(z? - ud) (2)

is an extended arithmetic expression. Here, in contrast to the above z° is a term
obtained by applying the function symbol ‘.%’ to the variable z. The extended
arithmetic expressions will be used only to define constraint propagation for the
arithmetic constraints.

Fix now some arbitrary linear ordering < on the variables of the language.
By a monomial we mean an integer or a term of the form

n1 Tk
a- -zt LT
where k > 0, z3, ...,z are different variables ordered w.r.t. <, and a is a non-
zero integer and ni,...,nk are positive integers. We call then 27" - ... . z* the

power product of this monomial.
Next, by a polynomial we mean a term of the form

mn
Zi=1mi,

where n > 0, at most one monomial m; is an integer, and the power products
of the monomials m;,...,m, are pairwise different. Finally, by a polynomial
constraint we mean an arithmetic constraint of the form s op b, where s is a
polynomial with no monomial being an integer, op € {<,<,=,#,>,>},and b is
an integer. It is clear that by means of appropriate transformation rules we can
transform each arithmetic constraint to a polynomial constraint. For example,
assuming the ordering z < y < z on the variables, the arithmetic constraint (1)
can be transformed to the polynomial constraint

2% . y? . 2t —dat f 224324825 <10

So, without loss of generality, from now on we shall limit our attention to the
polynomial constraints.

Next, let us discuss the domains over which we interpret the arithmetic con-
straints. By an integer interval, or an interval in short, we mean an expres-
sion of the form

[a..b]

where a and b are integers; [a..b] denotes the set of all integers between a and b,
including @ and b. If a > b, we call [a..b] the empty interval and denote it by
{. Finally, by a range we mean an expression of the form

zel

where z is a variable and I is an interval.

2 Integer Set Arithmetic

To reason about the arithmetic constraints we employ a generalization of the
arithmetic operations to the sets of integers.
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2.1 Definitions

For X, Y sets of integers we define the following operations:

— addition:

X+Y:={z+y|lzeX,yecY},
— subtraction:

X-Y={z—-y|lzeX,yeY}
— multiplication:

X Yi={zylzeX,yeY}
— division:

XY ={ueZ|3zeXyeYu y=rx},

— exponentiation:

X" :={z" |z € X},

for each natural number n > 0,
— root extraction:
VX :={ze€ Z|z" e X},

for each natural number n > 0.

All the operations except division are defined in the expected way. We shall
return to it at the end of Section 6. At the moment it suffices to note the division
operation is defined for all sets of integers, including ¥ = @ and Y = {0}. This
division operation corresponds to the following division operation on the sets of
reals introduced in [8]:

%:z{ue'lﬂﬂxeXEIyEYu-y:x}.
For a (n integer or real) number a and op € {+,—,, /} we identify a op X with
{a} op X and X opa with X op {a}.

To present the rules we are interested in we shall also use the addition and
division operations on the sets of real numbers. Addition is defined in the same
way as for the sets of integers, and division is defined above. In [6] it is explained
how to implement these operations.

Further, given a set A of integers or reals, we define

SA={z€Z|JacAz<a}

2A:={zcZ|JacAz>a)

When limiting our attention to intervals of integers the following simple ob-
servation is of importance.
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Note 1. For X,Y integer intervals and a an integer the following holds:

— XNY, X+Y,X —Y are integer intervals.

— X/{a} is an integer interval.

— X .Y does not have to be an integer interval, even if X = {a} or Y = {a}.

— X/Y does not have to be an integer interval.

— For each n > 1 X™ does not have to be an integer interval.

— Foroddn>1 /X isan integer interval.

— For even n > 1 {/X is an integer interval or a disjoint union of two integer
intervals. a

For example we have
[2..4] + [3..8] = [5..12],

[3..7] — [1..8] = [-5..6],

3..3] - [1..2] = {3,6},
3..5]/[-1..2] = {~5,—4,-3,2,3,4,5},
[-3..5]/[-1..2] = 2,

[1..2]% = {1,4},
{/1-30..100] = [-3..4],
{/[-100.9] = [-3..3],
YM.9] =[-3..—1)U[1.3].

To deal with the problem that non-interval domains can be produced by some
of the operations we introduce the following operation on the subsets of the set
of the integers Z:

Pl X = smallest integer interval containing X if X is finite,
R A otherwise.

For example int([3..5]/[—1..2]) = [-5..5] and int([-3..5]/[-1..2]) = Z.

2.2 Implementation

To define constraint propagation for the arithmetic constraints on integer in-
tervals we shall use the integer set arithmetic, mainly limited to the integer
intervals. This brings us to the discussion of how to implement the introduced
operations on the integer intervals. Since we are only interested in maintaining
the property that the sets remain integer intervals or the set of integers Z we
shall clarify how to implement the intersection, addition, subtraction and root
extraction operations of the integer intervals and the int(.) closure of the mul-
tiplication, division and exponentiation operations on the integer intervals. The
case when one of the intervals is empty is easy to deal with. So we assume that
we deal with non-empty intervals [a..b] and [c..d], that is a < b and ¢ < d.
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Intersection, addition and subtraction. It is easy to see that

[a..b] N [c..d] = [maz(a,c)..min(b,d)],
[a.b] +[c.d]=[a+c.. b+d],
[a.b] —[c.d]=[a—d .. b—].

So the interval intersection, addition, and subtraction are straightforward to
implement.

Root extraction. The outcome of the root extraction operator applied to an
integer interval will be an integer interval or a disjoint union of two integer
intervals. We shall explain in Section 4 why it is advantageous not to apply int(.)
to the outcome. This operator can be implemented by means of the following
case analysis.

Case 1. Suppose n is odd. Then
Ve = ([¥/a] .| Y5}
Case 2. Suppose n is even and b < 0. Then

Y[a..b] = 0.

Case 3. Suppose n is even and b > 0. Then
VIa ] == || V8] .~ [I¥aF| 0 ([1¥aF]] - |1 98]
where at := maz(0,a).

Multiplication. For the remaining operations we only need to explain how to
implement the int(.) closure of the outcome. First note that

int([a..b] - [c..d]) = [min(A)..maz(A)],

where A= {a-c,a-d,b-c,b-d}.
Using an appropriate case analysis we can actually compute the bounds of
int([a..b] - [c..d]) directly in terms of the bounds of the constituent intervals.

Division. In contrast, the int(.) closure of the interval division is not so straight-
forward to compute. The reason is that, as we shall see in a moment, we cannot
express the result in terms of some simple operations on the interval bounds.

Consider non-empty integer intervals [a..b] and [c..d]. In analyzing the out-
come of int([a..b]/[c..d]) we distinguish the following cases.

Case 1. Suppose 0 € [a..b] and 0 € [c..d].
Then by definition int([a..b]/[c..d]) = Z. For example,

int([~1..100]/[-2..8]) = Z.



