ecture Notes in

Mathematics

Edited by A. Dold and B. Eckmann

1143

Aloys Krieg

Modular Forms on
Half-Spaces of Quaternions

SpringerVerlag
Berlin Heidelberg New York Tokyo



Lecture Notes In
Mathematics

Edited by A. Dold and B. Eckmann

1143

Aloys Krieg

Modular Forms on
Half-Spaces of Quaternions

@

SpringerVerlag
Berlin Heidelberg New York Tokyo



Author

Aloys Krieg
Mathematisches Institut der Westfalischen Wilhelms-Universitat
Einsteinstr..62, 4400 Munster, Federal Republic of Germany

Mathematics Subject Classification (1980): 10D20

ISBN 3-540-15679-8 Springer-Verlag Berlin Heidelberg New York Tokyo
ISBN 0-387-15679-8 Springer-Verlag New York Heidelberg Berlin Tokyo

Library of Congress Cataloging-in-Publication Data. Krieg, Aloys, 1955 — Modular forms on half-
spaces of quaternions. (Lecture notes in mathematics; 1143) Bibliography: p. Includes index. 1.
Forms, Modular. 2. Quaternions. |. Title Il. Series: Lecture notes in mathematics (Springer-
Verlag; 1143. QA.L28 no. 1143 520 s 85-17284 [QA243] [612'.522]

ISBN 0-387-15679-8 (U.S.)

This work is subject to copyright. All rights are reserved, whether the whole or part of the material
is concerned, specifically those of translation, reprinting, re-use of illustrations, broadcasting,
reproduction by photocopying machine or similar means, and storage in data banks. Under

§ 54 of the German Copyright Law where copies are made for other than private use, a fee is
payable to “Verwertungsgesellschaft Wort", Munich.

© by Springer-Verlag Berlin Heidelberg 1985
Printed in Germany

Printing and binding: Beltz Offsetdruck, Hemsbach/Bergstr.
2146/3140-543210



Lecture Notes in Mathematics

For information about Vols. 1-925, please contact your book-
seller or Springer-Verlag.

Vol. 926: Geometric Techniques in Gauge Theories. Proceedings,
1981. Edited by R. Martini and E.M.de Jager. IX, 219 pages. 1982.

Vol. 927: Y. Z. Flicker, The Trace Formula and Base Change for
GL (3). XIl, 204 pages. 1982.

Vol. 928: Probability Measures on Groups. Proceedings 1981. Edited
by H. Heyer. X, 477 pages. 1982.

Vol. 929: Ecole d'Eté de Probabilites de Saint-Flour X - 1980.
Proceedings, 1980. Edited by PL. Henneguin. X, 313 pages. 1982.

Vol. 930: P. Berthelot, L. Breen, et W. Messing, Theorie de Dieudonne
Cristalline Il. XI, 261 pages. 1982

Vol. 931: D.M. Arnold, Finite Rank Torsion Free Abelian Groups
and Rings. VII. 191 pages. 1982.

Vol. 932: Analytic Theory of Continued Fractions. Proceedings, 1981.
Edited by WB. Jones, W.J. Thron, and H. Waadeland. VI, 240 pages.
1982

Vol. 933: Lie Algebras and Related Topics. Proceedings. 1981
Edited by D. Winter VI, 236 pages. 1982
Vol 934: M. Sakai. Quadrature Domains. IV, 133 pages. 1982

Vol. 935: R. Sot, Simple Morphisms in Algebraic Geometry. IV,
146 pages. 1982,

Vol. 936: S.M. Khaleelulla, Counterexamples in Topological Vector
Spaces. XXI|, 179 pages. 1982

Vol. 937: E. Combet, Intégrales Exponentielles. VIII, 114 pages
1982.

Vol. 938: Number Theory. Proceedings. 1981. Edited by K. Alladi
IX. 177 pages. 1982

Vol. 939: Martingale Theory in Harmonic Analysis and Banach
Spaces. Proceedings, 1981. Edited by J.-A. Chao and WA. Woy-
czynski. VIII, 225 pages. 1982

Vol. 940: S. Shelah, Proper Forcing. XXIX, 496 pages. 1982

Vol. 941: A. Legrand, Homotopie des Espaces de Sections. VI,

132 pages. 1982

Vol. 942: Theory and Applications of Singular Perturbations. Pro-
ceedings. 1981. Edited by W. Eckhaus and EM. de Jager. V. 363
pages. 1982.

Vol. 943. V. Ancona, G. Tomassini, Modifications Analytiques. iV,
120 pages. 1982.

Vol. 944: Representations of Algebras. Workshop Proceedings,
1980. Edited by M. Auslander and E. Lluis. V, 258 pages. 1982.

Vol. 945: Measure Theory. Oberwolfach 1981, Proceedings. Edited
by D. Kélzow and D. Maharam-Stone. XV, 431 pages. 1982.

Vo!. 946: N. Spaltenstein, Classes Unipotentes et Sous-groupes de
Borel. IX, 259 pages. 1982.

Vol. 947: Algebraic Threefolds. Proceedings, 1981. Edited by
A. Conte. VII, 315 pages. 1982.

Vol. 948: Functional Analysis. Proceedings, 1981. Edited by D. But-
kovi¢, H. Kraljevi¢, and S. Kurepa. X, 239 pages. 1982.

Vol. 949: Harmonic Maps. Proceedings, 1980. Edited by R.J. Knill,
M. Kalka and H.C.J. Sealey. V, 158 pages. 1982.

Vol. 950: Complex Analysis. Proceedings, 1980. Edited by J. Eells.
IV, 428 pages. 1982.

Vol. 951: Advances in Non-Commutative Ring Theory. Proceedings,
1981. Edited by PJ. Fleury. V. 142 pages. 1982.

Vol. 952: Combinatorial Mathematics IX. Proceedings, 1981. Edited
by E. Billington, S. Oates-Williams, and A.P. Street. X|, 443 pages.
1982.

Vol. 953: Iterative Solution of Nonlinear Systems of Equations. Pro-
ceedings, 1982. Edited by R. Ansorge, Th. Meis, and W. Tornig.
VIl, 202 pages. 1982.

Vol. 954: S.G. Pandit, S.G. Deo, Differential Systems Involving
Impulses. VII, 102 pages. 1982.

Vol. 955: G. Gierz, Bundles of Topological Vector Spaces and Their
Duality. IV, 296 pages. 1982

Vol.956: Group Actions and Vector Fields. Proceedings, 1981. Edited
by J.B. Carrell. V, 144 pages. 1982.

Vol. 957: Differential Equations. Proceedings, 1981. Edited by
D.G. de Figueiredo. VIII, 301 pages. 1982.

Vol. 958° F.R. Beyl, J. Tappe, Group Extensions, Representations,
and the Schur Multiplicator. IV, 278 pages. 1982.

Vol. 959: Géométrie Algeébrique Reéelle et Formes Quadratiques,
Proceedings, 1981. Edité par J.-L. ColliotTheléne, M. Coste, L. Maheé,
et M.-F. Roy. X, 458 pages. 1982.

Vol. 960: Multigrid Methods. Proceedings, 1981. Edited by W. Hack-
busch and U. Trottenberg VII, 652 pages. 1982.

Vol. 961: Algebraic Geometry. Proceedings, 1981. Edited by /. M
Aroca, R Buchweitz, M. Giusti. and M. Merle. X, 500 pages. 1982

Vol. 962: Category Theory. Proceedings, 1981. Edited by K.H. Kamps
D. Pumplun, and W. Tholen, XV, 322 pages. 1982.

Vol. 963: R. Nottrot, Optimal Processes on Manifolds. VI, 124 pages.
1982

Vol. 964: Ordinary and Partial Differential Equations. Proceedings,
1982. Edited by W.N. Everitt and B.D. Sleeman. XVIIl, 726 pages.
1982.

Vol. 965: Topics in Numerical Analysis. Proceedings, 1981. Edited
by PR. Turner. IX, 202 pages. 1982.

Vol. 966: Algebraic K-Theory. Proceedings, 1980, Part |. Edited
by R.K. Dennis. VI!l, 407 pages. 1982.

Vol. 967: Algebraic K-Theory. Proceedings, 1980. Part Il. VIII,
409 pages. 1982.

Vol. 968: Numerical Integration of Differential Equations and Large
Linear Systems. Proceedings, 1980. Edited by J. Hinze. VI, 412 pages.
1982.

Vol. 969: Combinatorial Theory. Proceedings, 1982. Edited by
D. Jungnickel and K. Vedder. V. 326 pages. 1982.

Vol. 970: Twistor Geometry and Non-Linear Systems. Proceedings,
1980. Edited by H.-D. Doebner and T.D. Palev. V. 216 pages. 1982.

Vol. 971: Kleinian Groups and Related Topics. Proceedings, 1981.
Edited by D.M. Gallo and R.M. Porter. V, 117 pages. 1983.

Vol. 972: Nonlinear Filtering and Stochastic Control. Proceedings,
1981. Edited by S.K. Mitter and A. Moro. VIIl, 297 pages. 1983.

Vol. 973: Matrix Pencils. Proceedings, 1982. Edited by B. Kagstrom
and A. Ruhe. XI, 293 pages. 1983.

Vol. 974: A. Draux, Polynémes Orthogonaux Formels - Applications.
VI, 625 pages. 1983

Vol. 975: Radical Banach Algebras and Automatic Continuity. Pro-
ceedings, 1981. Edited by J.M. Bachar, W.G. Bade, P.C. Curtis Jr,
H.G. Dales and M.P. Thomas. VIll, 470 pages. 1983.

Vol. 976: X. Fernique, PW. Millar, D.W. Stroock, M. Weber, Ecole
d'Eté de Probabilités de Saint-Flour XI - 1981. Edited by PL. Henne-
quin. XI, 465 pages. 1983.

Vol. 977: T. Parthasarathy, On Global Univalence Theorems. VI,
106 pages. 1983.

Vol. 978: J. tawrynowicz, J. Krzyz, Quasiconformal Mappings in the
Plane. VI, 177 pages. 1983.

Vol. 979: Mathematical Theories of Optimization. Proceedings, 1981.
Edited by J.P. Cecconi and T. Zolezzi. V, 268 pages. 1983.

continued on page 209



Introduction

The mathematical background

The theory of elliptic modular forms and functions developed from
the investigation of elliptic functions in the 19th century. One pro-
ceeds from the upper half

(1) H:={z =x+iy € ¢ ; y > 0}
in ¢ . By means of the group
(2) SL(2;R) := {M € Mat(2;R) ; det M = 1}

one can describe the biholomorphic maps of H onto itself. All these
maps are of course given by the transformations

ab
c d

(3) z—> M<z> := 22%b , whenever M = (

=i d ) € SL(2;R)

The so-called modular group
(4) ' := SL(2;Z)

forms a discrete subgroup of SL(2;R) and plays an essential part.

By a fundamental domain one means a closed set of representatives
of H with respect to the equivalence relation induced by T , where
every two different interior points are not equivalent. Such a domain

can easily be described by

Theorem A. F := {z=x+iy € # ; |x] <4, |z| 2 1} is a fundamental

domain of H with respect to the action of T

Given k € Z a holomorphic function f : H—— ¢ is called an

elliptic modular form of weight k if the following two properties

are satisfied:

f (M<z>) (cz +d)_k = f(z) for all z € H and M = <a g) €T .
(5) { ©
f is bounded in every domain y = p > 0 .
By virtue of the boundedness, a FOURIER-expansion at <« in the
form

=<

6  Fl=) =) wtel £, a2 p,
t=0
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is obtained. The set [T,k] of all elliptic modular forms of weight

k Dbecomes a (-vector space.

Examples are given by the EISENSTEIN-series
k

(7) E, (z) = z:: (cz+d) " , z € H,
(crd)EZ xZ

(c,d)#(0,0)

which are non-identically vanishing modular forms of weight k , when-

ever k > 2 1is even.

The theta-series form another class of examples.

(8) 0(z,8) i= ) e"ig'sez o oy,
gez™

becomes a modular form of weight #m , whenever S = S(m)

is even,

unimodular and positive definite.

By means of the EISENSTEIN-series, the vector space of modular forms

can be described in the following well-known way:

Theorem B. a) One has [I,k] = {0} , whenever k is negative or odd.
If k 2 0 4is even then
k ' ”
12 , if k =2 mod 12 ,
dim [T,k] =
k
Tf] + 1 , else.
holds.
l.m

b) Let k 2 0 be even, then the products of EISENSTEIN-series E, E.,

where 1,m € NO and 41 +6m = k , form a basis of [T,k]

A meromorphic function £ on #H , which does not possess an essen-

tial singularity at o , is called an elliptic modular function if

(9) f(M<z>) = f(z) for all z € H and M € T

Let M denote the field of elliptic modular functions. Then

1728(60E2)3

(10) J 2=
3 2
(60E2) -(140E3)

belongs to M , and one can derive the fundamental
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Theorem C. M = € (3j)

Especially the transcendence degree of M over ¢ equals 1 and
every modular function can be represented as a quotient of two modular

forms of the same weight.

The theory of elliptic modular forms has been generalized in several
respects. Replacing H by a product of upper half-planes one attains
to the theory of HILBERT's or HILBERT-BLUMENTHAL's modular functions.

In the 30s SIEGEL [53,54] investigated the so-called modular func-
tions of degree n , which nowadays are known as SIEGEL's modular func-
tions. In the case n = 1 they coincide with the elliptic modular func-
tions.

With regard to this generalization one has to replace H by SIE-
GEL's half-space

(1) H(n;R) := {2 =X +iY € Mat(n;¢) ; X=X' , Y=Y' positive definite}.
Considering the symplectic group

(2') Sp(n;R) := {M € Mat(2n;R) ; M'JM = J} , J = (_? é) ,

instead of SL(2;R) , all biholomorphic maps of SIEGEL's half-space
onto itself are given by the symplectic transformations

(3") Z+—> M<Z> := (AZ +B) (C2Z +D)_1 , Where M = (2 g) € Sp(n;R) ,

in view of [54]. The so-called modular group

(4") I, := Sp(n;Z)

forms a discrete subgroup of Sp(n;R) , which acts discontinuously on
SIEGEL's half-space. By means of MINKOWSKI's reduction theory SIEGEL

[54] constructed a fundamental domain:

Theorem A',
Xmod1 , Y reduced ,

Fn:={ Z=X+iY¥Y € H(nR) ;

}

|det (cz+D) |

v

1 for M€ Fn

is a fundamental domain of H(n;R) with respect to the action of the

modular group Fn @

Let k €Z , n22 and f : H(n;R) —> ¢ be holomorphic. £ is
called SIEGEL's modular form of weight k if
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(5') £ (M<z>) det(Cz+D) ¥ = £(2)

holds for all Z € H(n;R) and M = (é g) 3 Fn . KOECHER [35] discov
ered that any requirement of boundedness is not necessary, whenever

n 2 2 . A modular form f possesses a FOURIER-expansion of the form

(6') £(2) := ) a(m) 2™ traceTZ ., o ginam)
Uy

where T runs through the set of all positive semi-definite, semi-

integral n xn matrices.

SIEGEL [54] showed that the vector space [Fn,k] of all modular
forms of weight k has finite dimension and consists only of 0 , if
k 1is negative. But even nowadays it seems to be impossible to compute
the exact dimension or, moreover, to state a basis for arbitrarily
given k and n . The case n = 2 however was solved on the analogy
of Theorem B by IGUSA [26] and later by FREITAG [17].

MAASS [43,44] generalized PETERSSON's scalar product to SIEGEL'S
modular forms. By virtue of this theory of metrization he succeeded in
proving a theorem of representation, which says that [Fn,k] is gener-
ated by POINCARE -series, whenever k > 2n 1is even. Another version of
the theorem of representation by means of generalizations of EISEN-

STEIN-series (7) is due to KLINGEN [32].
Theta-series on SIEGEL's half-space are built in the form

(8") 0(z,s) := Z g™ trace (G'86GE) . 5 ¢ wingy .
GEMat (m,n;Z)

If S = S(m) is even, unimodular and positive definite O0(-,S) belongs

to [T ,im] . RESNIKOFF [48,49] and FREITAG [19,20] showed that the

theta-series form a basis of [Fn,k] , whenever 0 <k <3in . The meaning

of theta-series is emphasized by BOCHERER's result [5] that the theta-

series span the vector space [Ih,k] , whenever k>2n and k=0 mod 4.

Summarizing one has

Theorem B'. a) Every SIEGEL's modular form of weight k < 0 vanishes

identically and dim[Tn,k] < o holds for k 2 0 .

b) If 0 <k <3n the theta-series form a basis and for k > 2n ,

k = 0 mod 4 they span [Fn,k] .

/
c) POINCARE - and EISENSTEIN-series span [Fn,k] , whenever k > 2n

is even.
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If n 2 2 a meromorphic function £ on H(n;R) satisfying

(9') f(M<Z>) = £(zZ) for all Z € H(n;R) , M € Fn

is called SIEGEL's modular function. The set Mn of all modular func-

tions on H(n;R) forms a field of transcendence degree 3n(n+1) .
First it was shown by means of deep-rooted results of the algebraic
geometry and later on by SIEGEL [57] using classic methods that every
modular function can be represented as the quotient of two modular

forms of the same weight. Finally one has the fundamental

Theorem C'. There are SIEGEL's modular functions fo""'f
h = in(n+1) , satisfying

Mrl = ¢(fo,...,fh) .

h ’

Hermitian modular functions, which were introduced by BRAUN [7] ,
represent another generalization of elliptic modular functions. Results
by analogy with SIEGEL's theory are due to BRAUN [7,8] and KLINGEN
[28,29].

All the quoted theories are special cases of a theory of automorphic
forms and functions with respect to a discontinuously acting group with

non-compact fundamental domain.

The contents of this volume

In this volume the theory of modular forms and functions on the
half-space of quaternions is developed as another generalization of
the classical theory of elliptic modular forms and functions. Under
the objective of attaining to explicit results, it is mainly "SIEGEL's
methods", which are used to derive analogous assertions to the case

of SIEGEL's modular forms.

Let H denote the skew field of real quaternions and -" its

canonical involution. Thus the half-space of quaternions

X=X', ¥Y=Y' , }

1" H(n;H) := {Z = X+1Y € Mat (n;H) qC;
™ ( QR Y positive definite

is defined as a subset of the tensor product Mat (n;H) QR ¢ . In the

case n = 1 one obtains the upper half in ¢ :

H(1;H) = H(1;R) = H



On the one hand SIEGEL's half-space H(n;R) and the Hermitian
half-space H(n;¢) can be considered as analytic submanifolds of
H(n;H) . On the other hand it sometimes proves useful to imbed H(n;H)
into H(2n;¢) or H(4n;R)

The symplectic group (2') is generalized to
(2") Sp(n;H) = {M € Mat(2n;H) ; M'JM = J}

Hence all biholomorphic maps of H(n;H) onto itself are given by sym-
plectic transformations

A B

(3") Z+—> M<Z> := (AZ +B)(CZ+D)_1 , M = (C D

> € Sp(n;H) ,

where in the case n = 2 one has to add the transposed map Z+——> Z'

The modular group is defined by

(4") I, :=8p(n;0) ,

where 0 denotes the quaternions of HURWITZ [25]. [, forms a discrete
subgroup 6f Sp(n;H) and acts discontinuously on H(n;H) . The validi-
ty of the Euclidean algorithm in (0 turns out to be the decisive fac-
tor to adopt results from SIEGEL's theory. The difficulties arising
from the number theory, if one considers Hermitian modular forms, do
not occur.

Now one defines det(CZ+D)k for Z € H(n;H) , M = (2 g) € Sp(n;H)
and even k € Z by means of the embedding of H(n;H) into H(2n;C)
In virtue of a generalization of MINKOWSKI's reduction theory, one
can proceed as SIEGEL [54] did in order to construct a fundamental

domain.

Theorem A". X mod 1 , ¥ reduced
Fn = {Z=X+iY € H(n;H) ; }
1 for M E€ Fn

|det (Cz+D) |2

v

is a fundamental domain of H(n;H) with respect to the action of the

modular group Fn s

Given n 2 2 and an even k € Z a modular form of gquaternions of

weight k is defined by analogy to (5') and possesses a FOURIER-ex-

pansion corresponding to (6').

Classic procedure yields that the vector space [Fn,k] of modular

forms of quaternions having weight k proves finitely dimensional and
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consists only of 0 , whenever k < 0 .

By applying PETERSSON's resp. MAASS' theory of metrization to modular
forms of quaternions, theorems of representation are obtained. [Fn,k]
is spanned by generalized EISENSTEIN- and POINCARE -series, whenever

k >8n-6 1is even.

Theta-series are defined in correspondence to (8') and the theory
of singular modular forms yields a basis of [Fn,k] consisting of

theta-series under the condition 0 <k <2n .

Summarizing one has

Theorem B". a) Every modular form of quaternions having negative

weight vanishes identically and

dim [Fn,k] < o

holds, whenever k 2 0 1is even.

b) If 0 <k <2n theta-series form a basis of [Fn,k]

c) Let k >,8n-6 be even, then [I ,k] 1is spanned by EISENSTEIN-
and POINCARE -series.

If n 2 2 modular functions of quaternions are defined on the anal-

ogy of (9') to be meromorphic functions on H(n;H) , which remain in-
variant under all modular transformations. The set Mn of all modular
functions of quaternions forms a field of transcendence degree
n(2n - 1) . Modular functions again can be represented as quotients of

modular forms having the same weight and one achieves

Theorem C". There exist modular functions of quaternions f_,...,f

o
h = n(2n-1) , such that

h ’

Mn = ¢(fo,...,f

n -

In view of the choice of the quaternions of HURWITZ as integral ele-
ments, it is possible to represent the theory of modular forms of
quaternions, of Hermitian modular forms with respect to the Gaussian
integers and of SIEGEL's modular forms throughout the whole volume

simultaneously.
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The method of compactification according to SATAKE [51] resp. BAILY
and BOREL [4] will not be treated in the sequel. The theory of HECKE-
operators is also left out of consideration, since the situation is
completely different from that dealing with SIEGEL's modular forms.

But an investigation of this subject will follow [41].

My thanks are due to Professor Dr. M. KOECHER for his encouragement

and helpful advice.



Notations

Let N denote the natural numbers without 0 , Z the integral, @
the rational, R the real, ¢ the complex numbers and H the skew
field of real quaternions. Given a ring R and m,n € N let

Mat (m,n;R) denote the set of matrices having m rows and n columns

and coefficients in R . We use the abbreviations Mat(n;R) :=Mat(n,n;R)
and R™ := Mat(m,1;R) . On the other hand A(mM/n) also stands for a
matrix having m rows and n columns as well as a(n) for aln,n)

If A1""’An are quadratic matrices [A1""'An] is defined to be
that guadratic matrix, where A1""’An stand on the diagonal and

O's else. A' always denotes the transposed matrix of A . The letter
I = I(n) is reserved for the identity matrix [1,...,1] , whereas 0
stands for a matrix of suitable size having only O's . The identical

map of a non-empty set M onto itself is denoted by idM . By Yn
we mean the symmetric group on n letters, i.e. the group of all
bijective maps of {1,...,n} onto itself. The KRONECKER-symbol is

denoted by 5jk and ord M equals the number of elements of a set M.

Finally the way of citing is explained. The whole volume is divided
into 6 chapters and each chapter into paragraphs. Throughout each
paragraph the theorems, lemmata and propositions are numbered consecu-
tively. Only if assertions of another chapter are quoted the chapter
is cited by Roman numerals. The numbers in brackets refer to the

bibliography at the end of this volume.
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