IMathematlcaI
Theory of
Dispersion-Managed

Optical Solitons
& TR S F RS TR

EEEEEEEEEEEEEEEEEEEE



Anjan Biswas
Daniela Milovic
Matthew Edwards

Mathematical

Theory of

Dispersion-Managed
Optical Solitons
%ﬁi%ﬂﬁ'ﬂ)ﬁ?ﬂ‘]%ﬁ#ﬂiﬁ

With 23 figures

! 3

BREHEHRH

HIGHER EDUCATION PRESS




Authors

Anjan Biswas Daniela Milovic

Dept of Applied Mathematics Faculty of Electronic Engineering
& Theoretical Physics Department of Telecommunications
Delaware State University University of Nis

1200 N Dupont Highway Serbia

Dover, DE 19901-2277,USA E-mail: dachavuk @ gmail.com
E-mail: biswas.anjan@gmail.com

Matthew Edwards

School of Arts and Sciences

Department of Physics

Alabama A & M University

Normal, AL-35762, USA
E-mail: matthew.edwards @aamu.edu

© 2010 Higher Education Press, 4 Dewai Dajie, 100120, Beijing, P.R.China

EBERSE (CIP) ##7
B HEI T RSB HEE = Mathematical Theory
of Dispersion-Managed Optical Solitons: H&3C /(ER)

LE 3 FLHR (Biswas, A.),(ZZR) K47 (Milovic, D),
H: BSHF 1R, 2010.1

ClE& Py TR B, () B B R 4)
ISBN 978-7-04-018292-7

L€ 01Ot QX - @5 . HIMTF-HFFR-#E3 V. TN781
fE AR A E1E CIP BB 7 (2009) 5% 209593 5

RyHmE Iw¥ HROERE IWE HET AL
WEEDH HAFk

HRET BEEEH HaHHek 010-58581118
i jhafﬁ?ﬁé&m@%ﬁ&ﬂ% % ¥%&M  400-810-0598
BRELARTE 100120 B #t  hop://www.hep.edu.cn

2 #l 010-58581000 http://www.hep.com.cn

P _EiTHE  http://www.landraco.com
&  BenEBEPRITAEMRL \ﬂ http://fwww.landraco.com.cn
Ep Bl BEMNTEREDRIARLAF HERE http'//wwwwideducom
F & 787x1092 1/16 B &k 20104E1 A% 1
B 3K 11 B & 2010@1}%%114(5[1511
F 8 210000 £ # 39.00%

ABAABRTT, BT, BT A, R AT A e R TR R SR

BRFR SReR
MEE 18202-00

Sales only inside the mainland of China

{DURR Fh B K ot X 48 5 )



NONLINEAR PHYSICAL SCIENCE
IR tEMIERIF



NONLINEAR PHYSICAL SCIENCE

Nonlinear Physical Science focuses on recent advances of fundameptal theorie§ and
principles, analytical and symbolic approaches, as well as computational techniques
in nonlinear physical science and nonlinear mathematics with engineering applica-
tions.

Topics of interest in Nonlinear Physical Science include but are not limited to:

- New findings and discoveries in nonlinear physics and mathematics

- Nonlinearity, complexity and mathematical structures in nonlinear physics

- Nonlinear phenomena and observations in nature and engineering

- Computational methods and theories in complex systems

- Lie group analysis, new theories and principles in mathematical modeling

- Stability, bifurcation, chaos and fractals in physical science and engineering

- Nonlinear chemical and biological physics

- Discontinuity, synchronization and natural complexity in the physical sciences

SERIES EDITORS

Albert C.J. Luo Nail H. Ibragimov

Department of Mechanical and Industrial Engi- Department of Mathematics and Science
neering Blekinge Institute of Technology
Southern Illinois University Edwardsville $-371 79 Karlskrona, Sweden
Edwardsville, IL 62026-1805, USA Email: nib@bth.se

Email: aluo@siue.edu

INTERNATIONAL ADVISORY BOARD

Ping Ao, University of Washington, USA; Email: aoping @u.washington.edu

Jan Awrejcewicz, The Technical University of Lodz, Poland; Email: awrejcew @ p.lodz.pl

Eugene Benilov, University of Limerick, Ireland; Email: Eugene.Benilov @ul.ie

Eshel Ben-Jacob, Tel Aviv University, Israel; Email: eshel@tamar.tau.ac.il

Maurice Courbage, Université Paris 7, France; Email: maurice.courbage @univ-paris-diderot.fr

Marian Gidea, Northeastem Illinois University, USA; Email: mgidea@neiu.edu

James A. Glazier, Indiana University, USA; Email: glazier@indiana.edu

Shijun Liao, Shanghai Jiaotong University, China; Email: sjliao@sjtu.edu.cn

Jose Antonio Tenreiro Machado, ISEP-Institute of Engineering of Porto, Portugal; Email: jtm@dee.isep.ipp.pt
Nikelai A. Magnitskii, Russian Academy of Sciences, Russia; Email: nmag@isa.ru

Josep J. Masdemont, Universitat Politecnica de Catalunya (UPC), Spain; Email: josep @barquins.upc.edu
Dmitry E. Pelinovsky, McMaster University, Canada; Erpail: drapeli @ math.mcmaster.ca

Sergey Prants, V.L.I'ichev Pacific Oceanological Institute of the Russian Academy of Sciences, Russia;
Email: prants@poi.dvo.ru

Victor L Shrira, Keele University, UK; Email: v.i.shrira@keele.ac.uk

Jian Qiao Sun, University of California, USA; Email: jgsun@ucmerced.edu

Abdul-Majid Wazwaz, Saint Xavier University, USA; Email: wazwaz@sxu.edu

Pei Yu, The University of Western Ontario, Canada; Email: pyu@uwo.ca



Preface

The concept of dispersion-managed (DM) optical solitons was introduced in
the early 1990s. The advent of such DM solitons has changed the world of op-
tical solitons. In fact, they are governed by the dispersion-managed nonlinear
Schrédinger’s equations (DM-NLSE), unlike in the case of classical solitons
which are governed by the pure nonlinear Schrédinger’s equations (NLSE).
Tt is to be noted that the pure NLSE is integrable by the classical method of
Inverse Scattering Transform, while the case of DM-NLSE is not integrable.
This leads to a lot of challenges and hindrances in studying the DM-NLSE.
Many methods have been introduced in order to study the DM-NLSE. They
are the variational principle, soliton perturbation theory, moment method as
well as the asymptotic analysis. These methods of studying the DM solitons
have introduced a wider picture in this area.

This book introduces and exposes the concept of DM solitons from scratch.
Later the soliton perturbation theory and the variational principle are intro-
duced to study the dynamics of pulses that propagate through optical fibers.
The types of optical fibers that are studied in this book are the polarization
preserving fibers, birefringent fibers and finally the case of multiple channels
is also taken into consideration. The asymptotic analysis is used to study the
quasi-linear pulses in optical fibers where along with the dispersion, the non-
linearity is also managed. Later, the Gabitov-Turitsyn equations are derived
for these three types of optical fibers using the asymptotic analysis. Subse-
quently, higher order asymptotic analysis is carried out to derive the higher
order Gabitov-Turitsyn equations for these types of optical fibers. Finally,
the issue of optical crosstalk is touched upon to complete the discussion.

It needs to be noted that there are quite a few technical aspects that are
skipped in this text. Those issues are the collision induced frequency and
timing jitter along with the amplitude jitter. The other important issue that
has been deliberately skipped is the issue of four-wave mixing. Finally, one
other important issue of DM solitons that has not been touched upon is the
aspect of soliton radiation. These issues are not yet exhaustively studied in
the context of DM solitons and therefore requires further development before
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being incorporated in this text. Although there are a few papers that have
been published in this context, a substantial amount of work is yet to be done
to complete these chapters.

This book is organized as follows: Chapter 1 introduces the necessity and
importance of studying the dispersion-managed optical solitons as opposed to
the classical or conventional optical solitons. Chapter 2 introduces the tech-
nicalities of dispersion-managed optical solitons, the conserved quantities as
well as the soliton perturbation theory. Finally this chapter ends with a brief
introduction to the variational principle. Chapter 3 focuses on the polariza-
tion preserving fibers. Three types of pulses are studied in this chapter. They
are Gaussian, super-Gaussian and super-sech pulses. The soliton parameter
dynamics are derived. Finally the stochastic perturbation of optical solitons
is studied with the aid of soliton perturbation theory. Chapters 4 and 5 deal
with the birefringent fibers and multiple channels. Chapter 6 details out the
aspect of optical crosstalk in both the linear as well as the nonlinear regime.
Chapter 7 derives the Gabitov-Turitsyn equation for polarization-preserving
fibers, birefringent fibers as well as in the case of multiple channels by us-
ing the technique of multiple-scale perturbation expansion. In Chapter 8, the
issue of quasi-linear pulses are studied which another form of optical pulses
that are studied where the nonlinearity is also managed in addition to the
group velocity dispersion. Finally, in Chapter 9, the higher order asymptotic
analysis is carried out to derive the higher-order Gabitov-Turitsyn equations
that serves as an opening to the future research in this direction.

This book is primarily intended for graduate students at the Masters and
Doctoral levels in Applied Mathematics, Applied Physics and Engineering.
Also undergraduate students, with senior standing, in Physics and Engineer-
ing will benefit out of this book. The pre-requisite of this book is a knowledge
of Partial and Stochastic Differential Equations, Perturbation Theory and
Quantum Mechanics.

Anjan Biswas
Daniela Milovic
Matthew Edwards
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Chapter 1
Introduction

Dispersion-Managed optical solitons or DM solitons was first introduced in
the early 1990s and since then it became a very attractive topic for op-
tical communications. Dispersion-Management is very important in dense
wavelength-division multiplexed (DWDM) systems. DM solitons allow the
formation of ultra-long-haul Tera bit level optical networks working in all
optical mode and maintaining optical transparency over vast geographical
regions. The more wavelengths in use, the greater the need for dispersion-
management. In high channel count systems, channel spacing is very close
and requires continuous broadband management of dispersion and disper-
sion slope [1-10].

The discovery of dispersion-managed optical soliton has introduced plenty
of new methods for high rate data transmission. By proper choice of pa-
rameters both Gordon-Haus effect and four-wave-mixing can be significantly
suppressed thus providing nearly error-free transmission. It was shown in
1997 that bright solitons can exist in DM fibers and they can exist at normal
path average dispersion. Dark solitons can also exist in such fibers, even at
anomalous path averaged dispersion. This implies that the range of existence
of bright and dark solitons overlap and therefore it becomes possible, for the
first time, to analyze interaction between bright and dark solitons.

The propagation of DM solitons is governed by the dispersion-managed
nonlinear Schrédinger’s equation (DM-NLSE). Dispersion management forces
each soliton to propagate in the normal dispersion regime of a fiber during
every map period. When the map period is a fraction of the nonlinear length,
the nonlinear effects become insignificant, leading to linear pulse evolution
over the map period. If the self-phase modulation (SPM) effects are balanced
by the average dispersion, solitons can survive in an average sense even on a
longer length scale.

The NLSE that governs the classical or conventional soliton propagation
is integrable by the classical method of Inverse Scattering Transform (IST),
unlike DM-NLSE which is not integrable by IST, since the Painleve test of
integrability [2] will fail. So, several methods have been introduced in order
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to study DM-NLSE that includes variational approach, collective variables
approach, soliton perturbation theory, moment method as well as the asymp-
totic analysis. These methods really brought wider picture in the area of DM
solitons.

The main feature of DM soliton is that it does not maintain its shape,
width or peak power, unlike a fundamental soliton. However, DM soliton
parameters repeat through dispersion map from period to period. This makes
DM solitons applicable in communications in spite of changes in shape, width
or peak power. From a systems standpoint, these DM solitons perform better.

By a proper choice of initial pulse energy, width and chirp will periodically
propagate in the same dispersion map. The pulse energies much smaller than
critical energy should be avoided in designing DM soliton system, whereas
if the pulse energy is the same as the critical energy, it is the most suitable
situation. An inappropriate choice of initial pulse energy may cause pulse
interaction and thus lead to detrimental pulse distortion. The required map
period becomes shorter as the bit rate increases.

The main difference between the average group velocity dispersion (GVD)
solitons and DM solitons lies in its higher peak power requirements for sus-
taining DM solitons. The larger energy of DM solitons benefits a soliton sys-
tem by improving the signal-to-noise ratio (SNR) and decreasing the timing
jitter. The use of periodic dispersion map enables ultra high data transmis-
sion over large distances without using any in-line optical filters since the
periodic use of dispersion-compensating fibers (DCF) reduces timing jitter
by a large factor.

An important application of the dispersion-management is in upgrad-
ing the existing terrestrial networks employing standard fibers. Recent ex-
periments show that the use of DM solitons has the potential of realizing
transoceanic light-wave systems capable of operating with a capacity of 1
Tb/s or more.

Optical amplifiers compensate fiber losses but on the other hand induce
timing jitter. This phenomena is mainly caused by the change of soliton
frequency which affects the group velocity or the speed at which the pulse
propagates through the fiber. The timing jitter can become an appreciable
fraction of a bit slot for long-haul systems as bit slots become less than
100 ps. If left uncontrolled, such jitter can cause large power penalties. For
DM solitons timing jitter is considerably smaller than that for fundamental
solitons and the physical reason for jitter reduction is related to the enhanced
energy of the DM solitons. From a practical point of view, reduced timing
Jitter of DM solitons permits much longer transmission distances.

As the bit rate increases, soliton-soliton interaction becomes & critical is-
sue. Collision length depends on the details of dispersion map. The system
performance can be optimized by an appropriate choice of map strength.

Dispersion-management can be efficiently used in several situations as fol-
lows:



References 3

1.

For optimum pulse generation in a mode-locked laser operating at a wave-
length around 1 um or shorter. The normal chromatic dispersion has to
be over compensated in order to utilize the anomalous dispersion regime,
where soliton effects can help to obtain shorter pulses. It is usually also
necessary to compensate carefully the higher-order dispersion, i.e., to con-
trol the group delay dispersion over a significant optical bandwidth.

. In a mode-locked fiber laser, dispersive and nonlinear effects can become

so strong that the pulse parameters (including the pulse duration and
chirp) vary significantly during each resonator round-trip. With a suit-
able combination of fibers exhibiting normal and anomalous dispersion, a
stretched-pulse fiber laser can be realized, which can generate pulses (DM
solitons) with significantly higher pulse energy than with e.g. soliton mode
locking.

. Similar effect can be used in optical fiber communications: a fiber-optic link

consisting of a periodic arrangement of fibers with normal and anomalous
dispersion can help to suppress nonlinear effects such as channel crosstalk
via four-wave mixing. It is possible to suppress the Gordon-Haus timing
jitter at the same time, if the average chromatic dispersion is zero.
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Chapter 2
Nonlinear Schrodinger’s Equation

In this chapter the nonlinear Schrodinger’s equation (NLSE) will be derived
from the basic principles of Electromagnetic Theory. This equation will be
then modified in presence of dispersion-management. The conserved quanti-
ties of this dispersion-managed NLSE (DM-NLSE) will be derived. The vari-
ational principle used for solving the DM-NLSE will be introduced. Finally,
this chapter will end with a brief introduction to the soliton perturbation
theory.

2.1 Derivation of NLSE

Pulse propagation through nonlinear and dispersive medium is governed by
the NLSE that is derived from Maxwell’s equation. Maxwell’s equations arise
in Electromagnetic Waves and are described in a medium that is assumed to
be isotropic with no free charges (i.e., no plasma). NLSE can be modified for
the case of plasma generation by adding terms to the NLSE that account for
multi-photon absorption and plasma index change.

The starting point is the Maxwell’s equations which takes the following
forms, assuming no free charges:

V.D=0 (2.1)
V-B=0 (2.2)
OB
oD

where E, H are electrical and magnetic fields while D, B are the respective
flux densities and all vectors depend on three spatial coordinates and time



