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PREFACE

The authors’ aim has been to present, between the covers of a single
book, those parts of mathematics which form the tools of the modern
worker in theoretical physics and chemistry. They have endeavored to
do this by steering a middle course between the mere recording of facts and
formulas which is typical of handbook treatments, and the ponderous
development which characterizes treatises in special fields. Therefore,
as far as space permitted, all results have been embedded in the logical
texture of proofs. Occasionally, when full demonstrations are lengthy or
not particularly illuminating with respect to the subject at hand, they
have been omitted in favor of references to the literature. Except for the
first chapter, which is primarily a survey, proofs have always been given
where omission would destroy the continuity of treatment.

Arbitrary selection of topics has been necessary for lack of space. This
was based partly on the authors’ opinions as to the relevance of various
subjects, partly on the results of consultations with colleagues. The
degree of difficulty of the treatment is such that a Senior majoring in physics
or chemistry would be able to read most parts of the book with under-
standing.

While inclusion of large collections of routine problems did not seem
conformable to the purpose of the book, the authors have felt that its
usefulness might be augmented by two minor pedagogical devices: the
insertion here and there of fully worked examples illustrative of the theory
under discussion, and the dispersal, throughout the book, of special prob-
lems confirming, and in some cases supplementing, the ideas of the text.
Answers to the problems are usually given.

The degree of rigor to which we have aspired is that customary in
careful scientific demonstrations, not the lofty heights accessible to the
pure mathematician. For this we make no apology; if the history of the
exact sciences teaches anything it is that emphasis on extreme rigor often
engenders sterility, and that the successful pioneer depends more on
brilliant hunches than on the results of existence theorems. We trust, of
course, that our effort to avoid rigor mortis has not brought us danger-
ously close to the opposite extreme of sloppy reasoning.

A careful attempt has been made to insure continuity of presentation
within each chapter, and as far as possible throughout the book. The
diversity of the subjects has made it necessary to refer occasionally to

il



iv PREFACE

chapters ahead. Whenever this occurs it is done reluctantly and in order
to avoid repetition.

As to form, considerations of literacy have often been given secondary
rank in favor of conciseness and brevity, and no great attempt has been
made to disguise individual authorship by artificially uniformising the
style.

The authors have used the material of several of the chapters in a num-
ber of special courses and have found its collection into a single volume
convenient. To venture a few specific suggestions, the book, if it were
judged favorably by mathematicians, would serve as a foundation for
courses in applied mathematies on the senior and first year graduate level.
A thorough introductory course in quantum mechanics could be based on
chapter 2, parts of 3, 8 and 10, and chapter 11. Chapters 1, 10 and parts
of 11 may be used in a short course which reviews thermodynamics and

-then treats statistical mechanics. Reading of chapters 4, 9, and 15 would
prepare for an understanding of special treatments dealing with polyatomic
molecules, and the liquid and solid state. Since ability to handle numeri-
cal computations is very important in all branches of physics and chemistry,
a chapter designed to familiarize the reader with all tools likely to be needed
in such work has been included.

The index has been made sufficiently complete so that the book can
serve as a ready reference to definitions, theorems and proofs. Graduate
students and scientists whose memory of specific mathematical details is
dimmed may find it useful in review. Last, but not least, the authors
have had in mind the adventurous student of physics and chemistry who
wishes to improve his mathematical knowledge through self-study.

HENRY MARGENAU
GEarGE M. MurpHY

New Haven, Conn.
March, 1943



CHAPTER

CONTENTS

1 THE MATHEMATICS OF THERMODYNAMICS

1.1
1.2

1.3
1.4
1.5
1.6
1.7
1.8
1.9
1.10

1.11
1.12
1.13
1.14
1.15

Introduction . . ;aisssssnssmsnioman s asems @ aenis
Differentiation of Functions of Several Independent

Variables. .. ......oooiiiiinieiiineneennnn.
Total Differentials. ... ...t
Higher Order Differentials. . ......................
Implicit Functions............... ... .. .. .. ...
Implicit Functions in Thermodynamies.............
Exact Differentials and Line Integrals..............
Exact and Inexact Differentials in Thermodynamics
The Laws of Thermodynamics. ...................
Systematic Derivation of Partial Thermodynamic De-

TIVAtIVES . . . vt e
Thermodynamic Derivatives by Method of Jacobians
Properties of the Jacobian........................
Application to Thermodynamies...................
Thermodynamic Systems of Variable Mass.........
The Principle of Caratheodory....................

2 ORDINARY DIFFERENTIAL EQUATIONS

2.1
2.2
23

24
2.5
2.6
2.7
2.8
29

2.10
2.11

2.12

Preliminaries. ... .........coviiiieiiiiiiinnn.n.
The Variables are Separable. . ....................
The Differential Equation is, or Can be Made, Exact.

Linear Equations. ..........coviviviiinennnnn..
Equations Reducible to Linear Form...............
Homogeneous Differential Equations...............
Note on Singular Solutions. Clairaut’s Equation. ..
Linear Equations with Constant Coefficients; Right-

Hand Member Zero. ............covveuneeenn ..
Linear Equations with Constant Coefficients; Right-

Hand Member a Functionof z..................
Other Special Forms of Second Order Differential

Equations. .. ........ ...
Qualitative Considerations Regarding Eq. 27........
Example of Integration in Series. Legendre’s Equa-

General Considerations Regarding Series Integratlon
Fuchs’ Theorem . ...........ccooiiiiiininon..

PAGE

=000 OtW N —

[y

17
18
20
24
26

32
33

41
44
45
47
48
53

57
60

61
69



vi

CHAPTER

2.13
2.14
2.15
2.16
2.17
2.18

3 SPECIAL FUNCTIONS

3.1
3.2
3.3
3.4
3.5

4 VECTOR ANALYSIS

4.1
4.2
4.3
4.4
4.5
4.6
4.7
4.8
4.9
4.10
4.11
4.12
4.13
4.14
4.15
4.16
4.17
4.18
4.19

CONTENTS

PAGE
Gauss’ (Hypergeometric) Differential Equation. . . ... 72
Bessel’'s Equation. ............................... 74
Hermite’s Differential Equation. .. ................ 76
Laguerre’s Differential Equation. . ................ 77
Mathieu’s Equation. . ........................... 78
Pfaff Differential Expressions and Equations. ....... 82
Elements of Complex Integration.................. 88
Gamma Function................................ 89
Legendre Polynomials............................ 94
Integral Properties of Legendre Polynomials........ 100
Recurrence Relations between Legendre Polynomials. 101
Associated Legendre Polynomials. ................. 102
Addition Theorem for Legendre Polynomials. ....... 105
Bessel Functions . . . ............................. 109
Hankel Functions and Summary on Bessel Functions 114
Hermite Polynomials and Functions............... 117
Laguerre Polynomials and Functions............... 122
Generating Functions. . . ......................... 128
Linear Dependence. . .. .......................... 128
Schwarz’ Inequality . . ........................... 130
Definition of a Vector. ........................... 132
Unit Vectors. ....... ... . i 135
Addition and Subtraction of Vectors............... 135
The Scalar Product of Two Vectors. ............... 136
The Vector Product of Two Vectors. .............. 137
Products Involving Three Vectors. ... ............. 141
Differentiation of Vectors......................... 143
Scalar and Vector Fields. . ... ..................... 144
The Gradient. . ......... ... ... ... ... ......c...... 145
The Divergence. . .. ..............0iiririinenn.. 146
The, Culle s samsinisn s dans 65 Emeis smsssnmsdianias 147
Composite Functions Involving V. . . .............. 148
Successive Applicationsof V. ..................... 148
Vector Integration............ ... .. .............. 149
Line Integrals............... ... ... ... ........... 150
Surface and Volume Integrals. . ................... 151
Stokes’ Theorem. ... ............................. 15z
Theorem of Divergence. . ........................ 154

Green’s Theorem . . . ......... ... .. ... .. .. .. c..... 156



CONTENTS vii

CHAPTER PAGE
4.20 TenSOTS. . . .\ttt e e e 156
4.21 Addition, Multiplication and Contraction........... 159
4.22 Differentiation of Tensors........................ 162
4.23 Tensors and the Elastic Body........... e 164

5 VECTORS AND CURVILINEAR COORDINATES
5.1  Curvilinear Coordinates. .. ....................... 167
5.2  Vector Relations in Curvilinear Coordinates. . ...... 169
5.3 Cartesian Coordinates. ........................... 172
5.4  Spherical Polar Coordinates....................... 172
5.5  Cylindrical Coordinates.......................... 173
5.6  Confocal Ellipsoidal Coordinates. ................. 173
5.7  Prolate Spherical Coordinates. . ................... 175
5.8  Oblate Spherical Coordinates. .................... 177
5.9 Elliptic Cylindrical Coordinates. ... ............... 177
5.10 Conical Coordinates. . ............c.covieininn.n.. 178
5.11 Confocal Paraboloidal Coordinates. ................ 179
5.12 Parabolic Coordinates............................ 180
5.13 Parabolic Cylindrical Coordinates. ................ 181
5.14 Bipolar Coordinates. .. .......................... 182
5.15 Toroidal Coordinates. . .......................... 185
5.16 Tensor Relations in Curvilinear Coordinates........ 187
5.17 The Differential Operators in Tensor Notation. . . . .. 190

6 CALCULUS OF VARIATIONS

6.1 Single Independent and Single Dependent Variable.. 193
6.2  Several Dependent Variables...................... 198
6.3 Example: Hamilton’s Principle................... 199
6.4 Several Independent Variables.................... 202
6.5  Accessory Conditions; Isoperimetric Problems. . .. .. 204
6.6  Schrodinger Equation. . .......................... 208
6.7 Concluding Remarks............................. 209

7 PARTIAL DIFFERENTIAL EQUATIONS OF CLASSICAL

PHYSICS

7.1  General Considerations........................... 211
7.2 Laplace’s Equation. ............................. 212
7.3 Laplace’s Equation in Two Dimensions. ........... 213
7.4 Laplace’s Equation in Three Dimensions. .......... 215

7.5 Sphere Moving through an Incompressible Fluid with-
out Vortex Formation........ s é o TR vae 8 58 219
7.6  Simple Electrostatic Potentials. . .................. 219
7.7  Conducting Sphere in the Field of a Point Charge.... 221



viil

CHAPTER

78

7.9

7.10
7.11
7.12
7.13
7.14
7.15
7.16
7.17

CONTENTS

The Wave Equation. . .. ............ccivivvunnnnn.
One Dimension. . ............coiieirineennnennnns
Two Dimensions. . . ........c.vviniiinnineennennns
Three Dimensions. . . . ..........ouiiiiireninennn.
Examples of Solutions of the Wave Equation. ... ...
Equation of Heat Conduction and Diffusion. . ... ...
Example: Linear Flow of Heat...................
Two-Dimensional Flow of Heat. . ... ..............
Heat Flow in Three Dimensions. ..................
Poisson’s Equation. ... ..........................

8 EIGENVALUES AND EIGENFUNCTIONS

8.1
8.2
83

8.4
8.5
8.6
8.7
8.8
8.9

Simple Examples of Eigenvalue Problems...........
Vibrating String; Fourier Analysis. . . ...
Vibrating Circular Membrane; Fourler—Bessel Trans—
TOVHAB 4 5 s s soeosmatsms sma@s SMEmE FEIMS 03T FE@ERS S
Vibrating Sphere with Fixed Surface...............
Sturm-Liouville Theory . . . .. .....................
Variational Aspects of the Eigenvalue Problem. .....
Distribution of High Eigenvalues..................
Completeness of Eigenfunctions. ..................
Further Comments and Generalizations. ...........

9 MECHANICS OF MOLECULES

9.1
9.2
9.3
94
9.5
9.6
9.7
9.8
9.9
9.10
9.11
9.12

Introduction. . .........ooiiiiiiiiiiiiiiiinan..
General Principles of Classical Mechanics. ..........
The Rigid Body in Classical Mechanics . ..
Velocity, Angular Momentum, and Kmetlc Energy...
The Eulerian Angles. . . ..........................
Absolute and Relative Velocity............ e
Motion of a Molecule. . ..........................
The Kinetic Energy of a Molecule. . ...............
The Hamiltonian Form of the Kinetic Energy.......
The Vibrational Energy of a Molecule. ............
Vibrations of a Linear Triatomic Molecule..........
Quantum Mechanical Hamiltonian . ...............

10 MATRICES AND MATRIX ALGEBRA

10.1
10.2
10.3
104

ATTRYB « oo e w5065 5185 EHEER SHE RS GOTEE TR GO PR S
Determinants. . . .......viiiee i
Minors and Cofactors. . .................cooiian..
Multiplication and Differentiation of Determinants. . .

240
241

248
252
253
256
260
262
265

268
268
270
271
272
275
276
278
279
280
283
285

288
288
289
290



CONTENTS ix

CHAPTER PAGE
10.5 Preliminary Remarks on Matrices. ... ............. 291
10.6 Combination of Matrices. . ....................... 292
10.7 Special Matrices. ................................ 293
10.8 Real Linear Vector Space......................... 296
10.9 Linear Equations. ............................... 299
10.10 Linear Transformations.......................... 300
10.11 Equivalent Matrices. .. .......................... 301
10.12 Bilinear and Quadratic Forms..................... 302
10.13 Similarity Transformations. .. .................... 303
10.14 The Characteristic Equation of a Matrix........... 303
10.15 Reduction of a Matrix to Diagonal Form........... 304
10.16 Congruent Transformations....................... 307
10.17 Orthogonal Transformations. ..................... 309
10.18 Hermitian Vector Space. . ........................ 313
10.19 - Hermitian Matrices.............................. 314
10.20 Unitary Matrices. ............................... 315
10.21 Summary on Diagonalization of Matrices........... 316

11 QUANTUM MECHANICS

11.1  Introduction............... ... ... . ... ..., 317
11.2 Definitions. . .. ......... ... .. ... 319
113 Postulates............... ... ... ... ... ... ... . ..., 321
11.4  Orthogonality and Completeness of Eigenfunctions... 328
11.5 Relative Frequencies of Measured Values........... 330
11.6  Intuitive Meaning of a State Function....... .. .... 331
11.7 Commuting Operators. .......................... 332
11.8  Uncertainty Relation. ........................... 332
119 FreeMassPoint................................ 334
11.10 One-Dimensional Barrier Problems................ 337
11.11 Simple Harmonic Oscillator. ...................... 342
11.12 Rigid Rotator, Eigenvalues and Eigenfunctions of L? 344
11.13 Motion in a Central Field........................ 347
11.14 Symmetrical Top. ... ... 352
11.15 General Remarks on Matrix Mechanics . cins 355
11.16 Simple Harmonic Oscillator by Matrix Methods ..... 356
11.17 Equivalence of Operator and Matrix Methods. . . . ... 358
11.18 Variational (Ritz) Method ........................ 361
11.19 Example: Normal State of the Helium Atom . .. 364
11.20 The Method of Linear Variation Functions . 367
11.21 Example: The Hydrogen-Molecular-Ion Problem 369
11.22 Perturbation Theory............................. - 371

11.23 Example: Non-Degenerate Case. The Stark Effect 375
11.24 Example: Degenerate €Case. The Normal Zeeman
Effect. ... 376



X CONTENTS
CHAPTER PAGE
11.25 General Considerations Regarding Time-Dependent
StateS . . e 377
11.26 The Free Particle; Wave Packets. ................ 380 -
11.27 Equation of Contmulty, Current . U 1. -
11.28 Application of Schrodinger’s Tune Equatlon Simple
Radiation Theory............................. 384
11.29 Fundamentals of the Pauli Spin Theory............ 386
11.30 Applications. . . ...ttt 392
11.31 Separation of the Coordinates of the Center of Mass
in the Many-Body Problem..................... 395
11.32 Independent Systems....................cc..... 398
11.33 The Exclusion Principle. . . ........... ... ........ 399
11.34 Excited States of the Helium Atom................ 402
11.35 The Hydrogen Molecule.......................... 408
12 STATISTICAL MECHANICS
12.1 Permutations and Combinations. .................. 415
12.2 Binomial Coefficients. .. ......................... 417
123 Elements of Probability Theory................... 419
124  Special Distributions.................cccoiiii.... 422
12.5 Gibbsian Ensembles. .. ... ....................... 426
12.6 Ensembles and Thermodynamics. ... .............. 428
12.7  Further Considerations Regarding the Canonical En-
semble. ... ... ... L. 432
12.8 The Method of Darwin and Fowler. . .............. 436
12.9  Quantum Mechanical Distribution Laws. .......... 437
12.10 The Method of Steepest Descents................. 443
13 NUMERICAL CALCULATIONS
13.1 Introduction.................cciiriiiiiniinennnnnn. 450
13.2 Interpolation for Equal Values of the Argument. .. .. 450
13.3 Interpolation for Unequal Values of the Argument... 453
13.4 Inverse Interpolation............................ 454
13.5 Two-way Interpolation........................... 454
13.6  Differentiation Using Interpolation Formula........ 255
13.7  Differentiation Using a Polynomial................ 456
13.8 Introduction to Numerical Integration............. 456
13.9 The Euler-Maclaurin Formula . .. ... .............. 457
13.10 Gregory’s Formula.............. ... . ... ... 459
13.11 The Newton-Cotes Formula...................... 459
13.12 Gauss’' Method .............. ... ... ... ..., 462
13.13 Remarks Concerning Quadrature Formulas . 2 464
13.14 Introduction to Numerical Solution of leferentlal

Equations. . ........... .. i 465



CHAPTER

13.15
13.16

13.17
13.18
13.19
13.20
13.21
13.22
13.23
13.24
13.25
13.26
13.27
13.28
13.29
13.30
13.31
13.32
13.33
13.34
13.35
13.36
13.37

CONTENTS xi

PAGE
The Taylor Series Method . ........................ 466
The Method of Picard (Successive Approximations or
Iteration)..... ... .. ... ... ... .. ... . .. ... 467
The Modified Euler Method . .. ................... 468
The Runge-Kutta Method ........................ 469
Continuing the Solution. . ........................ 470
Milne’s Method . . . ......... ... ... ... ... ....... 472
Simultaneous Differential Equations of the First Order 472
Differential Equations of Second or Higher Order.... 473
Numerical Solution of Transcendental Equations.... 474
Simultaneous Equations in Several Unknowns. . ... .. 476

Numerical Determination of the Roots of Polynomials 477
Numerical Solution of Simultaneous Linear Equations 480

Evaluation of Determinants. .. ................... 482
Solution of Secular Determinants. ................. 483
Brrors . . .. e 487
Principle of Least Squares. ....................... 489
Errorsand Residuals. . ........................... 490
Measures of Precision . . ...............couuunon.. 493
Precision Measures and Residuals. . . .............. 496
Experiments of Unequal Weight................... 497
Probable Error of a Function. . ... ................ 498
Rejection of Observations. ....................... 499
Empirical Formulas.............................. 499

14 LINEAR INTEGRAL EQUATIONS

14.1
14.2
14.3
14.4
14.5
14.6
14.7
14.8
14.9
14.10
14.11

15 GROUP

15.1
15.2
15.3
154

Definitions and Terminology . ..................... 503
The Liouville-Neumann Series. ................... 504
Fredholm’s Method of Solution . ceieee.... B08
The Schmidt-Hilbert Method of Solutlon ........... 510
Summary of Methods of Solution.................. 514
Relation between Differential and Integral Equations 514
Green’s Function. . .............................. 516
The Inhomogeneous Sturm-Liouville Equation. . . ... 520
Some Examples of Green’s Function............... 521
Abel’s Integral Equation......................... 523
Vibration Problems. . ............................ 524
THEORY

DERNITIONE : ¢ « i 51 55 55 55 0555 5.6 9 8 550 6 5604 600 & 0 00 526
Subgroups. . ... e e 527
ClasSes . .. .ove e 528



xii

CHAPTER

15.5
15.6
15.7
15.8
15.9
15.10
15.11
15.12
15.13
15.14
15.15
15.16
15.17
15.18
15.19

CONTENTS

PAGE
Conjugate Subgroups. .. ..........ciiiiiieininn.. 529
Isomorphism................cooiiiiiiiiniinnnn.. 530
Representation of Groups. . ...................... 531°
Reduction of a Representation.................... 533
The Character. . . ............ccoiiiiiinnennnn. 534
The Direct Product......... e 536
The Cyclic Group. . . .. .....oviiiiii i, 537
The Symmetric Group. . . ........cooviiiiiina.. 538
The Alternating Group...............ccovviiun. .. 541
The Unitary Group. ........cooviiunineenennnn.. 542
The Three-Dimensional Rotation Groups. .......... 545
The Two-Dimensional Rotation Groups............ 550
The Dihedral Groups. . . . .........ooviiiinn... 552
The Crystallographic Point Groups. . . ............. 554
Applications of Group Theory..................... 559



CHAPTER 1
THE MATHEMATICS OF THERMODYNAMICS

Most of the chapters of this book endeavor to treat some single mathe-
matical method in a systematic manner. The subject of thermodynamics,
being highly empirical and synoptic in its contents, does not contain a very
uniform method of analysis. Nevertheless, it involves mathematical
elements of considerable interest, chiefly centered about partial differentia-
tion. Rather than omit these entirely from consideration, it seemed well
to devote the present chapter to them. Of necessity, the treatment is
perhaps less systematic than elsewhere. It is placed at the beginning
because most readers are likely to have some familiarity with the subject
and because the mathematical methods are simple. (A reading of the first
chapter is not essential for an understanding of the remainder of the book.)

1.1. Introduction.—The science of thermodynamics is concerned with
the laws that govern the transformations of energy of one kind into another
during physical or chemical changes. These changes are assumed to occur
within a thermodynamic system which is completely isolated from its sur-
roundings. Such a system is described by means of thermodynamic variables
which are of two kinds. Extensive variables are proportional to the amount
of matter which is being considered; typical examples are the volume or the
total energy of the system. Variables which are independent of the amount
of matter present, such as pressure or temperature, are called iniensive
variables.

It is found experimentally that it is not possible to change all of these
variables independently, for if certain ones of them are held constant, the
remaining ones are automatically fixed in value. Mathematically, such a
situation is treated by the method of partial differentiation. Furthermore,
a certain type of differential, called the exact differential and an integral,
known as the line integral are of great importance in the study of thermo-
dynamics. We propose to describe these matters in a general way and to
apply them to a few specific problems. We assume that the reader is
familiar with the general ideas of thermodynamics and refer him to other
sources! for a more complete treatment of the physical details.

1J. Williard Gibbs, Transactions of the Conn. Acad. (1875-1878); * Scientific
Papers of Willard Gibbs,” Vol. 1., Longmans and Co. Some recent texts are: Epstein,
“ Textbook of Thermodynamics,” John Wiley and Sons, New York, 1937; MacDougall,
“ Thermodynamics and Chemistry,” Third Edition, John Wiley and Sons, New York,
1939; Steiner, “Introduction to Chemical Thermodynamics,” McGraw-Hill Book
Co., New York, 1941, Zemansky, *“ Heat and Thermodynamics,” McGraw-Hill, N.Y.,
1937.

1



1.2 THE MATHEMATICS OF THERMODYNAMICS 2

1.2. Differentiation of Functions of Several Independent Variables.—If
z is a single-valued function of two real, independent variables, z and y,

z = f(x7y)

z is said to be an explicit function of x and y. The relation between the
three variables may be represented by plotting z, y and z along the axes of a
Cartesian coordinate system, the result being a surface. If we wish to
study the motion of some point (z,y) over the surface, there are three
possible cases: (a) x varies and y remains constant; (b) y varies, z remain-
ing constant; (¢) both z and y vary simultaneously.

In the first and second cases, the path of the point will be along the
curvesproduced when planes, parallel to the XZ- or YZ-coordinate planes,
intersect the original surface. If z is increased by the small quantity Az
and y remains constant, z changes from f(z,y) to f(z 4+ Az,y), and the
partial derivative of z with respect to z at the point (z,y) is defined by

f (l‘ y) = lim f(x + Ax,y) - f(x;y)

z—>0 Az

The following alternative notations are often used

foy) = zloy) = (g) - (a—z) (1-1)

9z dax/,

where the constancy of y is indicated by the subscript. Since both z and y
are completely independent, the partial derivative is evaluated by the
usual method for the differentiation of a function of a single variable, y
being treated as a constant.

Defining the partial derivative of z with respect to y (2 remaining con-
stant) in a similar way, we may write

Floag= agliug) = (aiyf> - (j—;) (1-2)

If z is a function of more than two variables
z = f(xlyxZ; v ')xn)

the simple geometric interpretation is lacking, but such a symbol as:

G=)
axl 22,23, % * *\Xn

still means that the function is to be differentiated with respect to z; by
the usual rules, all other variables being considered as constants.

Since the partial derivatives are themselves functions of the independent
variables, they may be differentiated again to give second and higher
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derivatives
fon = 8 (az 9%
" gz \ox) 9x?
d [ 9z %2
fsy =3\%. )= .
dzx \dy dxdy
2 (1_3)
foe = 9 (oz\ 9%
v dy \or h dyor
d[a 9?
Jon :_(_z> . TE e,
dy \9y oy

It is not always true that f,, = f,,; but the order of differentiation is
immaterial if the function and its derivatives are continuous. Since this is
usually the rase in physical applications, quantities such as fzy, fyz or
Szzyy foyzy fyzz Will be considered identical in the present treatment.

1.3. Total Differentials.—In the third case of sec. 1.2, both z and y vary
simultaneously or, in geometric language, the point moves along a curve
determined by the intersection with z = f(x,y) of a surface which is neither
parallel with the XZ- nor YZ- coordinate plane. Since z and y are inde-
pendent, both Az and Ay approach zero as Az approaches zero. In that
case the change in z caused by increments Az and Ay, called the total
differential of z, is given by

9z a9z
dz = (@)y dr + (5-1;)2 dy (14)

If it happens that z and y depend on a single independent variable u (it
might be the arc length of the curve along which the point moves, or the
time),

z=f(z,y); = =F(u); y=Fau)
then, from (4)

dz 92\ dz dz\ dy .
—={—) — —) = 1-5
du (ax)y du t (6y), du (1-5)
For the special case,
z = f(z)y); = = F(y); y independent
dz daz\ dz 0z
—=({=) — = 1-6
dy <6x),, dy + 6y>z (=5

An important generalization of these results arises when z, y, - - - are not
independent variables but are each functions of a finite number of independ-
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ent variables, %, v, - - -

f =f(x1y7z; v ')
T = Fl(uyv;w’ t )
y = Fy(upw, - - )

Then, from (4)

df=(%)wmdw(g{)wmdw--- 1-7)

G = G, G
+(61{>“ ( ) R

with similar expressions for (9f/dv), (8f/0w), - --. When these are put into
(7) we obtain

I ] [Wz %y | ]
df_l:axau+6y6 LA L F) 6v+ayau ar+

and from (5)

[ du+—d =+ ] f+[ du + dv+ ]af+--- (1-9)
a ay

Since u, v, - - - are independent variables, we may write

oxr ox
=4 ==
dz 5% u+avdv+

5 (1-10)
_% % e
dy = audu + avdv +
Comparing coefficients in (9) and (10), we finally obtain
df = fdx—i— fd + - (1-11)

The difference between (7) and (11) should be noted: in the former equa-
tion the partial derivatives are taken with respect to the independent va-
riables, while in the latter, with respect to the dependent variables. The im-
portant conclusion may thus be drawn that the total differential may be
written either in the form (7) or (11); that is, df may be composed addi-

0, :
tively of terms a—f dz, - - -, regardless of whether z is a dependent or an
z

independent variable.
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1.4. Higher Order Differentials. ~Dzﬁerentmls of the second, third and
higher orders are defined by

&f = ddf); &f =d@¥); .- df =d@Y)

If there are two variables z and y, we obtain from (4)

&f = d(df) _d(f>d +(f)d(d)+d(/)dy+(f>d(dy)

However,
o\ _ (2 9 92f 92f
d(ax> a::( L (a]> Y = 50 szoy @

. - . 9
with a similar expression for d (-6'—;) , hence

9? 20%f 92 of af
or _ 9T 5 o 2907 97 2 U o 9
d’f = pye; (z%x) + P dxdy + P (dy)* + Y d’r + 3 d*y
If z and y are independent variables, d’z = d®z = -+ -d"z = ---d"y = 0,

and the n-th order differential becomes

dnf — 9 fd + ( ) aj dx"_ldy e (n) Lf__ dxn—kdyk

az™ oy k) ax™ oy
an
+o g = {_ld dy™! 55 f dy® (1-12)

where the (Z) are the binomial coefficients, (Z) = (n f Ic) =nl/kl(n—k)!

(Cf. sec. 12.2.)

Example. Calculate dp and d’p for a gas obeying van der Waals’
equation:

RT o

P=y 8 V2

(@), -5 (), -~
oT)y V—-8" \oV/)r  (V-=-p8)72% V3
(azp e (a_zz) __2RT __6a
aT?), 7 \avZ%)p (V-8 V*

£ (2)-- - )
oV \oT (V—82% 9T



