


]
ESSENTIALS OF

PLANE
TRIGONOMETRY

wi1TH TABLES

By JOSEPH B. ROSENBACH
EDWIN A. WHITMAN
and DAYID MOSKOVITZ

LARNEGIE INSTITUTE OF TECHNOLOGY

"ABCD]
Swl|EFGH] [l

GINN AND COMPANY

COLUMBUS . SAN FRANCISCO




© COPYRIGHT, 1950, BY GINN AND COMPANY

ALL RIGHTS RESERVED
957.1

H

ROSENBACH-WHITMAN-MOSKOVITZ: MATHEMATICAL TABLES

COPYRIGHT, 1937, 1943, BY JOSEPH B. ROSENBACH, EDWIN A. WHITMAN
AND DAVID MOSKOVITZ



THE

DESCRIPTION

AND

US E

OF THE

GLOBES,

Celeftial and Zerrefbrials
With
Variery of EXAMPLE.S
For the Lexavex's EXERCISE:

Intended for the USE of fuch Perfons as
would attain to the KNOwLEDGE of thofe
INSTRUMENTS;

BUT

Chicfly defigned for she INSTRUCTION
the %&mng GENTLEMEN af the ACA-
EMY in Philadelphia.
To which is added
R ULES for working al! the Casts in Plain and
Spherical Tr1ANGLEs without a ScHEME.

By THEOPHILUS GREW
Mathematical Profeflor.

GERMANTOWN,
Printed by CHRISTOPHER SOWER, 1753,

Trigonometry in the New World

A reproduction of the title page from the first American trigonometry. The author,

Theophilus Grew, was Professor of Mathematics at the Academy in Philadelphia,

which is now the University of Pennsylvania. Another page of this early text is
shown on page 2



Preface

g

In the preparation of this textbook the authors have preserved the
fundamental features of their earlier textbook in trigonometry. Sugges-
tions offered by teachers who used the earlier book have been of great
assistance in the writing of this new one.

The chief aim of the authors has been to write a textbook on trigo-
nometry which is thoroughly teachable and in all respects distinctly
modern. Every effort has been made to present material that is clear and
simple, yet rigorous and stimulating. Emphasis falls on those topics
which are generally recognized as essential whatever the aims of the
student or the objectives of the course. In the treatment of each new
principle or process, the object has been first to present carefully and
completely the necessary definitions, theorems, and proofs, and then to
give illustrations, illustrative examples, and problems by which the
student can test his mastery of the new material.

Since this textbook is intended for students of early college or engineer-
ing-school level, the trigonometric functions are first defined for angles of
any magnitude. Attention is called immediately, however, to the fact
that the so-called right-triangle definitions, now commonly a part of high-
school algebra and trigonometry, are merely special cases of these defini-
tions. Radian measure is introduced early and used along with degree
measure throughout the book. Likewise, the inverse-function notation is
introduced when the use of tables is discussed, although this topic is
treated more completely in a later chapter.

The two main parts of trigonometry, namely, the solution of triangles
and the development of the interrelationships between the trigonometric
functions with their applications to equations and identities, are com-
pleted in the first five chapters. Additional topics, such as ling values,
graphs, graphical solution of equations, inverse functions, and general
values, are presented in later chapters. They may be omitted or assigned
independently one of another. Many instructors find them an interesting
and valuable part of a course in trigonometry. For students whose pre-
vious preparation in logarithms is not adequate, a separate chapter is de-
voted to the theory of logarithms and their use in computations.

The illustrations and illustrative examples are carefully selected to
anticipate the difficulties of the student and at the same time to set before
him applications of basic principles and well-ordered solutions of problems.

The abundance of carefully graded problems affords the instructor a
v
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different selection each year for several years. In each list the first prob-
lems generally will require only the application of the principles discussed
in the article or articles directly preceding, while problems at the end of
the list are more difficult and will challenge even the better students. In
addition, a list of general exercises arranged by chapters appears at the
back of the book; this set of problems will be found useful for review.

Answers are provided for the odd-numbered problems. Thus the
student is enabled to check his work in some of the problems, but is placed
on his own resources in others. Answers to the even-numbered problems
are available in a separate pamphlet, but are furnished to students only
at the request of the instructor.

The tables are more complete than is usual. In addition to five-place
logarithmic and trigonometric tables, the following tables are also in-
cluded: trigonometric functions of some particular angles, conversion
tables from degree measure to radian measure and vice versa, trigono-
metric functions of angles in radians, and important constants and their
logarithms. A compact table of proportional parts for differences from
1 to 105 and a table of angles corresponding to certain rational values of
the trigonometric functions appear on a card enclosed in a pocket inside
the back cover of this book.

The authors gratefully acknowledge their indebtedness to their col-
leagues at Carnegie Institute of Technology for criticisms and suggestions.
They also wish to thank the members of the Editorial Staff of Ginn and
Company and the Staff of the Athenaeum Press for many courtesies.

J. B. ROSENBACH

E. A. WHITMAN

DAVID MOSKOVITZ
Carnegie Insiitute of Technology



GREEK ALPHABET

Letters  Names Letters  Names Letters  Names
A a Alpha I + Iota P o Rho
B B Beta K « Kappa 2 os Sigma
I' v+ Gamma A N Lambda T 7 Tau
A 0 Delta M x Mu T v Upsilon
E ¢ Epsilon N » Nu ® ¢ Phi

Z ¢ Zeta £ Xi X x Chi

H n Eta O o Omicron v ¢y Psi

© 0 Theta II = Pi Q w Omega

(o )

LIST OF SYMBOLS

£, read is not equal to.

a,, read a subscript n, or a sub n.

<, read is less than.

>, read 7s greater than.

=, read s less than or equal to.

=, read is greater than or equal fo.

(%, ), read point whose coordinates are x and ¥.

0’ and 0", read theta prime and theta second respectively.

viii
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TRIGONOMETRY.

Oblique angled Plain Tri-
angles.

CASE I
Gliven the Angles and one Side, to find the otler

two Sides.

As the Sine of the Angle op}_)oﬁte to the
given Side, is to the given Side, fo is the Sine
of either of the other two Angles to the Side
oppolite therero. For in all Plain Triangles
the Sides are in dire¢t Proportion to the Sines
of their oppofire Augles, and the contrary.

CASE 1L

G'iven two Sides, and an Angle oppofite to one of
g{)&m, to find tbe other rzfo /‘;Prlx,g%: and third
e.

Firft, As the Side oppofite to the given
Angle is to the Sine of the given Angle, {0 is
the ?cher given Side to the Sine of its oppofite
Angle.

hen add the two known 4ngles together,
and f{ubftraét their Sum from 180 Degrees, and
what remains will be the third 4ngle. For all
three make 180 Degrees.

Secondly, As the Sine of the given 4ngle is
to its oppofite Side, {0 is the Sine of the third
Angle to the S¥de required,

Nafey

A Page of an Early Trigonometry Textbook

The use of diagrams and of algebraic symbolism is far more common today
than in these early textbooks



CHAPTER 1

The Trigonometric Functions

() X

1 - Introduction

Trigonometry, meaning triangle measure, had its origins in early his-
torical times. Its beginnings were a part of the attempts to describe and
measure the celestial sphere in which the sun, planets, and stars were
then supposed to move. Prominent among its founders were the Greek
astronomers HipPARCHUS of Nicaea (c. 140 B.c.) and ProLEMY of Alex-
andria (c. 150 A.p.). Developing slowly, trigonometry remained as a part
of astronomy for some fifteen or sixteen centuries but increasing in im-
portance within that subject. Finally trigonometry emerged as a sep-
arate subject, worthy of its own book, about 1464, in De triangulis om-
nimodis, libri V, by JoHANN MULLER of Konigsberg, more generally
known as REGIOMONTANTUS.

Today trigonometry is widely used in the various branches of engineer-
ing and science. Numerical trigonometry, that part of trigonometry used
in the solution of triangles, is only one of its aspects. The other and
equally important aspect is analytical trigonometry, that part which is
concerned with the properties of and the interrelationships between cer-
tain ratios called trigonometric functions.

2 - Directed Line Segments

Let us agree that on a given line AB (Figure 1) all distances measured
in one direction are positive and all distances measured in the opposite
direction are negative. We then say that the line , N
AB is a directed line, and any segment of it, such 4 ¢ D B
as CD, is a directed line segment. On directed Fig. 1
lines we shall denote the positive direction by an
arrowhead. If the length of the segment CD is 4 units, then we say
that the directed distance CD is 4 and the directed distance DC is — 4;
for brevity, we write CD =4 and DC = — 4.

On a directed line X’X (Figure 2) of unlimited length, let us choose
the point O, called the zero point or origin, from which to measure dis-
tances. Then with an arbitrarily chosen length as unit, lay off from O the

2

>
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directed distances 1, 2, 3, -+, and — 1, — 2, — 3, - - .. If we then mark
the terminal points of these directed distances with the corresponding
numbers, we have a number scale on which each integer corresponds to
a specific point. By subdividing the various unit lengths we can locate

|
w

|

N

|

—
o+

Fig. 2

points corresponding to numbers which are not integers. On such a scalz
there is precisely one real number which corresponds to each point.
Hereafter, when the word number is used in this book, it will be under-
stood to mean a real number.

IL1gsTRATIONS. On the number scale in Figure 2, 4 corresponds to— 3; 2 cor-
responds to B; P; (read “P sub one”) corresponds to 4.5; Ps corresponds to
— 2%; Ps corresponds to V2 if OPs is the diagonal of a square of unit length.
We also express these as follows:

OA=—3,0B=2,0P;=45,0P;=— 2} OP3=V2.

EXERCISE 1

1. Draw a number scale and locate on it the points Py, Pa, P3, A, B, C which
correspond, respectively, to the following numbers: 3, — 2, — 1.5, — 4%, \/§,
and —V13.

)

2. From the number scale in Figure 2, give the directed distance that is
equal to the line segment (a) AB; (b) BP1; (¢) APs; (d) BA; (e) BPs;
(f) P1P2; (g) P3A; (h) PsPy.

3. From the number scale of Problem 1, give the directed distance that is
equal to the line segment (a) P2Pi; (b) P1P3; (c) CB; (d) AC; (e) P3Ps;
(f) P3C; (g) BP1; (h) P24.

3 « Rectangular Coordinates

Let X’X and Y'Y be two directed lines intersecting at right angles
at the point O, and let a number scale be constructed on each with O as
the zero point and with units as shown in Figure 3. The line X’X is
called the x-axis, the line Y'Y is called the y-axis; the two axes fogether
are called the coordinate axes. The point O is called the origin.
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If from any point P in the plane of the coordinate axes, perpendiculars,
PM and PN, are dropped to the axes, two numbers which correspond to
M and N are determined. The first of
these numbers is called the abscissa
or x-coordinate of P; the second is P(=25) |
called the ordinate or y-coordinate of
P. If these numbers are x and 4, re-
spectively, the point P is said to be
the point (%, ¥) or the point P(x, y). -5 —4—3-2-1] 1 2 3 4]s

Y

IrrustraTIONS. In Figure 3, the point "‘TP +(0,-1)
Py has the coordinates (— 2, 5); to -
the coordinates (3, —4) there cor-
responds the point P2; the point 1 Py(3,-4)
P3 has the coordinates (— 4, 0); |
and the point with the coordinates v
(0, —1) is Pa. Fig. 3

Note. It is important to observe that the line segments whose directed dis-
tances are abscissas or ordinates are always directed from the coordinate

Y Y
N P(x,) P(xy) A
y y
o = u ¥ Mz |0 X nyoxoxTyX
P(x,y) o o P(x)
Fig. 4

axes. Thus, in each of the diagrams of Figure 4,

x=0M but x# MO. MO =—x;
y=MP but y# PM, PM=—y.

The coordinate axes divide their plane into four parts called quadrants,

which are conveniently designated as shown in Y

Figure 5 (Q I is read “‘quadrant omne’’). Also

shown in this figure are the signs of the coordi- QII Ql
pates in each of the quadrants. A point on either = thh

of the coordinate axes is considered not to be in 0 4
any quadrant. The abscissa of every point on (=) .7
the Y'Y axis is zero; the ordinate of every point QI Qv

on the X’X axis is zero. Fig.'s
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HistoricaL NoTe. Rectangular coordinates are also called Cariesian coordinates.
They are so named after RENE DESCARTES, a distinguished French mathematician
and philosopher, in whose La Géomélrie (1637) the use of coordinates first appeared
in print.

4 . Radius Vector

The length™ of the line segment which joins the origin O to any point P
is called the radius vector of 7” and will be denoted by . The radius vector
of the origin is defined as zero; the radius vector of any other point is
always taken as positive.

The relation r?=ax24 42 1)

is satisfied by the coordinates (x, ¥) and the radius vector 7 of any point P
in the plane (Figure 6). When two of the numbers «, y, and r are given,
the third can be determined by use of equation (1).

Y Y Y Y
P(x5) P(xy) 1
N N
r 4
y y. : M
M x %
o = M X M o X X o X
y 5 y
N
P(xy) N P(x,y)
Fig. 6
ILLUSTRATION 1. A given point has 7=3 and y=—4; then x2=25—16=9;

x = 3. Hence the point may be either (3, — 4) or (— 3, — 4).
TLLUSTRATION 2. A givenpoint hasa=—15 y=28; thenr?=225+64= 289;
r=17.
EXERCISE 2

Plot each of the following points, state the guadrant, if any, in which it lies, and
find the length of its radius vector:

1. (3, 9). 4. (— 24, 7). 7. (0, — 2). 10. (0, 0).
2. (12, —5). 5. (4, — 6). 8. (— 1, 0). 11. (— V3, 1).
3. (— 8, —15). 6. (— 5, —3). 9. (0, 3). 12. (1, — 1).

*The word length will always denote a positive number in contradistinction to a directed
distance which may be positive or negative,
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13. Determine the quadrant, or quadrants, in which a point must lie if (a) its
abscissa is positive and its ordinate is negative; (b) its abscissa is negative and
its ordinate is positive; (c) its abscissa and ordinate are both negative; (d) its
abscissa and ordinate are both positive; (e) its abscissa and ordinate are alike
in sign; (f) its abscissa and ordinate are unlike in sign.

In Problems 14 to 19, two of the three numbers x, v, and r associated with a
point are given. Find the third nuwmber and plot the point.

14.2=—8,y=—6. 16. x=1,r=2. 18. y=4, r=10.
15, y=—17,r=23. 17. 2=—3,y=—0. 19. x=—1,r=5.

20. Where are all the points for which (a) x=1? (b) y=—2? (¢) x=—3?
@y=4? () r=5 (f) x=0? (g) y=0? () r="0?

21. Determine the quadrant, or quadrants, in which P(x, y) will lie when
(@) y/x>0; (b) a/r<0; (c) r/y>0; (@) a/y=—1; (e) r/x=2;
Nyr==% (@ a/r=0; (Wx=y; @) y=r; (j) r=—2a.

The point (a, b) isin (@) QI, (b) QII, (c) QIII, (d) QIV. Locate eack of

the following points as to quadrant and find its radius vector.

22. (—a, b). 23 (—a,—b). 24 (b,—a). 25.(—a,a). 26.(—0b —0).

27. Tf a given point has a as its abscissa and ¢ as its radius vector, find its
ordinate when the point is in (a) Q I; (b) QII; (¢) Q III; (d) Q IV.

28. If a given point has & as its ordinate and ¢ as its radius vector, find its
abscissa when the point is in (a) QI; (&) Q II; (¢) Q III; (d) Q IV.

29. Find the length of the line segment AB if the coordinates of 4 and B
are respectively: (0) (_ 1: 2)7 (3, 5)) (b) ('1’) - 6): (— 8; - 1)7 (C) (ay C)y (b) d)'

5 . Directed Angles

The definition of an angle as the figure formed by two lines drawn
from the same point is not sufficiently general for the purposes of trigo-
nometry where we make use of angles of any magnitude, positive, nega-
tive, or zero. A more general concept of angles may be formed as follows:

Aw angle is considered as generated by the rotation of a line, in a fixed
plane, aboui oie of tis points from an original position, called the initial
side of the angle, to a final positioi:, called the terminal side of the angle.
The point about which the rotction takes place is called the vertex of the
angre.
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The size or value of the angle is determined by the amount of rotation,
and the angle is said to be positive or negative according as the rotation
is counterclockwise or clockwise. An arc and an
arrowhead are used to indicate the amount
and the direction of the rotation.

%Y.
IrrustrATION 1. In Figure 7, the angle « is 135°, A
the angle 3 is — 225°, and the angle 7y is 495°,
An angle is said to be in standard position B
if its vertex is at the origin and ils initial side Fig. 7

coincides with the positive x-axis. An angle is

said to be in a certain quadrant if its terminal side lies in that quadrant
when the angle is placed in standard position; if the terminal side lies
along one of the coordinate axes, the angle is called a quadrantal angle.

ILLusTRATION 2. 246° is in Q ITI, — 345° is in Q I, and 180° is quadrantal.

Angles whose terminal sides coincide when placed in standard position are
called coterminal angles.

Since two angles are coterminal if they are equal or if they differ from
each other by a positive or negative integral multiple of 360°, the num-
ber of angles coterminal with any given angle is unlimited. We shall
call the angle zero and the positive angles less than 360° primary angles.

IrLusTrATION 3. In Figure 7, the angles «, 8, and < are coterminal, and « is
a primary angle. The primary angle coterminal with 5 and <y is @ The an-
gles coterminal with 100° are 100°+ 1 - 360° or 460°, 100°+ 2 - 360° or
820°, - - +; 100° — 1 - 360° or — 266°, 100° — 2 - 360° or — 620°, - - -

EXERCISE 3

(a) Place the following angles in standard position and indicate eacn angle by
arc and arrowhead. (b) Find the vaiues of two coterminal angles, one positive and
one negative, and indicate them by arcs and arrowheads in the same figure.

1. 60°. 4. 310°. 7. — 200°. 10. 270°. 13. 495°,
2. 150°. 5. — 40°, 8. — 345°. 11. — 90°, 14. 600°.
3. 225°. 6. — 110°. 9. 180°. 12. — 180°. 15. — 690°.

Each of the following points is on the lerminal-side of an angle in standard po-
sition. Draw the terminal side and indicate by arcs and arrowheads the primary
angle and one negative angle for which it is the terminal side.

16. (4, 5). 18. (—7,—1). 20.(2,0). 922.(0,—5). 24 (—1,V3).
17. (—3,2). 19.(6,—4).  21.(0,3). 23.(—4,0). 25 (—V2,—V2).
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6 - Angular Measure

There are two systems in common use for the measuring of angles,
the degree-measure or sexagesimal system and the radian-measure or
circular system.

We assume that the student is already familiar with the sexagesimal
system in which the unit of measure is thie degree. A degree is an angle
which, if its vertex is placed at the center of a circle, intercepls an arc that
is gg0 of the circumference. A degree is subdivided into 60 minutes, and
a minute into 60 seconds.

The circular system is used extensively in higher mathematics and in
the various branches of engineering and science. The unit of measure is
the radian.

A radian is an angle which, if ils verlex is placed at the center of a circle,
intercepts an arc on the circumference equal in length to the radius of the
circle.

IrrustraTION. In Figure 8, the central angle AOB
(written £ AOB) is one radian, since the length of
the intercepted arc 4B is r, the radius of the circle.

The relation between the measure of an angle
in degrees and in radians follows as an immediate
consequence of the definition of a radian and the Fig. 8
theorem in plane geometry which states that
angles at the center of a circle are proportional to their intercepted arcs.
Thus, from Figure 8, we have

£ AOC _arc ABC LAOC _ wr

7 A0B arcdB’ ¥ lrdan r

Therefore £ AOC = 7 radians. Since £ A0C = 180°, we obtain
180° = 7r radians = 3.141593~ radians. (2)

rom (2) we obtain the relations

1°= Ig—o radian = 0.0174533~ radian, 3)
and 1 radian — 220 — 57.29578°~ = 57° 17.75'. @

Equations (3) and (4) give the conversion factors by which we are
able to convert from degrees to radians and from radians to degrees. To



