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1. INTRODUCTION

During the past twenty-five years the hyperbolic properties of
smooth dynamical systems (i.e. of diffeomorphisms and flows) were

studied in the ergodic theory of such systems in a more and more

general framewerk (see [Ano]1 2 [Sma], [Nit], [Bril], [Kat]l, [Pes]l 3
4 ’
[Rue]2 3). The detailed historical survey of the hyperbolicity and
’
its role in the ergodic theory up to 1967 is given in [Ano]z, Chapter 1.

One of the most important features of smooth dynamical systems
showing behavior of hyperbolic type is the existence of invariant
families of stable and unstable manifolds and their so called
"absolute continuity". The most general theorem concerning the
existence and the absolute continuity of such families has been proved
by Ya. B. Pesin ([Pes]l,Z)'

The final results of this theory give a partial description of
the ergodic properties of a smooth dynamical system with respect to
an absolutely continuous invariant measure in terms of the Lyapunov
characteristic exponents. One of the most striking of the many
important consequences of these results described in [Pes]2,3 is the
so called Pesin entropy formula which expresses the entropy of a
smooth dynamical system through its Lyapunov characteristic exponents.

Our first main purpose is to generalize Pesin's results to a
broad class of dynamical systems with singularities and at the same
time to fill gaps and correct errors in Pesin's proof of absolute

continuity of families of invariant manifolds ([Pes] Sec. 3). We

’
followed Pesin's scheme very closely and this may atlleast partly
explain the length of our presentation and heaviness of details,
especially in Part II. Parts I and II contain the theory of stable
(and unstable) invariant manifolds in our more general situation and
correspond to the context of [Pes]l. At the end of Part II we also
prove an infinite dimensional counterpart of Pesin's results from
[Pes]l.

The motivation for our generalization lies in the fact that some
important dynamical systems occurring inclassical mechanics (for
example, the motion of the system of rigid balls with elastic
collisions) do have singularities. Some of these systems (including
the example mentioned) can be reduced to so-called billiard systems.
Briefly speaking, a billiard system describes the motion of a point
mass within a Riemannian manifold with boundary with reflection from

the boundary. Our general conditions on the singularities formulated
in Sec. 1 of Part I grew out of an attempt to understand the nature

of singularities in the billiard problem.
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Since a Poincare map (first-return map on a section) for a smooth
flow usually has singularities, considering transformations with
singularities may also provide a unified treatment of discrete time
and continuous time dynamical systems.

In Part III we prove the below estimate for the Pesin entropy
formula. This part reproduces with minor changes the paper [Led]l,

whose idea goes back to [Sin]l and [Pes] This proof uses in an

essential way the results of Parts I andzi%. Recently R. Marne ([Maﬁ]l)
gave in smooth case an alternative very ingenious proof of the estima-
tion from below. His proof avoids completely the use of invariant
manifolds and it is substantially simpler than the proof along the
Sinai-Pesin line. It seems that Mane's method can be applied to our
case.

The above entropy estimate proved in Part IV is largely independent
of the rest of the book.

In [Pes], Pesin derives from his results on invariant stable and
unstable manifolds the description of ergodic properties of a smooth
dynamical system on the invariant set with non-zero Lyapunov exponents.
All his arguments with the sole exception of his proof of Bernoulli
property literally apply to our case. It seems that the proof of
Bernoulli property requires a somewhat stronger estimate of the
Jacobian of the Poincaré map than the one obtained in Part II.

Results from [Kat]2 concerning the connection between entropy and
the growth of periodic points also hold in our situation assuming that
the measure satisfies the conditions from Sec. 1 of Part I.

In Part V we study in great detail the singularities of the
Poincaré map for plane billiards and show that the conditions from
Sec. 1 of Part I are satisfied with respect to the natural absolutely
continuous invariant measure for a broad class of such systems. This
class includes all compact regions bounded by a finite number of
convex and concave arcs of class C3 and straight line intervals,
with the extra assumption: every convex arc has the tangency of
finite order with all its tangents. By the results of Parts III and
IV the Pesin entropy formula is satisfied for such billiards. We do
not know whether the above entropy estimate through the Lyapunov expo-
nents holds for an arbitrary invariant measure for such a billiard.
Let us notice that recently M. Wojtkowski ([Woj]llz) found an easy
proof that for so-called Sinai-Bunimovich billiards the Lyapunov
exponents are non-zero.

Resuming, one can say that in the present book we completed the

lower right corner of the following diagram,
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The theory of Anosov systems The theory of billiards of
and of the related systems —————> Sinai and Bunimovich
as Axiom A systems, etc.

Pesin Theory of diffeo- Pesin Theory of mappings with
morphisms of compact —————— > singularities
manifolds

A concise résumé of the main results of the present book can be
found in [Str].

Other presentations of Pesin's theorem concerning the existence of
invariant manifolds were given later by D. Ruelle ([Rue]l) and
A. Fathi, M. Herman and J.-C. Yoccoz ([Fat]). D. Ruelle has developed
several generalizations of that theorem (non-invertible smooth maps,
a class of infinite-dimensional maps ([Rue]2'3)). R. MaZie has found
another infinite-dimensional version of Pesin's theorem ([Maﬁ]z).

The authors would like to point out their unequal participation
in the preparation of this book. Almost all the text was actually
written by the second author. The first author suggested the general
plan of the work and worked out the arguments which allow us to over-
come the presence of singularities in the construction of invariant
manifolds and in the above entropy estimate. Naturally, we discussed
together numerous questions concerning practically all subjects
treated in the text.

The first draft of the theory described in the present book was
presented by the second author in December 1978 at the Seminar of
Mathematical Physics at IHES (Bures-sur Yvette, France). The material
of this book represents a part of the "Thése d' Etat" of the second
author, defended 30 April 1982 at University Paris VI (France).

Our notations are very similar to those used by Pesin, but they
are not the same.

Concerning the enumeration of formulas, theorems, etc, the first
number indicates the section in which the given formula, theorem, etc.,
is contained. The lower Roman numeral indicates the part of the book.

In the interior of the same parts, the Roman numerals are not marked.

Despite all our efforts, some mistakes can remain. We will be

grateful to the readers kind enough to point them out.
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PART T
EXISTENCE OF INVARIANT MANIFOLDS FOR SMOOTH MAPS WITH SINGULARITIES
A. Katok and J.-M. Strelcyn

1. CLASS OF TRANSFORMATIONS WITH SINGULARITIES

1.1 1In Section 1 we describe the general setting for the problem and
formulate basic assumptions (1.1)-(1.3) on maps under consideration.
These conditions insure that the set of singularities of the map under
consideration is "thin" and that the second derivatives of the map grow
moderately near this set.

Let M be a compact metric space with metric p satisfying the
following conditions (A) and (B).

(A) M contains as an open dense subset an open smooth (at least
of class C4) Riemannian manifold V of finite dimension m.

(B) There exist positive constant C < 1, R< 1, g =21 and ¢

such that for every point x € V

a) R(x,V) >C(min(R, [p(x,Mmv)]%) 9&f R,(x) where by o(x,X)
we denote the distance from the point x to the set X ¢ M, and by
R(x,V) the radius of injectivity of the exponential map exp_: TXV - V.
b) for every y € V such that op(x,y) < Rv(x), one has

ly and Hd(exp;l)(y)H < g. Here

la expx(w)H < q, where w = exp;
| « Il denotes the operator norm of the linear maps d expx(w):(TxV,H-Hx)

=i
> (v, 0+l and dlexpll) (y) 2 (T VIl > (V1)

respectively, where |[-|l, (or shortly [-[) denotes the norm in TV
induced by the Riemannian metric.

c) For every € > 0 there exists r_ > 0 such that for
every X, y € V satisfying p(x,y) < min(rE,Rv(x)) ags
Ila expx(w)H <1 + ¢ where w = exp;l(y) and Hd(exp;l(y)H <1+ €.

Obviously condition (B) is always satisfied when M 1is a smooth

Re(x) one has

compact Riemannian manifold and V 1is a smooth open submanifold of M.
We will say that the metric space Y with metric d has a capacity

equal to m if

lim sup lgﬂ_ﬁiil =

e — 0 1
1og E
where s(e) denotes the minimal cardinal of a covering of Y by open

balls of radius €.



As follows from Sec. 3 of [Kol], every compact manifold (with
border) of dimension m has a capacity equal to m.
C) The space M with metric p 1is of finite capacity.
Let us note that condition (Bc) will only play a role in Parts II
and III and the condition (C) only in Part IV.
Let N be an open subset of V and let ¢:N » V be a mappina
which is a CP(p > 2) diffeomorphism between N and its image, i.e.,

a diffeomorphic embeddinag of N into V.

Let u be a Borel probability measure on M invariant with respect
to ¢, i.e., u(¢—l(B)) = ¢(B) for any Borel set B ¢ M. We will always
assume the following conditions (1.1)-(1.3) concerning M, ¢ and u.

Let A = M\N. Let Ue(L) be the open e-neighborhood of the sub-

set L of M with respect to the metric op.

(1.1) There exist positive constants cq and a such that for every

positive €,

a
u(UE(A)) = cqe .
Obviously, condition (1.1) implies that u(A) = 0 or equivalently
that uy(N) = 1. From the ¢-invariance of the measure 1y one obtains
that p(N) = 1, where N = ri_w ¢r(N) is the set where all iterates

of ©® are defined. Thus N is always non empty.

We will denote by d*¢. or a%6%i%) the k-th derivavive of o

at the point x. We will suppose that
+
{ log Hd¢deu < 4+
(1.2)

f log*lae an < + =

M
where, by definition, log+x = max(log x,0) and the norm ||| is the

operator norm induced by the Riemannian metric op.

These conditions quarantee the applicability of the Oseledec Multi-
plicative Ergodic Theorem (see Appendix 2,cf. also [Ose], [Pes]z, [Rag],
[Led]1 and [Rue]2,3).

For x € N, like in condition (Ba) let us denote by R(x,N) the
radius of the injectivity of the exponential map exp_: TXN + N. It
is clear that R(x,N) = min(R(x,V),p(%,A)). Thus in particular



; def
R(x,N) 2 C min(R, [p(x,8)19) = R (x).
-1 .
Let us denote for x € N, ¢0x = exp¢(x) o & o exp, . The mapping
(o] is well defined in a neighborhood U of 0 ¢ TXN and ®OX(U)

0x

is a neighborhood of 0 € T Nevertheless, in general, ¢ox(h)

N.
d(x)
can not be defined for all h ¢ TXN, h] < RN(x).

We will now formulate the main condition concerning the growth of

d.

(1.3) There exist positive constants c, 2 1 and b such that if
X € N, h ¢ TXN' [h| < RN(X) and ¢0x(h) is defined then one has

lld2<l>ox(h)H < czo(expx(h),A)'b.

Without loss of generality one can always assume that b > 2g where
the constant g comes from the condition (Ba).
The conditions (A), (B) and (1.1)-(1.3) are sufficient for all

purpose of Parts I - III, in particular for the construction of stable
manifolds of ¢ as well as unstable ones (i.e., stable for ¢-l).

It is remarkable that the counterparts of conditions (1.1) and (1.3)
with respect to ¢_l are not necessary.

To prove the estimation of the entropy from above we will need the

following extra assumption.

(1.4) There exist positive constants c3 and 4 > 1 such that for

every X € N

las, || < cq0 (e, 7%

Compared to condition (1.4), condition (1.3) looks somewaht artifi-
cial because we want to work with the "quadratic part of the second
derivative. This is only possible for the maps between linear spaces.
To achieve that, we consider d2¢0x instead of d2¢x.

Let us note also that when M 1is a compact smooth manifold, the
validity of conditions (1.1)-(1.4) is independent of the choice of the
Riemannian metric p on M. In this case, the choice of metric influ-
ences only the constants <y and Cy-

It was supposed above that M 1is a compact metric space. In fact,
for the purpose of Parts I - III it is sufficient to suppose M to be
a complete metric space. In this more general setting the condition
(1.3) is somewhat restrictive. It can be replaced by the following

more general condition.



(1.3') There exists positive constants Cl, c, and b such that
for every x € N and h ¢ TxN such that | hl < RN(X) and such that

o] h) make a sense one has

Ox(

la%s, ()| = max(ch, c,o(x,8)7").

Clearly, in case of compact M, the conditions (1.3) and (1.3') are
equivalent.

Nevertheless, to avoid additional purely formal complications in
an already sufficiently complicated text, we will restrict ourselves
to the case of compact M.

It is natural to consider A as a "singular set" of ¢. However,
in some examples (see Part V), the set A has to be chosen substant-
ially larger than the singular set in the usual sense, in order to
quarantee conditions (1.3) and (1.4).

Now we describe the most important example of a situation satisfy-
ing condition (1.1). Namely, M is the union of a finite number of
smooth compact manifolds Ml""'Mr (perhaps with boundary and with
angles) all of dimension m > 2 glued together along a finite number
of Cl submanifolds of positive codimensions; A 1is the union of a
finite number of Cl submanifolds of positive codimensions of
Ml,...,Mr; U 1s a measure such that its restriction to N = M\A is
an absolutely continuous measure with a bounded density, i.e., a measure
of the form hv, where Vv 1is the Riemannian volume induced by p and
h is a bounded function. In this case we can set a =1 in (1l.1).
Even if the density h has "moderate growth" near A it is still
possible for (l1.1) to be true for some a < 1.

Finally, let us note that as it will be proved in Sec. 12 for

i1’
the purposes of Parts I-III the second condition of (1.2) can be
dropped. Moreover, in what concern Part I, the invertibility of

¢ 1is also inessential.

1.2 The class of transformations with singularities described above
is derived from the very detailed study of singularities of plane
billiards discussed in Part V. 1In Part V it is shown that all above
conditions are satisfied for an appropriate Poincaré map of the billard
system in a region whose boundary is not too degenerate, e.g. a compact
region in the Euclidean plane bounded by a finite number of real-analy-

tic curves (i.e. of real-analytic images of closed intervals).



