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COMPUTER SIMULATION AND THEORETICAL STUDIES OF LIQUID MIXTURES:

BRUTE FORCE vs.

INSIGHT

Keith E. Gubbins

School of Chemical Engineering
Cornell University

ABSTRACT

Recent advances in our understanding of the
thermodynamics of molecularly simple liquid mix-
tures based on theory and computer simulation are
reviewed. Perturbation theories based on spheri -
cal and nonspherical reference fluids are descri-
bed, and examples are given of comparisons with
experiment. Computer simulation studies of mode
fluid mixtures in which the molecules possess
both nonspherical shape and electrostatic forces
are proving useful in understanding the role of
these molecular effects in thermodynamics, and
are briefly discussed. Finally, a summary is
given of recent work on the vapour-liquid inter-

face for simple mixtures.

INTROUUCTION

The thermodynamic properties of mixtures can be
studied by experiment, theory, or computer simu-
lation (Fig. 1). In this review only the last
two methods will be covered, with the emphasis on
(a) comparison of theoretical and simulation
results, and (b) comparison of theory and experi-
ment. The discussion will focus on holecular]y
simple mixtures, e.g. the inert gases, CH,,

CH3OH, COz, HC1, etc. We shall not deal

specifically with ionic fluids (electrolytes,
fused salts, etc.), aqueous solutions or poly-

mers.

For the thermodynamic properties, perturbation
theory provides the most convenient compromise
between rigour and ease of calculation at pre-
sent. A survey of the existing theories is given
in Section 2, with the emphasis on molecular
rather than atomic fluids. These theories can be
conveniently divided into those based on a refer-
ence fluid of spherical molecules, and those
based on a reference of nonspherical molecules.
The former are easier to use, but do not work
well for strong orientation-dependent forces.

The latter work better, but are more difficult to
use. Most comparisons with experiment have so
far been for the simpler spherical reference
theories. Some examples of such comparisons are
given in Section 3. Both the electrostatic and
induction forces have a large effect on the
thermodynamic properties. Comparatively few com-
puter simulation studies have been reported so
far on mixtures of simple model nonspherical
molecules. This area is reviewed in Section 4,

and results for models in which the molecules
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have nonspherical shape (spherocylinders,
dumbells, etc.) and/or electrostatic forces are
summarized. Finally, in Section 5 some recent
results for the vapour-liquid interface of spher-

ical Lennard-Jones mixtures are discussed.

PERTURBATION THEORY

In perturbation theory the Helmholtz free energy
A for the fluid mixture of interest is expanded
about the value Ay for some reference fluid in
which the intermolecular potential energy is Ug.
The expansion is carried out in terms of the per-
turbation potential Up z U-Uy, where U is the
intermolecular potential energy of the full
system; the parameterization method varies with
the particular theory used. For spherical mole-
cules such perturbation theories are well estab-
lished; for reviews see, for example, McDonald
(1973), Smith (1973) and Gubbins et al. (1983).
Of particular value are the Weeks-Chandler-
Anderson (WCA) form of hard sphere perturbation
theory and the van der Waals 1-fluid (vdWl) form
of conformal solution theory. We do not dwell on
these theories here, but shall focus our atten-
tion on theories for nonspherical molecules. For
a more detailed review of these theories see Gray

and Gubbins (1984),

Spherical Reference Molecules

Three different choices of spherical reference
potentials have been suggested; we refer to these

theories as the u-expansion, f-expansion, and

median potential theory. The median potential
theory (see, e.g. MacGowan et al., 1984) fails
for electrostatic forces, and we do not describe
it further here.
The u-Expansion. This is the oldest of the per-
turbation theories for molecular fluids, and is
the easiest to use. The reference pair potential
ug (r) is defined by

<u(rw;wy )>

(1)

up (r) = g

where u(rw,w;) is the full pair potential for the
fluid of interest, 0, is the orientation of mole-
cule i (9i°1 for linear or ei’ixi for nonlinear
molecules), and <".>u1w2 means an unweighted
average over molecular orientations. With this
choice the first-order perturbation term A,
vanishes and the series for the Helmholtz energy
becomes

A=Ay + Ay + A3 + ... (2)
The second-order term A, involves integrals over
the two- and three-body reference correlation
functions. The third-order term A3 is more com
plex in general, but for electrostatic forces
reduces to integrals over two- and three-body
reference correlation functions. These integrals
have been evaluated and fitted to simple func

tions for a variety of intermolecular force types

(Gubbins and Twu, 1978; Nicolas et al., 1979),



and detailed descriptions of the theory and its
use have been given by Gubbins and Twu (1978),

Twu and Gubbins (1978), and Moser et al. (1981).

Unfortunately, the series of eqn. (2) is slow to
converge, and even the inclusion of A3 is not
sufficient to deal with strongly polar molecules
such as alcohols or water. This led Stell et
al. (1974) to propose a Padé approximant to the
series,

A= Ag + Az2/(1 - A3/Az) (3)
This equation agrees well with computer simula-
tion results for fluids with strong electrostatic
forces, provided that the molecules possess
spherical or near spherical cores. Typical
results are shown in Fig. 2. Recently this
theory has been extended to include quantum cor-
rections (Clancy and Gubbins, 1981), nonaxial
molecules (Gubbins et al., 1981) and induction

effects (Wertheim, 1979; Venkatasubramanian et

al., 1984),

The u-expansion is convenient and gives a good
account of the effects of electrostatic forces on
thermodynamic properties. It is much less satis-
factory for molecules with highly nonspherical
cores or for describing fluid structure.

The f-Expansion. In this expansion, also called

the RAM (reference average Mayer function)
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theory, the reference potential ug(r) is defined
through an unweighted average over orientations
of the Boltzmann factor exp[ -u(rw,w;)/

kT],

exp( -up (r)/kT] = <eXP[‘“(rw*“2)/kT]>w1wz “

This reference potential includes an averaged
contribution from the anisotropic part of the
potential, and also gives the second virial coef
ficient exactly. Thus, the zeroth order f-expan
sion becomes exact in the low density limit.
However, the potential ug(r) depends on tempera
ture and must be calculated numerically for each
new temperature or intermolecular potential func
tion. Thus the f-expansion is less convenient to

use than the u-expansion.

With this choice of reference the A; term again
vanishes and the free energy series is again
given by eqn. (2). Terms beyond A, have not been
calculated. The fluid structure is usually ob
tained by expanding the pair function y(rww;) =

exp[u(rwwy )/kT)g(rwwy), i.e.

9¢(12) = exp[ -u(12)/kT] [yo(r) + y,(12) + ...]
()

where y(12) = y(rw,w,), etc. Here g(rwywy) is

the pair correlation function. The fluid struc

ture calculated from the f-expansion is generally



better than from the u-expansion, though there
are still considerable discrepancies. The struc-
ture results can be improved somewhat by using
the 'reduced form' of the theory (Smith and
Nezbeda, 1981, 1983), in which the pair correla-

tion function is given by

g(12) = ——— g (r) (6)

where the f-expansion is used to calculate the
ratio gf(12)/gf‘000(r), where gf(12) is given by
eqn. (b) and 9 UUU(r) is the £4'm = QU0 spheri-
cal harmonic co-efficient of g(12), defined in

general by

Oyu inir) = Wegllz) ¥, (o, ')* Yorml2' )%y 1y,

(7)

where Ylm is the spherical harmonic in the con-
vention of Rose (1957), “1' is the orientation of
molecule i in the intermolecular frame, and m =
-m. The reference pair correlation function

go (r) that appears in eqn. (6) is calculated from

the Percus-Yevick theory.

In Fig. 3 the f-expansion results are compared
with simulation data for the structure of two
simple model fluids, the hard dumbell (HD), a
simple model of nonspherical shape, and the hard

dumbell plus point charge quadrupole (HD+PCQ), a

model in which the molecules also possess strong
electrostatic forces. The three harmonic coef-
ficients of g(12) shown are those that are most
important for the thermodynamic properties. For
the HD fluid the first-order theory gives good
results for g9 and gz2,, but is poor for 9222 -
For the HD+PCQ fluid the theory gives rather poor
results for all three harmonics, and the first-
order theory is no better than zeroth order. The
pair correlation function for molecular centres,
g(r), is given quite accurately by the theory for

these fluids (Wojcik and Gubbins, 1984b).

The results of the reduced form of the theory for
the free energy are shown in Fig. 4 for the
HD+PCQ fluid. The theory overestimates the

electrostatic contribution to the free energy.

Nonspherical Reference Potentials

From the previous section it will have become
clear that theories based on spherical reference
molecules are unsatisfactory, particularly for
fluids of molecules that are nonspherical in
shape and also exert electrostatic forces. Most
recent work in perturbation theory has been aimed
at finding suitable reference fluids of nonspher-
ical molecules. Expansions about such a fluid
should be more rapidly convergent, but usually at
the cost of added complexity. Reference fluids
of hard, nonspherical molecules such as dumbells
or spherocylinders are often used, as accurate

equations are now known for the thermodynamic



properties of such fluids.

Nonspherical reference perturbation theories can
(a)
those that divide the full pair potential

be conveniently divided into two types:

u(rw,wz) into two parts, usually a repulsive and
an attractive branch as in Weeks-Chandler-
Andersen (WCA) theory for spherical molecules;
this splitting is, of course, different for dif-
ferent molecular orientations; and (b) those
that are restricted to interaction site model
(ISM) potentials, where the full potential is
the sum of site-site potentials uas(r) between
molecular sites a and B, and where Ugg s divi-
ded, usually into repulsive and attractive
branches. In both approaches the reference
fluid properties are usually related to those of
a fluid of hard molecules, e.g. dumbells. In
the theories of type (a) the reference fluid
pair correlation function go(rw,w;) is unknown,
and must be estimated. This is often estimated
usingthe f-expansion. This approach has been
applied to fluids of two-centre Lennard-Jones
(Kohler et al., 1979; Fischer, 1980; Quirke and
Tildesley, 1983) and Gaussian overlap (Monson
and Gubbins, 1983) molecules. The principal
weakness in theories of this type is in the
evaluation of the reference correlation function.
An interesting variant of this theory is due to
Boublik and his collaborators (Boublik, 1974,

1976, 1979, 19Y81; Pavlicek and Boublik, 1981),
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who apply it to fluids in which the molecules
obey a Kihara potential. In this model the mole-
cules contain a hard convex core, and the inter-
molecular potential depends on the shortest dis-
tance p = p(rw,w;) between molecular cores,
rather than on the distance between molecular
centres. The perturbation terms can then be
simplified using the geometry of hard convex
bodies, and it is found that A; involves only the
correlation function gg(p) rather than the full
pair correlation function gg(rw,wz). Here go(p)
is proportional to the probability that a molecu-
lar pair has a minimum distance p between cores.
The accuracy of this theory has not yet been
tested against computer simulation results, pri-

marily because simulations of Kihara fluids would

be very time consuming.

Theories of type (b) for ISM fluids have the
advantage that one only needs to know the
site-site correlation functions ggB(r) for the
reference fluid and not the full pair correlation
function. Such theories have heen proposed by
Chandler and Andersen (1972), Tildesley (1980),
Lombardero et al. (198la), and Enciso and
Lombardero (1981). The site-site correlation
functions can be calculated using the reference
interaction site model (RISM) theory of Chandler
and Andersen (1972) or related theories. The
theory gives good reults for ISM fluids in the
absence of electrostatic forces for both thermo-

dynamics and structure (Tildesley, 1980).
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The theories described above have for the most
part been applied to either molecules having
spherical shape plus electrostatic forces,‘ or.ttok
molecules with nonspherical shape but no electro-
static forces. Real molecules usually have non-
spherical shape and electrostatic forces, and the
theories are usually poorer for such cases. To
illustrate this we consider a fluid of hard
dumbells in which the molecules have embedded
point charges arranged in a quadrupolar symmetry,
i.e. positive charges q on each of the sphere
centres, and a negative charge -2q at the molecu-
lar centre. We call this the HD+PCQ model. One
obvious reference fluid is one of hard dumbells
in the absence of point charges, so that the free

energy series is

A = AHU A e S T i R (8)

However, this reference system does not contain
all the strong short-range forces, nor even all
the repulsive forces, since the electrostatic
forces will have repulsive regions for certain
molecular orientations. If we include the repul -
sive part of the electrostatic forces in the
reference potential, in addition to the HD part,
eqn. (8) is modified to

A=A + A AL, (9)

REP

where AREP is the free energy of the repulsive

force reference fluid. These two series have
been recently studied by Wojcik and Gubbins
(1984b) using Monte Carlo simulations in which
the various terms AHD’ AREP’ Ay, and A, are
evaluated exactly. The results are shown in

Fig. 4. The HD reference system gives especially
poor results; the A, term alone greatly under-
estimates the electrotatic forces, while the
inclusion of A; overestimates it. The REP refer-
ence system gives better results. The A, term
alone still underestimates the effect of electro-
static forces, but the inclusion of A; now gives
results that agree almost exactly with the Monte
Carlo values for A. This series appears to war-
rant further study, although it is possible that
yet better reference fluids may be found by in-
cluding part of the strong attractive forces

in the reference potential. The structure
results for the REP fluid are intermediate
between those for the HD and HD+PCQ fluids

(Wojcik and Gubbins, 1984b),

Although the series of eqn. (8) is poorly
convergent, it is possible that a Padé
approximant to the series might give good
results, as in the case of the u-expansion.
Rasaiah et al. (1975) and Martina et al. (1979,

1981) have suggested the Padé -

A = AHD + AL+ Ay/(1 - A3/Ap) (10)

To avoid the difficulty of calculating the HD

correlation functions that appear in A; and A;



