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Preface

The purpose of this book is to give a self-contained and unified presentation
of the methods of quantum collision theory, with applications to atomic,
nuclear and high-energy processes. It is primarily aimed at graduate students
in theoretical physics, although it is hoped that any physicist whose main
interest lies in microphysics will also find it useful.

The book is divided into four parts. The first one is devoted to the presenta-
tion of the basic definitions and to the study of collision kinematics. The former
is done in Chapter 1, where the various types of collisions and the concepts
of channels and cross sections are defined. Chapter 2 entirely deals with
kinematical questions, first in the non-relativistic case and then for relativistic
collisions.

The second part (Chapters 3-12) contains a detailed discussion of the
simplest collision problem, namely the non-relativistic scattering of two
particles interacting through a potential which depends only on their relative
coordinate. Because of its simplicity, this problem provides a good intro-
duction to the methods of collision theory. Moreover, since “exact” solutions
can often be readily obtained in this case, potential scattering is a convenient
“laboratory” in which one can test approximation methods that become
unavoidable in more complicated situations.

The general features of potential scattering are first discussed in Chapter 3.
The following chapter is devoted to the method of partial waves, while the
Lippmann-Schwinger equation for potential scattering is studied in Chapter 5.
The particular case of the Coulomb potential is treated in Chapter 6. It is
followed in Chapter 7 by an analysis of the potential scattering of identical
particles. A number of important approximation methods are studied in
Chapters 8-10: the Born series is discussed in Chapter 8, semi-classical
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viii PREFACE

approximations are taken up in Chapter 9 and variational methods are con-
sidered in Chapter 10. The next chapter, which is of a more advanced nature,
is entirely devoted to the analytic properiies of scattering amplitudes. It
provides an introduction to some of the most fruitful techniques recently
used in elementary particles physics. Finally, the time-dependent approach to
porential scattering presented in Chapter 12 paves the wav for the general
reatment of quantum collisions developed in Part {il.

With the exception of Chapter 11 and of Section 2.2 on relativistic kine-
matics (which may both be studied at a later stage), the material contained
i Parts 1 and 1T constitutes the basic subject matter of quantum scattering
theory. Graduate students in physics muy be expected to have already
encountered parts of this material in varicus courses, but [ believe that the
¢nified approach given in this book will heip them to gain a deeper under-
standing of the subject. I have also stressed in the first two parts the peda-
gogical approach to scattering theory, the beginning sections being purposely
designed to have a mitimum of notational complication. In the same spirit [
have also included « series of problems at the end of both Parts I and 11
Having mastered the basic material contained in these first two pacts, the
student is then prepared to go on to the more advanced topics contained in
the remaining parts of the book.

The general reatment of quanitum collisions is the subject ol Part Itl. This
part begins in Chapter 13 with general nouons ol guantum dynanics. This
formalism is then applied in Chapter 14 to analyze quantum collistons {rom a
time-dependent point of view. i leads (o the central concepts of 8- and T-
matrices. The calculation of the iransition probabilities and cross sections 1s
carried out in Chapter 15. iins chapter also contains a discussion <1 the
Lorentz invariance of the cross sections, together with au investigation of
some unportant consequences of the unitarity of the S-matrix.

Chapter 16 is devoted to the determination of the S- and T-matrices. It
contains the derivation of the general Lippmann-Schwinger equations,
together with a discussion of Born expansions, variational principles and
the Low equations. The reaction matrix is then introduced and the Heitler
equations are proved. The modifications necessary to treat general coliisions
involving identical particles are then given, and the chapter ends with a
study of the role played by invariance principles in the determination of the
collision matrix. Chapter 17, which concludes Part 111, deals witl an imporiant
application of formal scattering theory, namely the problem of two-potential
scattering. <

Part IV of the book (Chapters 18-21) is devoted to the application of the
general theory developed in Part 111 to selected problems in atomic, nuclear
and high-energy physics. Two-body collisions are first considered in Chapter
18, first for central forces and then for non-central interactions. Generalized
partial wave expansions are obtained for the collision matrix, and a detailed
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discussion is given for the case of spin zero-spin one-half scattering. The
Regge pole concept introduced in Chapter 11 is also used to describe some
features of two-body collisions of hadrons at high energies.

Chapter 19 deals entirely with the three-body problem. In particular, an
introduction to the Faddeev theory is given, together with a discussion of
various multiple scattering expansions. Two important problems are studied
in detail: electron collisions with atomic hydrogen and high-energy hadron-
deuteron scattering. In the next chapter the optical petential method is
presented and applied to high-energy hadron-nucieus scattering and to the
elastic scattering of charged particles by atoms. Finally, in Chapter 21, a
few typical muitiparticle scattering processes arz considered, such as electron-
helium collisions and nuclear stripping or pick-up reactions. Also discussed
in the last chapter is the theory of final state interactions.

This book is the outgrowth of lectures which I have given at the Universities
of California (Berkeley), Brusseis and Louvain over the past nine years.
I wish to thank my colleagues and students at these institutions for numerous
fruitful discussions and remarks. 1 am particularly indebted to Professor
F. W. Byron, Jr. for a careful reading of the manuscript and for many
helpful suggestions and comments. The proofreading of the manuscript by
Dr. E. H. Mund and Dr. K. H. Winters has been of great help. It is also a
pleasure to thank Mr. C. Depraetere, who drew most of the figures of this
book, and Mmes G. Janssens, T. Koke, G. Mobers and E. Péan for their
expert and careful typing of the final manuscript.

CHARLES J. JOACHAIN



Contents

PART 1. DESCRIPTION Oy COLLISION PROCESSES
Chapter 1. Basic Definitions 3

1.1. Types of collisions 3
1.2. Channels 5
1.3. Cross sections. Laboratory and center of mass systems 6

Chapter 2. Kinematics 13

2.1. Non-relativistic kinematics 13
2.2. Relativistic kinematics 22

Problems to Part I 37

PART II. POTENTIAL SCATTERING
Chapter 3. Potential Scattering: General Features 45

3.1. Separation of the center of mass motion in a two-body problem 45
3.2. The stationary scattering wave function 48

3.3. Cross sections 50

3.4. The optical theorem 53

3.5. Potential scattering of wave packets 55

Chapter 4. The Method of Partial Waves 62

4.1. The partial wave analysis 62
4.2. Optical theorem and unitarity relation 76
4.3. The phase shifts 78

Xi



Xl CONTENTS

4.4. Examples 86
4.5. Resonances 93
4.6. Absorption processes. Scattering by a complex potential 105

Chapter 5. The Integral Equation of Potential Scattering 112

5.1. The Schrodinger equation as an integral equation 112
5.2. The Green'’s function 114
5.3. The Lippmann-Schwinger equation 117
5.4. Compact solutions of the Lippmann-Schwinger equation.
Integral representations of the scattering amplitude 119
. Partial wave analysis of the Lippmann-Schwinger equation 121
The Lippmann-Schwinger equation and the Fredholm method 125
Non-local potentials 130

N a
~ N

Chapter 6. The Coulomb Potential 133

6.1. The Coulomb potential in parabolic coordinates 134
©0.2. Partial wave decomposition 141
6.3. Scattering by a modified Coulomb field 144

Chapter 7. The Scatrering of Identical Particles 148

. .. .
7.1. The symmetrization postulate. Bosons and fermions 148
7.2. Boson-boson scattering 152

7.3. Fermion-fermion scattering 156

Chapter 8. The Born Series 161

8.1. The Born expansion as a perturbation series 161
8.2. The first Born approximation 164

8.3. The Born series 166

8.4. Convergence of the Born series 168

8.5. The Born series for partial waves 171

8.6. Examples 172

Chepter 9. Semi-Classical Approximations 188
9.1. The eikonal approximation 188
9.2. The WKB method 210

Chapter 10. Variational Methods 225

10.1. The Hulthén—-Kohn variational principle 226
10.2. The Schwinger variational principle 233
10.3. Minimum principles in scattering theory 238



CONTENTS xin

Chapter 11. Analytic Properties of Scattering Amplitudes 243

11.1. The Jost functions 243

11.2. The S-matrix 252

11.3. The Levinson theorem 258

11.4. Complex angular momenta. Regge poles 260
11.5. Dispersion relations 271

11.6. Effective range theory 286

Chapter 12. Time-Dependent Potential Scattering 297

12.1. Time-dependent Green’s functions 297

12.2. Time-dependent integral equations 302

12.3. Time-dependent perturbation theory 305

12.4. Transition probabilities and cress sections 310

Problems to Part Il 315

PART IIIl. GENERAL SCATTERING THEORY

Chapter 13. Quantum Dynamics 331

13.1. The Schrodinger picture 331
13.2. The Heisenberg picture 334
13.3. The interaction picture 337
13.4. Dyson’s perturbation expansion for the evolution operator 340

Chapter 14. The Collision Matrix 344

14.1. The passage to infinite times. The Moller operators 344
14.2. The S-matrix 355

14.3. Green’s operators 361

14.4. The T-matrix 368

Chapter 15. Transition Probabilities and Cross Sections 375

15.1. Transition probabilities 375

15.2. Cross sections and lifetimes 379

15.3. Lorentz invariance 384

15.4. Phase space considerations 388

15.5. Scattering systems in mixed states. The density matrix 389
15.6. Unitarity relations and the optical theorem 399

Chapter 16. The Determination of the Collision Matrix 403

16.1. The Lippmann-Schwinger equations 403
16.2. The Born series 409



X1V CONTENTS

16.3. Variational principles 411

16.4. The Low equations 414

16.5. The reaction matrix and the Heitler integral equations 416
16.6. Collisions involving identical particles 421

16.7. Invariance principles and the collision matrix 429

Chapter 17. Two-Potential Scattering 442

17.1. The Furry picture 442

17.2. Generalized Lippmann-Schwinger equations 445
17.3. The two-potential formulae 446

17.4. Distorted wave Born series 449

PART 1V. APPLICATIONS

Chapter 18. Two-Body Collisions 455

18.1. Central forces 455

18.2. Non-central forces. General theory 467

18.3. Scattering of spin zero by spin one-half particles 488
18.4. Hadronic collisions at high energies 503

Chapter 19. Three-Body Problems 512

19.1. Definitions and notations 512

19.2. Difficulties with the Lippmann-Schwinger equations 517
19.3. The Faddeev equations 519

19.4. Multiple scattering expansions 528

19.5. Electron-hydrogen collisions 536

19.6. High-energy hadron-deuteron scattering 564

Chapter 20. The Optical Potential 576

20.1. Elastic scattering and the optical potential 577

20.2. The optical potential and the many-body problem 588
20.3. High-energy elastic hadron-nucleus scattering 599
20.4. Elastic scattering of charged particles by atoms 607

Chapter 21. Topics in Multiparticle Collisions 622

21.1. Electron-helium collisions 622
21.2. Nuclear stripping and pick-up reactions 629
21.3. Final state interactions 640



CONTENTS XV

APPENDICES

A. Principles of Quantum Mechanics 657
B. Legendre polynomials, associated Legendre functions and
spherical harmonics 666
Spherical Bessel functions 673
. Dalitz integrals 678
Vector addition coefficients and 3-j symbols 682
The Wigner simplified rotation matrices 685

mmg o

Author Index 688
Subject Index 693



PART I

DESCRIPTION OF COLLISION PROCESSES






Basic Definitions

This chapter contains a simple, descriptive introduction to quantum collision
processes. We first classify the various types of collisions in Section [.1.
The concept of channel is then introduced in Section 1.2 and the cross sections
are defined in Section 1.3.

1.1. Types of collisions

Let us consider a typical collision experiment which is illustrated by the
schematic drawing of Fig. 1.1. A beam of particles A, well collimated and
nearly monoenergetic, is directed towards a target. The incident beam should
be neither too intense — so that the interaction between the incident particles
may be neglected — nor too weak, because one wants to observe a reasonable
number of “events” during the experiment.

The target usually consists of a macroscopic sample containing a large
number of scatterers B. The distances between these scatterers are in general

detector

collimator :‘5
beam of e
particles A I l /

target

S
i——_‘»_.____—_ ““‘@'———.—"T >
H gilrggtlonbof
. t beam
/ l \ inciden

Fig. 1.1. Schematic drawing of a collision process.
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4 DESCRIPTION OF COLLISION PROCLSSES

quite large with respect to the de Broglie wavelength of the incident particle,
in which case one can neglect coherence effects between the waves scattered
by each of the scattering centers [1]. In addition, if the target is sufficiently
thin, multiple scattering by several scatterers can be neglected. One may then
consider that each scatterer B acts as if it were alone, and focus one’s attention
on the study of a typical collision between a particle A of the incident beam
and a scatterer B of the target [2].

After the collision, some or all outgoing particles are registered by detectors
[3], located at a macroscopic distance from the target. Several processes can
oceur:

1) Elastic scattering: the two particles A and B are simply scattered without
any change in their internal structure,

A+ B-— A+ B. (1.1

2) Inelastic scattering: the two particles A and (or) B undergo a change of
their internal quantum state during the collision process [4]. Denoting by A’
and B’ these new internal states, we may have

A+B->A"+B
or

A+B—-> A+ B (1.2)
or

A+ B—-> A"+ B.

3) Reactions: the composite system (A + B) splits into two particles
different from A and B, or into n > 2 particles. That is,

A+B->C+D (1.3

or
A+ BCi+Ci# ., C : (1.4)

It is convenient at this point to define the terms “elementary” and “compo-
site” particles. Since the rigorous definition of an ‘“‘elementary particle” is
presently rather arbitrary we shall use a practical definition and decide that
a particle is elementary if, in the particular phenomenon under study we may
suppose that it is not a bound system of other particles. For example, in low
energy atomic collisions the atomic nuclei may be considered as elementary,
while they appear as composite structures in nuclear reactions.

Let us now return to the reaction (1.3). If the particles A, B, C and D are
all “elementary”, we shall call this process a two-body reaction. If on the
contrary the particles A and (or) B are composite so that the reactions (1.3)
and (1.4) occur because of the exchange of one or several elementary
coaustituents, we shall call these processes rearrangement collisions. Chemical
reactions are rearrangement collisions between atoms, ions and molecules;
nuclear reactions are rearrangement collisions between atomic nuclei. In
particular, we shall call binary rearrangement collisions those of the type
(1.3), where two particles emerge in the final state.
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As an illustration of these various types of collision processes, consider a
positron e incident on an hydrogen atom in.its ground state, for energies
above the ionization threshold. Among the processes which can occur are

-H-e" + H : elastic scattering
T4 HF : inelastic scattering
* + p + e : reaction : ionization (1.5)
- p+ 2y : reaction : annihilation
— p+ (e*e”) : binary rearrangement collision
(formation of positronium) s

where H* denotes an hydrogen atom in an excited state, p is a proton, €~ an
electron, y a photon and (¢ e ™) represents positronium, a bound state of the
electron—positron system.

In many experimental situations it is difficult to keep track of all the out-
going particles. For example, in high energy collisions of hadrons [5], neutral
particles are difficult to detect. Therefore, following Feynman [6], it is
convenient to define exclusive experiments, where the nature and momenta of
all outgoing particles are measured, and inclusive experiments where only some
of the outgoing particles are detected. For example the two-body reaction
(1.3) is an exclusive experiment, whereas the reaction

A+B->C+ .- (1.6)

- where the particle C is produced together with some other outgoing
particles — is an inclusive reaction.

Before we conclude this section, it is worth pointing out that many experi-
mental settings may differ appreciably from the simple one shown in Fig. 1.1.
For example, in experiments with colliding beams (as in the case of “inter-
secting storage rings”), crossed beams [e.g. 7] or merged beams [e.g. 8], the
target itsell consists of a beam of particles B. We shall return to this question
in Chapter 2.

1.2. Channels

A channel is a possiblé mode of fragmentation of the composite system
(A + B) during the collision. It is characterized by the number and the
nature of the fragments into which the system (A + B) can be decomposed.
For example, we have listed above in (1.5) five possible final channels into
which the composite system (¢* + H) may dissociate. The definition of the
channels contains some arbitrariness, related to our way of specifying the
precise “nature” of the fragments. For example, in the inelastic process

"+ Hoet + H* (1.7)
we may consider each of the excited states H* as corresponding to a different
channel, or group them into one “inelastic” channel. Ambiguities of this type -

References and notes on page 11



6 DESCRIPTION OF COLLISION PROCESSES

also arise in particle physics, where two particles may often be equally well
considered as “different”, or ““different states” ot a same particle.

One of the possible modes of fragmentation of the system gives back the
two original particles A and B, i.e. the initial channel. In an elastic collision,
the two colliding particles remain in the initial channel. A channel is open if
the corresponding cellision is allowed by known conservation laws (energy
conservation, charge conservation, etc.). Otherwise it is closed.

As an example, consider proton-proton scattering at energies below the
threshold for production of two pions. Four possible open final channels
are then

p+tp—>p+p
—-p+p+n° (1.8)
sp+n+at
—»d+ .
-

1.3. Cross sections. Laboratory and center of mass systems

The results of collision experiments are usually expressed in terms of
characteristic quantities called cross sections. They are defined as follows:
The cross section of a certain type of event in a given collision is the ratio of
the number of events of this type per unit time and per unit scatterer, to the
relative flux of the incident particles with respect to the target.

To illustrate this definition, let us first consider the case of rofal cross
sections. We assume that the initial channel consists of two particles: A and B
which are both in well defined quantum states [2]. We also suppose that the
incident beam of particles A satisfies the physical requirements stated in
Section 1.1. Thus a sufficiently large (but not too large) number N, of
particles A reach per unit time the target (made of particles B) with nearly
parallel directions and a kinetic energy distribution sharply peaked about a
given value. Let us denote by .44 the average number of particles A per unit
volume in the incident beam and by v; the average magnitude of their velocity
with respect to the target. The flux @, of incident particles relative to the
target (i.e. the number of particles A crossing per unit time a unit area
perpendicular to the direction of the incident beam and at rest with respect to
the target) is then given by

Py = N 4v; = N\/S (1.9)
where S is the cross-sectional area of the incident beam, as shown in Fig. 1.2,

Next, let us assume that the target is sufficiently thin and denote by ny the
number of particles B within the “‘effective” target volume interacting with
the incident beam. For example, if we imagine the target to be a very thin
layer of thickness / perpendicular to the incident beam (see Fig. 1.2) we have

ng=S-1-Ap=SAg (1.10)
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wilere g is the number of particles B per unit volume in the target and

N'g = A lis the (average) surface density of the target particles.

e

counter

direction of
incident beam
-_—

Fig. 1.2, llustration of various quantities used in the definition of cross sections.

et us now denote by Nt the total number of particles A which have

interacted per unit time with target scatterers. Under the experimental
conditions assumed here, the quantity Nt 18 directly proportional to the
relative incident flux @, and the number ng of target scatterers. We may then
write

Nyt = Pallgliot- (1.11)
According to the definition given above, the quantity o is called the total
cross section for scattering of the particle A by the particle B. We note from
eq. (1.11) that oot has the dimension of an area. We also remark that if we
define

Py = N(m/NA (1.12)
as the total probability that an incident particle has interacted with a target
scatterer and has therefore been removed from the incident beam, then by
using egs. (1.9)~(1.11) we have

Piot = N B0t (1.13)
We emphasize that the definition (1.11) of gior only holds for the case of a

thin target (such that Py < 1). Corrections must be applied when this

condition is not satisfied [9].
It is important to note that in contrast with Pt which depends upon
various experimental parameters (such as the values of Ny, /g A s 1), the
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