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Preface

The 27th International Workshop on Graph-Theoretic Concepts in Computer
Science (WG 2001) was held in Boltenhagen (Mecklenburg-Vorpommern) June
14-16, 2001. It was organized by the Theoretical Computer Science group of
the Department of Computer Science at the University of Rostock. The or-
ganizers gratefully acknowledge the support by the German Research Com-
munity (Deutsche Forschungsgemeinschaft - DFG) and the state Mecklenburg-
Vorpommern.

As was the case for previous WG workshops, this workshop was devoted
to the theoretical and practical aspects of graph concepts in computer science,
and its contributed talks showed how recent research results from algorithmic
graph theory can be used in computer science and which graph-theoretic ques-
tions arise from new developments in computer science. Moreover, the workshop
gave an impression of the impact of computer science on the efficiency of graph
algorithms and on structural aspects of graphs and graph decomposition.

The workshop looks back to a remarkable tradition of 27 years; all previous
WG conferences took place in the middle of Europe (Germany, The Netherlands,
Italy, Switzerland, Slowakia). The participants of WG 2001 came from various
countries such as Canada, China, Czech Republic, France, Great Britain, Greece,
Italy, Norway, Russia, Sweden, Syria, Taiwan, The Netherlands, U.S.A., and, of
course, Germany.

The program committee represented the wide scientific spectrum and the
aims of the conference. In a careful reviewing process with at least four reports
per submission, the program committee selected 27 papers from the submissions.
All accepted papers were presented at the conference, and the referees’ comments
as well as the numerous fruitful discussions during the workshop have been taken
into account by the authors of these conference proceedings. Moreover, there
were two fascinating invited talks by

H.-J. Bandelt (University of Hamburg) on some connections between graph
concepts such as median hulls and Steiner trees on one hand and molecular
biology on the other hand,

and by

F. Meyer auf der Heide (University of Paderborn) on data management in
networks, giving a survey on strategies for distributing and accessing shared
objects in large parallel and distributed systems.

It is our pleasure to thank all those who contributed to the scientific success
of WG 2001:
- all authors of submitted and of presented papers, and in particular the speakers
- the referees and subreferees
- the invited speakers



VI Preface

- the DFG

- the state of Mecklenburg-Vorpommern, and last but not least

- the organizers Katrin Erdmann, Thomas Szymczak, Ernst de Ridder, supported
by Roswitha Fengler before and Tilo Klembt, Suhail Mahfud, and Hans-Jorg
Schulz during the conference.

August 2001 Andreas Brandstadt and Van Bang Le



Preface VII

The Tradition of WG

Hosts — Location

1975 U. Pape — Berlin

1976 H. Noltemeier — Gottingen

1977 J. Mihlbacher — Linz

1978 M. Nagl, H.J. Schneider — Schlof Feuerstein, near Erlangen
1979 U. Pape — Berlin

1980 H. Noltemeier — Bad Honnef

1981 J. Miihlbacher — Linz

1982 H.J. Schneider, H. Géttler — Neunkirchen, near Erlangen

1983 M. Nagl, J. Perl - Haus Ohrbeck, near Osnabriick

1984 U. Pape — Berlin

1985 H. Noltemeier — Schlo8 Schwanenberg, near Wiirzburg

1986 G. Tinhofer, G. Schmidt — Stift Bernried, near Miinchen

1987 H. Gottler, H.J. Schneider — Schlofi Banz, near Bamberg

1988 J. van Leeuwen — Amsterdam

1989 M. Nagl — Schlo8 Rolduc, near Aachen

1990 R.H. Mohring — Johannesstift Berlin

1991  G. Schmidt, R. Berghammer — Richterheim Fischbachau, Miinchen
1992 E.W. Mayr — Wilhelm-Kempf-Haus, Wiesbaden-Naurod

1993 J. van Leeuwen — Sports Center Papendal, near Utrecht

1994  G. Tinhofer, E.-W. Mayr, G. Schmidt — Herrsching, near Miinchen
1995 M. Nagl — Haus Eich, Aachen

1996 G. Ausiello, A. Marchetti-Spaccamela — Cadenabbia,

1997 R.H. Méhring — Bildungszentrum am Miiggelsee, Berlin

1998 J. Hromkovié, O. Sykora — Smolenice-Castle, near Bratislava
1999 P. Widmayer — Centro Stefano Franscini, Monte Verita, Ascona
2000 D. Wagner — Waldhaus Jakob, Konstanz

2001 A. Brandstadt — Boltenhagen, near Rostock
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Median Hulls as Steiner Hulls
in Rectilinear and Molecular Sequence Spaces

(Invited Presentation)

Hans-J. Bandelt

Departement of Mathematics, University of Hamburg, Germany
bandelt@math.uni-hamburg.de

1 Introduction

The Steiner problem is to find a shortest connection of a finite subset X in
a given metric space (M,d). If the space meets some local compactness and
connectivity conditions, then a solution, a Steiner minimal tree for X, exists [7].
More generally, considering any graph-theoretic tree 7" with all nodes of degree
< 3 labeled by elements of X (that is, an X-labeled tree), we may ask for a
minimal length realization of T" in (M, d), that is, for an embedding of the node
set of T' in M which extends the identity map of X and yields the smallest
possible length of the image Steiner tree (relative to the labeled tree T'). The
embedded unlabeled nodes of T' are called Steiner points. A Steiner minimal
tree is then that realization which attains minimum length among the (finite)
collection of X-labeled trees. Given the subset X, one is interested in restricting
the search for Steiner points in the metric space (M,d). Any proper subset of
M that is guaranteed to harbor at least one Steiner minimal tree for X is called
a Steiner hull for X [7,12]. Particular interest attaches to Steiner hulls that
are finitely generated in that they are determined by a finite subset S of M
containing X and all Steiner points of some Steiner minimal tree for X; this
finite set S can trivially be turned into a Steiner hull by attaching one geodesic
from M for each pair of its points. For the Steiner problem in rectilinear space,
that is, a d-dimensional real space equipped with the metric associated with the
1-norm, finitely generated Steiner hulls have been described [7,12].

One of the motivations to study the Steiner problem in rectilinear space
comes from biology, where one is interested in reconstructing the phylogeny or
genealogy of species or populations based on molecular or morphological data.
The Steiner problem is there referred to as the parsimony problem and Steiner
minimal trees are then called most parsimonious reconstructions of most par-
simonious trees. Actually, Farris [8] was the first to describe an algorithm for
finding a minimal length realization of any X-labeled tree within a rectilinear
space (an "ordered character” in the biological context refers to one coordinate
of the space). This was accordingly modified for molecular sequence spaces by
Fitch [9]; cf. [11]. Such a space (equipped with the Hamming distance) is, for
some d > 0, the d-th Cartesian power of an equidistant alphabet (typically, the
nucleotide alphabet). In the binary case, that is, say, for the alphabet {0, 1}, it

A. Brandstadt and V.B. Le (Eds.): WG 2001, LNCS 2204, pp. 1-7, 2001.
© Springer-Verlag Berlin Heidelberg 2001



2 Hans-J. Bandelt

is knowm that median hulls generate Steiner hulls [2,14]. In fact, an algebraic
analysis of the algorithm of Farris and Fitch (the FFH algorithm, see below)
reveals that any X-labeled tree T has a minimal length realization as a Steiner
tree relative to T using only Steiner points from the median hull of X. In practi-
cal applications where this hull would still be too large, one could further reduce
this set in a heuristic fashion, of course at the expense that the Steiner hull
property may no longer provably be maintained [1, 4].

2 Reduction to Hypercubes

Consider a tree T interconnecting a family of sequences from a finite subset X
of the d-dimensional rectilinear space. Then one can realize T' as a Steiner tree
in the rectilinear space attaining minimal length relative to T' [7]. Adjoin to X
all Steiner points of this Steiner tree and extend the resulting set to a finite grid
Y (of dimension at most d). This grid can be recoded by 0-1 sequences and thus
be embedded into a finite-dimensional hypercube H in which every coordinate
receives a certain weight. We can think of X being embedded in H such that a
Steiner tree realization of T in H has the same minimal length as in the original
rectilinear space. We will see below that the adjunction of a set of Steiner points
was an unnecessary proviso since the median hull of X (necessarily contained
in Y) turns out to harbor an ample collection of potential Steiner points to
guarantee a minimal length realization relative to any prescribed tree 7T'.

3 Farris-Fitch-Hartigan (FFH) Labeling

First, in order to describe and analyze the FFH algorithm, it is convenient to
encode any given tree 7" in terms of its leaves to,t1,...t,—1 (n > 2). One leaf,
say to, is selected as a root. In dealing with the thus rooted tree T' we employ the
metaphor of a maternal genealogy and think of T" as being visualized in the plane
such that ¢ is at the top and the other leaves are at the bottom. The rooted
subtree 7" := T — ty obtained by deleting ¢y (and the edge incident with it) has
the (unique) daughter node ug of ¢y as its root. The so-called New Hampshire
encoding [10] of 7" is a string comprising brackets and the leaf names t1,...,t,_1.
The code for T” is obtained bottom-up: if in the first step, say, t1,...,¢ (i > 1)
comprise all the daughter nodes of their common mother node u, then we record
this by v = (¢1,...,t;) where the order within the bracket is arbitrary. Then
delete ty,...,t; and turn u into a leaf, which represents the subtree with original
leaves ty,...,t;. Continue until the bracketing stops with a single node, the root
up of T". To arrive at the final code, successively replace every interior node by
the associated bracket.

We now turn the New Hampshire encodings of the subtrees into operations on
the hypercube. First we deal with the case of a single coordinate which may take
values 0, 1. In order to handle ties , we introduce a third letter N, which stands
for "not determined”. For each k > 1 we define the k-ary majority operation on
{0,1, N} as follows. The operation returns 0 if 0 occurs more often than 1 among
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the k entries, it reurns 1 if 1 is more frequent than 0, and returns N otherwise,
that is , in the case of a tie between 0 and 1. The outcome is then simply written
as a bracket with the entries listed as a string. By definition, this operation
is commutative. For ¥ = 2 we have (00) = (ON) = 0, (11) = (IN) = 1, and
(01) = (NN) = N, and for k = 3 we have (000) = (001) = (00N) = (ONN) = 0,
(111) = (110) = (11N) = (INN) = 1, and (01N) = (NNN) = N. Restricted to
{0,1} the latter entails the median operation on {0,1} [3]. The k-ary bracket
operation on the set {0, 1, N}¢ of sequences of length d is then defined coordinate-
wise.

The FFH algorithm makes two passes through the tree 7' rooted at tg, a
bottom-up pass and then a top-down pass [10,13]. Starting from the labeled
leaves ti,...,tn_1, any mother node with k children labeled by z,...,zy re-
ceives the label (z;...zy). Proceeding bottom-up this pass stops with the la-
beling of the root ug of 7”. In the top-down pass, beginning with ug, the un-
determined (”"N”) coordinates are successively specified by 0 or 1: a node of T'
with current label z such that the mother node is already labeled by a 0-1 se-
quence y receives the 0-1 sequence (zzy) as its new label. This, in brief, is how
the algorithm works. The (well-known) proof that this labeling yields a minimal
length realization relative to T is straightforward by induction: interpret each la-
bel of the bottom-up pass as a set of 0-1 sequences obtained by all combinations
when inserting 0 and 1 for Nj this set describes exactly the 0-1 sequences at the
interior node under consideration each leading to a minimal length realization
of the subtree rooted at this node; the final top-down pass then executes the
minimization link-wise by using the specified 0-1 sequence at the mother node
in question.

4 Examples

First consider the set X = {v,w,z,y} of length 7 sequences v = 1000111, w =
0100100, z = 0010010, y = 0001001. Let T" be the tree with four leaves tg, t1, ta, t3
and interior edge separating to,t; from to,t3. Then 77 := T — tg = (t1, (t2,t3)).
When we label ¢y, t1, 2, t3 by v, w, z,y, respectively, then the root of T receives
the label (vw(wzy)) = 0000100 under FFH and the second interior node of T
is then labeled by (wzy) = 0000000. When we assign to the leaves tg, 1, to,t3
either w,v, z,y or z,y, v, w, or y, z, v, w instead, we obtain six further sequences,
so that eventually all 0-1 sequences of length 7 with prefix 0000 are generated.
The resulting set of 12 sequences (including X) is then closed under the median
operation and constitutes the graph A(4) described in [5].

Next we consider the set X = {v,w,z,y,z} of length 15 sequences where
the coordinates correspond to the partitions of X into two parts such that 0
is always assigned to the majority part (for convenience). Assume that T is a
tree with five leaves to, 1, t2, t3, t4 which are labeled by v, w, z, y, z, respectively,
unless stated otherwise. Let to serve as the root of T', and put T := T —t;. Since
there are two binary rooted trees with four leaves, we distinguish two cases.
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Case 1: T' = ((t1,t2), (t3,t4)). Then the root of T” receives the label
(vwzyz) = (v((vwz)yz)((vyz)wz))

by the FFH algorithm. Its daughter node that is the mother node of ¢3 and t4
then gets the label
(vwzyyzz) = ((vwz)yz).

When we permute the labels, the root label always remains the same, but the
mother node of t3 and ¢4 can receive nine further possible labels.
Case 2: T' = (((t1,t2),%3),ts). Then via FFH the root of 7" carries the label

(vvwzyyzzz) = ((wzy)yz)vz),
its interior daughter node
(wzyyz) = ((wry)yz),
and the interior granddaughter node
(wzy).

Reshuffling the labels will produce altogether 30 label candidates at the root, 20
at its interior daughter node, and 10 at its interior granddaughter node.

In either case and under each permutation of labels, we obtain a Steiner
minimal tree (of lenghth 23), where each time the FFH algorithm selects three
Steiner points from a pool of 71 sequences.

The FFH algorithm can in fact contruct further sequences from X when one
prescribes a tree with more than five leaves (and thus multiple occurrences of
labels), which would no longer lead to a Steiner minimal tree for X. Specifically,
pick a tree with six leaves t; (¢ = 0,...,5) such that T—tq = ((((t1,t2),t3),t4),t5)
and tg, t1,to,t3,t4, t5 are labeled by z,w, z,v, y, v, respectively. Then the root of
T — to receives

(vvvwzyz) = (((vwz)vy)vz).

Permutation of the labels gives four additional sequences. The original five se-
quences of X together with the former 71 Steiner points and the latter five se-
quences form a set closed under the median operation and constitute the nodes
of the graph A(5), see [5]. We will see below that this set exhausts all possible
interior labels obtainable via FFH from any tree with leaves labeled by sequences
of X.

5 Median Hull Includes FFG Hull

The median hull of a finite subset X of a rectilinear space or a hypercube is
the smallest (necessarily finite) set containing X and closed under the median
operation which assigns to any triplet u,v,w its median (uvw). This hull can
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be constructed by successively adding medians until no further new points (se-
quences) arise.

Now, regarding X as a subset of the k-dimensional hypercube H. One can
easily check whether a particular sequence a; ...ax from H belongs to the me-
dian hull of X: a necessary and sufficient condition is that each truncation (alias
projection) a;a; of the sequence to two coordinates belongs to the correspond-
ing truncation of X, that is, agrees at coordinates 7 and j with some sequence
of X [6]. To see this, apply induction on the sequence length. Assume that
aias...ax_1ax meets this criterion on coordinate pairs. Then by the induction
hypothesis the two truncated sequences ajas...ar_1 and as...ag_1a; belong
to the median hull of the corresponding truncation of X, and the length 2 se-
quence aa, belongs to the truncation of X to coordinates 1, k. Hence there exist
bi,...,bx from {0,1} such that ajag...ak_1bk, bias...ak—1ak, ajbs...br_1ax
belong to the median hull of X. Since (a;a;b;) = a; for all i, we obtain a; ...ax
as the median of these three sequences, as required.

In order to show that the FFH algorithm produces only labels from the
median hull of X, we may therefore assume that the leaves of the leaf-rooted
tree T' under consideration are labeled by 0-1 sequences of length 2. If all four
sequences occur at the leaves, then there is nothing left to show. So, assume
that no leaf receives label 11, say. We claim that after the bottom-up phase 1N,
N1 and 11 never label any interior node. Argue by induction from the bottom-
upwards. Assume that the interior node under consideration has 1 as the first
label coordinate. This means that more daughter nodes have 1 than 0 at the
first coordinate. Then by the induction hypothesis the former daughter nodes
must have 0 at the second coordinate, whereas only the latter daughter nodes
may have 1 as the second coordinate. Hence the mother node necessarily receives
label 10, which is fine. Finally, in the top-down phase the feasible labels ON and
NO are specified as either 00 or 01 and 10, respectively, while NN is replaced
by the label at the mother node, which is different from 11 (by employing a
top-down induction argument).

We conclude that all labels erected by the FFH algorithm lie in the median
hull of X.

6 FFH Hull Includes Median Hull

Now that we know that the FFH labeling stays within the median hull of the
given set X of binary sequences we may ask whether it actually exhausts the
latter: can every sequence in the median hull of X be obtained as a FFH label
of some interior node of a suitable tree T" rooted at some leaf t3? Yes, of course.
To see this, use induction on the number of median operations employed in
generating a particular sequence v of the median hull of X. Assume that v =
(u1uguz) where each u; is the FFH label of the daughter node of a leaf-root t;
of some tree T}, independent of the label from X attached to ¢;. In other words,
the FFH algorithm already fixes the labels (as a 0-1 sequence) at the root of
the tree T} := T; — t; in the bottom-up phase. Stipulating that all rooted trees



