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Preface

The 8th Workshop on the Foundations of Genetic Algorithms, FOGA-8, was held
at the University of Aizu in Aizu-Wakamatsu City, Japan, January 5-9, 2005.
This series of workshops was initiated in 1990 to encourage further research
on the theoretical aspects of genetic algorithms, and the workshops have been
held biennially ever since. The papers presented at these workshops are revised,
edited and published as volumes during the year following each workshop. This
series of (now eight) volumes provides an outstanding source of reference for the
theoretical work in this field.

At the same time this series of volumes provides a clear picture of how the
theoretical research has grown and matured along with the field to encompass
many evolutionary computation paradigms including evolution strategies (ES),
evolutionary programming (EP), and genetic programming (GP), as well as the
continuing growth in interactions with other fields such as mathematics, physics,
and biology.

A tradition of these workshops is organize them in such a way as to encourage
lots of interaction and discussion by restricting the number of papers presented
and the number of attendees, and by holding the workshop in a relaxed and
informal setting. This year’s workshop was no exception. Thirty-two researchers
met for 3 days to present and discuss 16 papers. The local organizer was Lothar
Schmitt who, together with help and support from his university, provided the
workshop facilities.

After the workshop was over, the authors were given the opportunity to revise
their papers based on the feedback they received from the other participants.
It is these revised papers that are included in this volume and follow the order
in which they were presented at the workshop. In addition to these 16 papers,
there were 2 invited talks: an opening presentation by Alden Wright and a clos-
ing presentation by Kenneth De Jong. These slides-only presentations are not
included in this volume, but can be obtained from the authors upon request. A
brief summary of these presentations is provided here.

Alden Wright opened the workshop with a presentation titled “Can Evolu-
tionary Computation Theory Have Significance Outside of EC?” and subtitled
“Can EC Theory Help Us To Understand Evolution?”. The field of artificial life
has been successful in reaching a wide audience with claims that artificial life ex-
periments can give insight into natural evolution. Wright asked if EC theory can
do the same? He proposed that EC theory might be relevant to some challenges
in evolutionary research!. These included:

e Analysis of the evolution of rates of mutation and recombination. Do “optimal”
rates evolve?
e Analysis of the evolution of the information content of genomes.

! Some of these challenges came from the website:
http://evonet.sdsc.edu/evoscisociety/chall_and oppors_in_e.res.htm
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e Analysis of genic selection and of conflict within genomes (e.g., segregation
distortion, evolution of gene expression, etc.).

e How does evolution maintain the great complexity of organisms while also
allowing “rapid” evolution in some areas?

e How is it possible that phenotypic variations do not destroy brittle interactions
between the subsystems of an organism while still allowing for the variablity
that allows for evolutionary innovations?

Wright suggested that investigation of the genotype-phenotype map might give
insight into the last two challenges.

Kenneth De Jong closed the workshop with a presentation titled “Unify-
ing EC Theory.” In this presentation he argued that developing a more unified
framework for EC theory was important for further progress in the field. This
was based on the observation that historically the field has evolved around a
number of EA demes (GAs, ESs, etc.), resulting in deme-specific terminology
and theory. We now have deme-independent EC toolkits that provide creative
mixing and matching of EA components, but we have no theory to guide EA
design at this level.

De Jong outlined a strategy for developing such a theory. He suggested that
we need to clearly distinguish between EAs as dynamical systems and EAs as
problem solvers. Adopting a dynamical systems view allows us to answer ques-
tions about trajectories, fixed points, etc., and makes contact with a large body
of existing theoretical work in evolutionary biology, evolutionary game theory,
and dynamical systems theory. Adopting a problem-solving view allows us to an-
swer questions about the effectiveness of EAs for optimization, search, machine
learning, etc., and makes contact with a large body of existing theoretical work
from computer science, operations research, and artificial intelligence.

De Jong argued that in both of these areas it is important to find a middle
ground between theories that are too abstract to be helpful and too specific to be
applicable to new situations. He gave several examples of how that might be done
using a top-down strategy. He concluded by noting that several of the papers
presented were nice examples of this middle theoretical ground, and expressed
the hope that he would see more of them at the next FOGA.

In between those 2 presentations 16 papers were presented on a wide range
of theoretical evolutionary computation topics. We hope that you find them as
interesting and provocative as we did. We fully expect that these papers will serve
as a catalyst for further progress to be reported at the next FOGA workshop in
2007.

March 2005 Alden Wright
Michael Vose

Kenneth De Jong

Lothar Schmitt
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Genetic Algorithms for the Variable Ordering Problem
of Binary Decision Diagrams

Wolfgang Lenders* and Christel Baier

Universitidt Bonn, Institut fiir Informatik I, Romerstrasse 164, 53117 Bonn, Germany
wolfgang@lenders.it, baier@cs.uni-bonn.de

Abstract. Ordered binary decision diagrams (BDDs) yield a data structure for
switching functions that has been proven to be very useful in many areas of com-
puter science. The major problem with BDD-based calculations is the variable
ordering problem which addresses the question of finding an ordering of the in-
put variables which minimizes the size of the BDD-representation. In this paper,
we discuss the use of genetic algorithms to improve the variable ordering of a
given BDD. First, we explain the main features of an implementation and report
on experimental studies. In this context, we present a new crossover technique
that turned out to be very useful in combination with sifting as hybridization
technique. Second, we provide a definition of a distance graph which can serve
as formal framework for efficient schemes for the fitness evaluation.

1 Introduction

Ordered binary decision diagrams (BDDs for short) are data structures to represent
switching functions that rely on a compactification of binary decision trees. More gen-
eral, using appropriate binary encodings, BDDs can serve to represent discrete func-
tions with a finite domain. They were first introduced by Lee [28] and Akers [1]. In the
meantime, various variants of BDDs have been suggested in the literature and applied
successfully in many areas of computer science. Most popular are Bryant’s (reduced)
ordered binary decisions diagrams [8] that require a fixed variable ordering on any
path. They have been proven to be very useful for the verification of reactive systems,
often called symbolic model checking [10, 32]. Other application areas of BDDs in-
clude VLSI design, graph algorithms, complexity theory, matrix-operations, data bases,
artificial intelligence, and many more. See e.g. the text books [18, 25, 33, 36, 48].

The crucial point with ordered BDD-based computations is the variable ordering
problem. For a wide range of switching functions, there are polynomial-sized BDDs
for “good” variable orderings, while the BDDs under “bad” variable orderings have
exponential size. Unfortunately, the problem of finding an optimal variable ordering
is NP-complete [6, 45]. However, there are many reordering algorithms that improve
the ordering of a given BDD. Most popular are Rudell’s sifting algorithm [41] and the
window permutation algorithm [21]. A first attempt to use genetic algorithms for the
variable ordering problem for BDDs was presented by Drechsler, Becker and Gockel
[15] where the main genetic operations are partially-mapped crossover and mutation.

* The paper is based on material of the diploma thesis by the first author Wolfgang Lenders
which he submitted in August 2004 at the Department of Computer Science, Universitit Bonn.

A.H. Wright et al. (Eds.): FOGA 2005, LNCS 3469, pp. 1-20, 2005.
(© Springer-Verlag Berlin Heidelberg 2005



2 Wolfgang Lenders and Christel Baier

A related approach using simulated annealing was suggested by Bollig, Lobbing and
Wegener [5]. In experimental studies it turned out that these methods yield better re-
sults (smaller BDDs) than other dynamic reordering techniques, but they are compa-
rably slow, see e.g. [42]. To speed up the computations, several approaches have been
suggested, including advanced tricks for the parameter setting and treating sifting as a
genetic operation that replaces crossover techniques [16, 46], evolutionary algorithms
with learning heuristics [17], the use of computed tables and approximate fitness values
[24] or parallel genetic algorithms [12].

The goal of our paper is orthogonal to the above mentioned strategies by present-
ing alternative techniques to improve the efficiency and quality of genetic reordering
algorithms for BDDs, while still retaining the concept of crossover (in contrast to the
approaches of [16, 46]). We concentrate here on the purely genetic part of such reorder-
ing algorithms. However, the techniques suggested here can easily be combined with
other (non-genetic) methods to increase the efficiency, e.g. by using “ordinary” sifting
as in [16, 46].

Unlike [16, 46] which uses inversion as the only genetic recombination technique,
we discuss several crossover techniques and present a new one, called alternating cross-
over which attempts to maximize the benefits of hybridization, i.e., the combination of
a deterministic search algorithm with a genetic algorithm. The idea in the context of
BDD minimization relies in generating an interleaving of the parent’s variable order-
ings (alternating crossover) and moving the variables with the sifting-technique to the
next local optimum after (the hybridization step). Our experimental results show that
alternating crossover outperforms other recombination techniques such as order, par-
tially matched or cycle crossover and inversion, by means of the BDD-sizes, while no
significant differences in the runtime could be observed.

The second contribution is a formal framework to speed up the calculation of the
fitness values for the newly generated individuals. In fact, for the variable ordering
problem, calculating the BDD-size under a given variable ordering is a time-consuming
step. It is typically realized by a sequence of local (level-wise) reorganizations of the
BDD, the so called swap-operator (see e.g. [48]). Even when the final BDD is smaller
than the original one, an exponential blow-up for the intermediate BDDs is possible.
Thus, strategies that support the fitness calculation of the new population are highly de-
sirable. We introduce a formal notion of a distance graph, a weighted graph where the
nodes are orderings and the edges are labeled with the minimal number of swaps neces-
sary to transform one ordering into another one. Using (variants of) heuristic algorithms
for the traveling salesperson problem a “short” tour in the distance graph through the
newly generated orderings, for which the fitness values (BDD-sizes in our case) are re-
quired, yields an appropriate scheme for the fitness evaluation. The distance graph can
also serve as formal framework for other techniques that support the fitness calculation
as suggested in [24]. Moreover, the fitness computation via our visiting strategy can
easily be modified to weaken the drawback of crossover operations that might lead to
unfeasible BDD-sizes, e.g., if they generate individuals that are far from both parents
and combine the bad attributes of the parents.

Throughout the paper, we concentrate on the use of our algorithm for the minimiza-
tion of ordinary BDDs, but our methods are also applicable to other types of decision
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diagrams, such as zero suppressed BDDs [36] algebraic decision diagrams, [2, 11] and
their normalized version [39], and other DD-variants.

Organization of the paper. The basic concepts of binary decision diagrams and no-
tations used in this paper are summarized in Section 2. Section 3 explains the main
concepts of our genetic algorithm and its implementation we used for the experimental
studies. Section 4 is concerned with alternating crossover. Our graph-based technique
to reduce the runtime for the fitness calculation are described in Section 5. In Section 6,
we report on experimental results. Section 7 concludes the paper.

2 Binary Decision Diagrams

In the remainder of this paper, we fix a finite set Z = {z1,...,z,} of boolean variables
and often refer to the variables by their indices (i.e., we identify index i with variable
zi). An evaluation for Z denotes a function that assigns a boolean value (0 or 1) to any
variable z; € Z. By a switching function over Z, we mean a function f which maps
any evaluation for Z to 0 or 1. If z € Z then f|,—o and f|,— denote the cofactors of
f which arise by fixing the assignment z — 0 and z — 1 respectively. For instance, if
f=2NA(z22Vz3) then f|;;—o =0and f|;;=1 =22V z3.

The fact that there is no data structure for switching functions that is efficient for all
switching functions becomes clear from the observation that the number of switching
functions over Z grows double exponentially in the size of Z. An explicit representation
of switching functions using truth tables seems coherent, but a truth table for a switching
function with n variables consists of 2” lines and consequently its space complexity
grows exponentially in the number of variables. Implicit descriptions, like propositional
logic formulas and binary decision diagrams can be much more efficient.

Binary decision diagrams are a graph based representation of switching functions
which rely on the decomposition of switching functions in their cofactors according to
the Shannon expansion f = (—z A f|;=0) V (2 A f|;=1). Formally, a BDD is an acyclic
rooted directed graph where every inner node v is labeled with a variable and has two
children, called the O-successor and 1-successor. The terminal nodes are labeled with
one of the truth values 0 or 1. In ordered BDDs (OBDD) [8], there is a variable ordering
T = (Zi,---,Z,) Which is preserved on any path from the root to a terminal node. That
is, if v is an inner node labeled with variable zi, and w a child of v which is non-terminal
and labeled with variable z;, then z;, appears in & before z;,, i.e., ig < ir. In the sequel,
we shall use the notation T-OBDD to denote an OBDD relying on the ordering 7 and
we refer to any inner node labeled with variable z as a z-node.

The switching function represented by a terminal node agrees with the correspond-
ing constant O or 1. The switching function of a z-node v with O-successor wy and
1-successor wy is f, = (-2 A fu,) V (2 A fi, ). The switching function fz represented
by an OBDD B agrees with the switching function for its root node. Thus, given
an evaluation for Z, the truth value under fz is obtained by traversing B starting
in its root and branching in any inner node according to the given evaluation. Fig-
ure 1 depicts two T-OBDDs with the variable ordering T = (z1,z2,z3) for the function
f=(z1 A=22 Az3) V(=21 Az3 Az2) . In the OBDD on the left, both z3-nodes represent
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\ Root Node

Terminal nodes

Fig. 1. OBDD and ROBDD

the same cofactor, namely f|;;—0z,=1 = f|z;=1,,,=0 = z3. Thus, a further reduction of
the shown OBDD is possible by identifying the two z3-nodes which yields the reduced
OBDD (ROBDD) shown on the right. Intuitively, A OBDD is called reduced if it does
not contain any redundancies. Formally, an ROBDD 3B denotes an OBDD such that
fv # fw for all nodes v, w in B with v # w. Given an t-OBDD, an equivalent t-ROBDD
is obtained by identifying terminal nodes with the same value, identifying z-nodes with
the same successors and eliminating all inner nodes where the 0- and 1-successor agree.

n-ROBDDs yield a universal representation for switching functions. (This follows
from the fact that the above reduction procedure applied to the decision tree for a switch-
ing function with ordering 7 yields an t-ROBDD.) Moreover, the representation by 7-
ROBDD:s is canonical up to isomorphism because the node-set of a t-ROBDD stands
in one-to-one correspondence to the set of cofactors f]; =by,...z,=b; that can be ob-

tained from f by assigning values to the “first” variables of m . (Here, the range for k
is0,1,...,n,and by,...,b, € {0,1}.)

ROBDDs yield a minimized OBDD-representation for a given switching function,
provided the variable ordering is viewed to be fixed. However, by varying the ordering
7 the size of the BDD can be influenced. Figure 2 illustrates this observation by display-
ing two ROBDD:s for the same switching function f = (x; Ax2) V (y1 Ay2) V (21 Az2)
using different variable orderings. In the worst case, a ROBDD can have exponential
size according to the number of variables n. There are functions, e.g. the middle bit
of multiplication, whose ROBDD representation has exponential size for every variable
ordering. Other functions, e.g. the most significant bit of addition, can vary between lin-
ear and exponential size depending on the chosen variable ordering while the number
of any ROBDD for symmetric functions (e.g. n-ary disjunction or the parity function)
is at most quadratic. See [9] and e.g. the text books [33, 48] for a detailed discussion of
the complexity of ROBDDs.

Shared BDDs. Most BDD-packages follow the approach of [35] who suggested the si-
multaneous representation of several switching functions in one reduced graph (called

! Some of these cofactors might agree in which case they are represented by the same node
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Fig. 2. Two BDDs for the same switching function using different variable orderings

shared or multi-rooted BDD) where the ROBDDs of the represented functions are re-
alized as subgraphs and share the nodes for common cofactors. With several additional
implementation tricks (appropriate hash tables, the ITE-operator to treat all boolean
connectives, negated edges, etc.) the manipulation of switching functions and other
BDD-based calculations can be realized efficiently, such as checking equivalence of
switching functions in constant time or performing boolean combinations in time poly-
nomial in the sizes of the ROBDDs for the arguments.

Throughout the paper the term BDD will refer to a shared BDD with negative edges.
(This also applies for the number of BDD-nodes in the experimental results.)

The variable ordering problem. For the wide range of functions where the BDD-sizes
range from polynomial to exponential, the variable ordering has an immense importance
for BDD-applications, not only for reasons of memory requirement but also for the run-
time of BDD manipulation operations. Beside some heuristics that compute a variable
ordering from a given circuit description there is a wide range of dynamic reordering
algorithms that attempt to improve the given variable ordering. The problem of finding
an optimal variable ordering for a given BDD is known to be NP-complete [6, 45]. The
best known algorithm that determines an optimal variable ordering requires exponential
time [20]. However, there are several Greedy-heuristics that might return a suboptimal
ordering. All these reordering algorithms are based on sequentially exchanging pairs
of neighboring variables. This basic swap operation induces only local changes to the
involved variables and can be carried out in constant time for each node that has to be
handled. Thus, the running time of the operation swap(z,Z') on the BDD B with or-
dering 7, where z and 7’ are adjacent in T, is linear in the number of z-nodes and the
number of their incoming edges in B. Using appropriate sequences of swap operations,
any variable ordering can be transformed into another one.



