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INTRODUCTION

The Workshop on Kleinian Groups and Related Topies was held in

Oaxtepec, Mexico, from August 10 to lﬁ;rl981, during the second Cologuio
de Matem&ticas held by the Mathematics Department of the Centro de

Investigacidn y de Estudios Avanzados del Instituto Politécnico Nacional.

The theory of Kleinian groups has undergone a vast diversification
in the last two decades, particularly with its more recent applications
to 3-manifold theory. The object of this conference was to provide a
stimulus to its development and to make recent progress more accesible

to researchers in Mexico. The keynote speaker was B. Maskit.

The contributions to this volume were provided by participants at
the Workshop as well as others who responded to a call for papers. In
accordance with an agreement made at the time of the conference, all

articles contained here have been refereed.

The editors wish to express their appreciation to the Consejo
Nacional de Ciencia y Tecnologia, the Secretaria de Educacidén Piiblica,
the Instituto Politécnico Nacional, and the Centro de Investigacién
Yy de Estudios Avanzados for their support of this event. In addition
we thank all those who had a share in the production of this book,

including the Workshop participants, the referees, and Springer-Verlag.

Daniel M. Gallo

R. Michael Porter
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LIFTING SURFACE GROUPS TO SL(2.0)"

W. ABIKOFF
K. APPEL
P. SCHUPP

It is an elementary consequence of the uniformization theorem that the fundamen-
tal group nls of a closed orientable surface S of genus g>2 has a faithful
representation as a Fuchsian group G. That the totality of such representations
forms a connected subset of the real M#bius group, MbbR , was first shown by
Fricke. Since MUbR is canonically isomorphic to PSL(2,R), it is natural and
computationally relevant to investigate whether a given representation may be lifted
to SL(2,R) . Fricke showed that it is indeed possible and further that the Tift
depends continuously on the surface S viewed as a point in Teichmtiller space. It
is an immediate consequence of the definitions that given a M8bius transformation Y ,
there are two choices of 1ifts Y of Y to SL(2,R) . Since G is a surface group
of rank 2g there are 2g choices of the signs of the generators §i‘ Further, the

commutator relation

TT briged = i

i odd
Tifts to the relation
(1) R = ;[;]j;[vi,vm] = +1d

where the Yi are a standard set of generators for G. Fricke's argument shows that
there is a constant choice of sign possible in Equation 1. Siegel [5] was first to
raise the question as to whether the sign was always positive. Both Bers [3] and

Abikoff [2, p. 18] claimed that the result was true. Bers' unpublished proof consists

* This research has been partially supported by the National Science Foundation.




of studying the side identifications of regular 4g-gons in the hyperbolic plane.
Here we prove the result by showing the following
THEOREM. 1§ G 48 a Lift of the surdace group G 2o SL(2,R) and the genus of

G satisfies g>2, then for any choice Yl,...,ng 0§ standard generatons of G ,

we have
J;L[Yi ,Y1-+1] = Id.

That this proof appear in print 1is in response to a question raised by Irwin

Kra and the members of a student seminar at Stony Brook.

The proof of the theorem is an immediate consequence of the following three
lemmas and the techniques used in the study of augmented TeichmiiTler spaces (see

Abikoff [1] and [2] and Harvey [4]).

If H is a Fuchsian group representing a thrice punctured sphere then G is a
free group on two generators but is usually presented as < YqsYpsYg i Yq¥oVsy = id >.
It is easy to see that by appropriate choice of sign of tr Y3 the relation may be

chosen to 1ift to
(2) Y¥p75 = 1d.

LEMMA 1. T4 H 44 Lifted to SL(2,R) 40 that the traces tr ?1 and tr ¥, have

the same sign and the nefation (2) is valid, then tr §3 has negative sign.
LEMMA 2. T§

6 = 1T {501
iodd[1 i)
i <2g-

1

then tr & and tr R have opposite sign.



LEMMA 3. tr 8 < 0.

Lemmas 2 and 3 immediately give the desired result.

1. Proof of Lemma 1.

We normalize ?1 and ?2 as follows:

+1 +1 + 0
Yy = and Yo =
0 +1 to +1

Since Yal is parabolic, trY51=+2, but try

31=2+u, The choice of 2 for

trYgl yields «=0 which is impossible since H 1is a free group of rank 2,

2. Proog of Lemma 2.

Since R=+Id we have

A A ~ A A-l
(3) ) ng_l = iyzgvzg_leg .

Using Fricke's result and the connectedness of the augmented Teichmdller space, we see
that a consistent choice of sign may be made for any discrete faithful representation
of ™S in SL(2,R) and that the choice must persist as 6 becomes parabolic. We

may then assume, by conjugation, that

6 = and  Ypo g =

Since trace is a conjugation invariant, Equation 3 implies

tr eng_l = +tr Y2g-1
or

+{a+c+d) = +(a+d).




If both choices of sign are identical, then c=0. It follows that the M8bius
transformation YZg-I: zw(az+b)/(cz+d) fixes infinity. Since 6 also fixes infinity,
well-known properties of Fuchsian groups show that ng_l and 8 commute, but group

theory says that they don't.

3. Proof of Lemma 3.

In the augmented Teichmtiller space a thrice punctured sphere is a Timiting
deformation of a torus with one hole. Two of the punctures come from pinching one
curve; the corresponding matrices are then conjugate in the limit group, hence have
traces of the same sign. It follows from Lemma 1 that the sign of the matrix repre-

senting the remaining puncture, which came from the border curve, is negative.

If Sg is a surface of genus g, we dissect it as shown in Figure 1

Figure 1

and use induction to show that tr 6 = tr 69_1< 0. For g=2, it was done above. For
g>2, Sg is the union of a surface Sé_z of genus g-2 with one border curve

69_2, a pants and two tori Tg-l and T_ each missing a disk. Sg is also the

g

union of Sé-l and Tg. As inductive hypothesis we take tr Bg_2< 0. Since ng_1

N . ~
borders Tg-l’ tr ng_1< 0. By Lemma 2, it follows that tr eg_1< 0.

4. Some Remarks.
After proving this result, we learned that several other proofs exist. These
other proofs use heavy machinery which is either topologicaly algebraic or cohomolo-

gical in nature.



Andrew Haas has observed that this proof may be used to show that tr 8< 0

whenever 6 is a simple dividing loop on a compact surface.

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF ILLINOIS AT URBANA-CHAMPAIGN
URBANA, ILLINOIS 61801

REFERENCES

1] W. Abikoff, Degenerating families of Riemann surfaces, Amn. of Math. 105 (1977),
29-44

21 ——, The Real Analytic Theory of Teichmliller Space, Springer Lecture Notes in
Mathematics 820 (1980).

[3] L. Bers, Spaces of Riemann surfaces, Proceedings of the 195§ International
Congress of Mathematicians, 349-361.

(4} W.J. Harvey, Spaces of discrete groups, Discrete Groups and Automorphic
Functions, Proceedings of the NATO Instructional Conference, Academic Press,
London 1977, 295-348.

53 C.L. Siegel, Uber einige Ungleichungen bei Bewegungsgruppen in der
nichteuklidischen Ebene, Math. Ann. 113 (1957?, 127-138.



NEC GROUPS AND KLEIN SURFACES

EMILIO BUJALANCE

1. Introduction

In the Tast few years several results on non-Euclidean crystallographic groups
and on applications of these groups to the study of Klein surfaces have been obtained.

This paper consists mainly of a brief survey of these results.

In Section 2 NEC groups are introduced and their main properties are given. In
Section 3 we study the NEC normal subgroups of NEC groups. In Section 4 we show the
existing relations between NEC groups and Klein surfaces as well as between normal
NEC subgroups and automorphism groups of Klein surfaces. Finally in Section 5 we

study the automorphism groups of Kiein surfaces.

2. NEC gnoups

Let us consider transformations of the Riemann sphere €' of the following forms:

i) wz) = 228 7 ec” ad-be

1, a,b,c,deR;

ii) w(z) = El—fig,zﬁst"L: ad - be
cz+d

-1, a,b,c,d €R.

These transformations form a group G which maps the upper half plane Imz>0,

which we denote by D, into itself.

The transformations of the form i) preserve the orientation of D and form a
subgroup of G of index two (the hyperbolic group); the transformations of the form

ji) reverse the orientation of D.
The transformations of the hyperbolic group are of three types:

1) hyperbolic: if |a+d|>2 with two fixed points on the real axis,
2) elliptic: if |a+d|<2 with one fixed point in D, and

3) parabolic: if |a+d|=2 with one fixed point of multiplicity two on the real axis.



The transformations of the form ii) are either glide-reflections (if a+d # 0)
with two fixed points on the real axis, or reflections (if a+d = 0) with a circle

of fixed points.

If, on D, we introduce the Riemannian metric ds = |dz|y'1 (z = x+1iy), then

D becomes a model of the hyperbolic plane and G its group of isometries.

A non-Euclidean crystallographic (NEC) group is a discrete subgroup T of G
with compact quotient space D/I'. An NEC group containing only orientation-

preserving transformations is a Fuchsian group.

In order to derive presentations for NEC groups, Wilkie [17] proved the following

result:

Let T be an NEC group. Then there is a fundamental region P for T which §s
a polygon in D whose perimeter, described counterclockwise, is one of the following:

(1) gEf. k!

- ElYlO"'Ylslel .. EkYkO"'YkskEk ulBlulsl...u 8 o B

9999

(2) €181---E.E; 81Y10"'7151€1 ... EkYkO"'YkskEk alai...agag

In these symbols, each letter denotes an oriented side of the polygon. The
apostrophe means that the corresponding sides ££',00',88',ee' of the polygon are
identified by generators of the group which preserve orientation, and.the asterisk
means that the corresponding sides ao* of the polygon are identified by generators
of the group which reverse orientation. As a consequence, if we identify corresponding
points on the related edges of the polygon, we obtain from it a surface with boundary.
In the case (1), the surface will be a sphere with k disks removed and g handles
added. In the case (2) the surface will be a sphere with k disks removed and g

cross-caps added.

Moreover, we have the following properties: a) the stabilizer in T of the
vertex Mi common to the sides gi,g% is a cyclic group of rotations of order m;
(xi will denote a generator of the group); b) the stabilizer of the vertex Nij

common to the sides Yi(j-l) s Yij is a dihedral group of order Znij , with



generators ci(j-l) s C that are reflections in Yi(j-l) s Y respectively;

i3’ ij
c) the stabilizer of an inner point of the side Yij joining Nij and Ni(j+1) is

a group isomorphic to Z,, generated by c..;
2 1]

Ni(si+1) common to the sides v, and e; 1s a group isomorphic to lz » generated

d) the stabilizer of the vertex

1S.
1

by Cig. - No other points of P are fixed points for T.
i

Macbeath [9] associated to the NEC groups of type (1) the NEC sianatutre:
(*) (g:+: Dnl,...,mT] : {(nll...nlsl),...,(nkl...nksk)})
and to the groups of type (2) the signature
(**) (g;- ;[ml,...,mT] H {(nll...nlsl),...,(nkl...nks )}

These signatures characterize the algebraic structure of the groups.

Wilkie [17) proves that an NEC group with signature (*) has the presentation

given by generators:

X:t 1= 1yuaasT elliptic transformations

a..b.: J=1,...,9 hyperbolic transformations

J J
Cij: i=1, ,K reflections
j =0,. ’Si
e;! i=1,...,k hyperbolic transformations
and relations:
m, )
X; = 1: i=1, T
_ -1 -
c1S = e Cioei i 1, .k



-1 -1 -1 -1 _
xl...xTel...ekalbla1 b1 ...agbgag bg = 1.

In a group T with signature (**) we have the presentation given by generators:

X; ¢ i= 1,...,T elliptic transformations
dj: J=1,....9 hyperbolic transformations
cij: 1=1,...5ks J = 0,...,51 reflections

e.: 1 =1,...,k hyperbolic transformations

C. = e cgeyr 1= 1,...,k

2 2 S I .=
ci(j—l) =y T (ci(j-l)cﬁj) =1: i=1,...,k; j IPPRPRLp

xl"‘xrel"'ekdl"‘d = 1.

From now on, we will denote by xi’ei’cij’ai’bi’dj the above generators

associated with an NEC group.

Let ¢, ¢' be two period cycles ¢ = (nl...ns) and c¢' = (ni...né). Then c,

c¢' are called directly equivalent if one is a cyclic permutation of the other, that

js, if s = s' and there is an integer k such that n; = n&+i » suffixes being

read modulo s.

¢, ¢' are called fnversely equivalent if one is a cyclic permutation of the

other reversed, that is, if s = s' and there is an integer k such that Ny = Mo

where the suffixes are again reduced modulo s.

If T is a NEC group of signature

(gs+ ;[ml...mT] 3 {{eqea.c)})
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then T 1is isomorphic to the group TI' of signature
(g';+ ;[ml...mT.l ; {(ci...ck.)})

if and only if they have the same sign, g=g', T =1", k = k', [mi,...m;.]
Dnl...mT], and there is a permutation ¢ of (1,2...k) such that ejther (a) for

each 1, c! is directly equivalent to Co(i) > OF (b) for each 1, ci s inversely
equivalent to C¢(i) , in the case of the sign “+"; and there is a permutation
of (1...k) such that for each i, c% is either directly or inversely equivalent to

C4(1) in the case of the sign "-" (Macbeath [9] and Wilkie [17]).

In the same way as in the case of Fuchsian groups, in the NEC groups the measures
of the fundamental regions will allow us to relate the NEC signatures of the groups
with those of the subgroups. Similarly these measures give some conditions for the
achievement of the NEC signatures. We will call the measure of a fundamental region
of an NEC group T the area of any fundamental region associated to the group, and
we will denote it by |I|. The measure of the fundamental region of an NEC group

with signature (*) is (Singerman [16])

k k S, T,
|1"|=1r[2‘r+2k+4g-4+ ) s; - D) rY 1 —]=1TR
i41 . L

and the measure of the fundamental region of an NEC group T with signature (**) is

K k S
|T| =1T[2T+2k+29-4+ Losi -1 1 -

2 )
i=1 ' =1 =1 M3 =1 ™

yog) T

o~

If the expressions R and R' are >0, then there are NEC groups of signatures

(*) and {**) respectively (Zieschang [18]).

3. Nommal subgroups of NEC groups

In this section we will describe some results that have been obtained for NEC

normal subgroups of an NEC group.
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If T is an NEC group and T' 1is a normal subgroup of T with finite index,
then T'' ds an NEC group. Conversely, every NEC normal subgroup of an NEC group has

finite index.

The orientation in the signatures of the NEC groups is the same for the normal
subgroups in the case that the index of the group with respect to the subgroup is odd

(Bujalance [2], Hall [6], Hoare, Singerman [71).

It T s a proper NEC group (i.e., non Fuchsian), then it has a subgroup rt of
index 2 consisting of the elements which preserve orientation (i.e., rt = FFIG+)
called the canonical Fuchsian group of T. In [16] Singerman determines the signature

of 1t given that of T.

In [2], [3] we have studied the existing relations between the signatures of NEC
normal éubgroups of an NEC group and the signature of the group, when the index of the
group is a prime number p # 2. As a consequence we have obtained necessary and
sufficient criteria on the NEC signatures for the existence of an NEC group with such
a signature, which is a normal subgroup of some other NEC group with index different

from a power of 2.

We have also established necessary and sufficient conditions for a normal subgroup
of odd index of an NEC group to be of a specific signature. These conditions have
been obtained using the existence of a certain group of permutations. We have
calculated the proper periods of normal NEC subgroups when the index of the subgroup

is even.

4. Compact Klein surfaces

By a Klein surface we shall mean a surface X with or without boundary together

with an open covering by a family of sets Y = [Ui} with the following properties:

onto an open set in

1) For each Ui € Yy there exists a homeomorphism ®; of Ui

the sphere ¢t .
2) If U1., Uje’b( and Ui nUJ. # @ then cpiocp;1 is an analytic or antianalytic

mapping defined on COJ.(U1.n Uj)'
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1

A homeomorphism f: X —X is a called an automorphism if @, ©fo GP; is either

an analytic or antianalytic mapping in its domain of definition.

If X 1is orientable and without boundary we will say that it is a Riemann

sunface.

Now let E be the field of all meromorphic functions of a Klein surface X.
E 1is an algebraic function field in one variable over R and as such it has an
algebraic genus. In case X is a Riemann surface, the algebraic genus is equal to
the topological genus of X. If X is not a Riemann surface, then the relationship

between the topological genus p and the algebraic genus g 1is given by

(g-k+1)/2 if X 1is orientable,

©
n

g-k+1 if X 1is non-orientable,

o
n

where k denotes the number of boundary components of X.

We will say that an NEC group T is a swiface group if the quotient space
X = D/T s compact and the quotient map p:D—=D/T is unramified. T will be

called a bordered sunface if X has boundary.
The following results give the relationship between Klein surfaces and NEC groups:

If T 14s an NEC group, then the quotient space D/T has a unique dianalytic
structure such that the quotient map P:D—=D/T 1is a morphism of Klein surfaces

(A1ling and Greenleaf [1]).

Let X be a compact Klein surface of algebraic genus g=2. Then X can be
represented in the form D/T, where T is a bordered surface group or a surface

group (Singerman [151 and Preston [14]).

We close this section by describing the relation between the automorphism groups

of Klein surfaces and the NEC normal subgroups of an NEC group.

In the case of compact non-orientable Klein surfaces without boundary, a
necessary and sufficient condition for a finite group G to be a group of automorphisms
of a non-orientable Klein surface without boundary of topological genus px 3 is that

there exist a proper NEC group T and a homomorphism ©6:T—G such that the kernel



