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PREFACE

This volume consists of papers presented at the Colloquium on Complex
Analysis held at the University of Joensuu, August 24 - 27, 1978. The
IV Romanian-Finnish Seminar on Complex Analysis was organized as a part
of this Colloquium. The major part of the contributions in this volume
is related to the theory of quasiconformal and quasiregular mappings,
Nevanlinna theory and complex differential equations, Riemann surfaces

and potential theory.

We wish to thank the staff of the Department of Mathematics and Physics
in the University of Joensuu for their cooperation in organizing these
meetings and preparing this volume, Springer-Verlag for their willing-
ness to publish this volume and, finally, Eija Faari and Riitta Laakko-
nen for their patient job of typing the manuscript.

Joensuu and Helsinki, April 1979,

Ilpo Laine Olli Lehto Tuomas Sorvali
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AN EXTREMAL DISPLACEMENT MAPPING IN n-SPACE

G. D. Anderson and M. K. Vamanamurthy

1. Introduction.

1.1. Statement of problem. In this paper we solve the extremal prob-
n

lem of finding a self-homeomorphism Fp of the unit ball B"™ in R
satisfying the following conditions: For fixed ¥, 00 < 1,
a) Fn keeps the boundary 3BT = Sn—l

b) Fn(olor---lo) = (-r,O,...,O),

pointwise fixed,

c) Fn maps a 2-dimensional plane section R2 nB" containing
Bl = {(Xl,O,...,O)} : leJ < 1} onto another such,
d) Fn is quasiconformal with minimum linear dilatation
L (x)
K(Fn) = ess i?p E;TQT ¥
X€B
where
[F_(y) = F_(x)| |[F (y) - F_(x)|
Ln(x) = lim sup L = ’ Zn(x) = 1lim inf = L
y+X ly - x| y>X ly = x|

denote the maximum and minimum stretchings at x, respectively. We

shall call Fn an extremal displacement mapping in n-space.

1.2. Acknowledgement. The authors wish to thank Professor F. W.

Gehring for conversations about this problem.

1.3. Description of the mapping. Since the extremal problem was

solved by Teichmliller for n = 2 [4] and since we make use of his
result, we begin with a brief description of the extremal displacement

mapping F of Teichmliller.

2
The plane mapping

. _ ; _ 2 2K . =1 "1 2 .,
X ot ix, = fl(ul + 1u2) = r tn (TT sinh —— /T )
. 2 432 242
maps the quarter ellipse ul/b * u2/a = 1, uy > 04 u, > 0 conformally
onto the upper half disk [xl + ix2[ £ A, X, > 0. Here K and K' are
the complete elliptic integrals of the first kind defined by
L 2 2,2,,=-1/2
K=K(r)=J[(l—t)(l—rt)] at ,
0
K' = K(x'), " = (1 - r2)1/2

’



tn denotes the Jacobian elliptic tangent function, and

- 1
a =R+ R l, b =R - R l, R = exp E; . (1)
Likewise
Vs + Av
+ iy, = f(v, + iv,) = r tn? (28 cosh™t L2 .
Y1 2 234, 2 T 2

maps the quarter ellipse vi/a2 + v%/b2 < Ly vy # 0, vy > 0 conformally
onto the upper half disk |yl # iy2| < 1, ¥, > 0. Then the extremal

displacement mapping F2 is given by

_ -1
F2 = fzouaofl

for X, > 0, where ¢ 1is the affine mapping

: b
u: ¥ 1 =u, =

vyt vy = ey + du,) = guy 3%

o

Finally the mapping F2 is extended by reflection in the xl—axis to

the unit xlxz—disk.
Now for each n > 3 let Fn be the self-mapping of B" obtained
by rotating F _, @about B2 35 B (see §3 below). Then F_ has

the above required properties, and we shall prove the following

Theorem 1. For 0 < r < 1 and n > 2 the mapping Fn described
above is an extremal quasiconformal self-mapping of B™ with K(Fn) =

_ 2 mK'(r)
K(F2) = coth —41(—(1_)—.

Conjecture. Condition c¢) in §1.1 above can be removed.

2. Proof of theorem for n = 3.

First take n = 3 and let Pl be any point in B3. By symmetry
we may obviously assume that By = (xl,x2,0), where x, > 0. Let P, =
(yl,y2,0) and Q, = (ul,uz), Q, = (vl,v2), where

yp * iy, = Fylxy + ix,)

w, +oiu, = £7l(x, + ix.)

1 2 1 1 207

vy * iv, = f; (y; + iy,) .

Then the maximum stretching L2(Pl) = L2 and the minimum stretching
ZZ(Pl) = %, of F, at P, are
alf5(Q,) | b|£5(Q,) |

by = bIE; (@) » *2 7 3 £7(Q))




