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ONE-PARTICLE MOTION IN SPHERICAL NUCLEI

B.L. COHEN
UNIVERSITY OF PITTSBURGH,
PITTSBURGH, PA., UNITED STATES OF AMERICA

Abstract — AuHoTauust

ONE-PARTICLE MOTION IN SPHERICAL NUCLEIL. New information on locations of single-particle
states as determined by single-nucleon transfer reactions and elastic proton scattering through isobaric analogue
states is summarized. The situation with neutron single particle states is reasonably satisfactory altifough there
is considerable uncertainty about the particle states in N = 83 nuclei. Information on proton single-particle
states has accumulated rapidly recently. The single-particle level structure is very similar for neutrons and
protons in nuclei of the same mass number A, more so than for either one at very different A. The principal
A-dependence is that high-j states move downward rapidly relative to low-j states with increasing A, for well
understood reasons. Information on imperfect major shell closure at "magic numbers” is summarized, and
it is pointed out that it is not unexpected. The- only really good closed shell nuclei are those near 28ph, The
significance of deep-lying hole states found in (e, e'p) reactions is mentioned. Information on neutron single
quasiparticle states in the 28-50 and 50-82 shells is reviewed. Experiments are now available on non-single-
closed shell nuclei in the latter region; fragmentation of single quasiparticle states is somewhat larger than
heretofore encountered, but there is generally one nuclear state that contains a large fraction of their strength.
An important difficulty is encountered in the g;/, and h,/, states where results from stripping and pick-up
reactions differ greatly in nuclei between Mo and In. Plots of the "degree of emptiness”, U]? , and of single
quasiparticle energies, Ej, are given for all single-particle states for nuclei with N = 28-82, and comparisons
are made with pairing theory predictions. In general, the agreement is good although there are several
difficulties that are discussed.

ONHOYACTUYHOE NEPEJIBUXEHUE B CPEPHYECKHX ANPAX. Jaetcs o030p HO-
BBIX A@HHBIX O MOJOXEHHH OJAHOYACTHUHBIX COCTOAHHUI, ONpeeseMbiX U3 ONHOHYKIOHHBIX Peak-
UMl mepeaayu M ynpyroro paccesHus MpPOTOHOB Ha M300apUYECKHX aHANOTOBLIX COCTOAHUAX. [lo-
JI0XKEeHHe C HEHTPOHHBIMH ONHOYACTHUYHLIMU YPOBHAIMH BeCbMa YAOBAETBOPUTENbBHO, XOTA W HMe =
JIOTCS 3HAYMTE/IbHbIe HESICHOCTH B BOMPOCE OAHOYACTHYHBIX COCTOAHHUM B siapax ¢ N =83. B nocnea-
Hee BpeMs GbICTPO HaKamIMBaeTCs WHGOpPMaUHUA MO OAHOYACTHYHLIM MPOTOHHLIM COCTOAHUAM . B3
siApPaX ¢ ONAMHAKOBBIM MAacCCOBbIM UHC/JAOM A CTPYKTYpa OAHOYACTHUHbIX YPOBHEH NMPOTOHOB W Hen-
TPOHOB Be€ChbMa CXOXa, U Aaxe Gonblle CXOXa, 4eM CTPYKTypa KakoW-nubo oAHOM cHCTeMbl aAns
Anep C CHIbHO OTAWYAWHMHUCS A. T'/1aBHLIM B 3aBHCHMOCTH CTPYKTYpPhl OAHOYACTHYHBIX YPOB-
Hell OT A SIBASIETCHA TO, YTO C POCTOM A cocTOsiHHA ¢ OOTbWHMH MOMEHTaMH NMOHUXKAKWTCH GbicTpee,
YyeM COCTOSIHHS C MaJIbiMH MOMEHTaMH, N0 XOPOWO MOHSTHLIM npuuHHam. JlaeTcs o630p AaHHLIX
O HapylleHHH B 3anolHeHusX obonoyek npu "Maruyeckux yucnax' M yka3bplBaeTCs, 4TO 2TO He
ABNASETCH HEOXHUIAAHHBIM. EAMHCTBEHHBIMH AAPAaMH C XOPOWO 3aMKHYTLIMU 0D0IOYKAMU ABAAIOT -
Ccs sapa B panoHe 208Ph.  YnoMmuHaeTCs BaXHOCTb HH3KOMEXKaWHX (FAyGOKHX) ALIPOYHBIX COCTO™
SAHWA, o6HapyXeHHbIX B (e, e' p) peakuusx. Jlaercsa o63op uupopmauuu o6 OAHOYACTHUHLIX HEH =
TPOHHBIX COCTOAHMAX B obnactu obonoyek 28 —50 u 50 —82. B HacTosimee Bpems MONYUCHH
9KCrepMMEeHTaJllbHble pe3yJbTaThl B NOCJeAHElH yKa3aHHOo# Bbluwe obnacTh W18 flep ¢ HeOAHO~
YaCTHUYHON 3aMKHYTO#H o6onoukoit. Pa3MbiBaHWe OAHOKBAa3MYACTHYHBIX COCTOSHUIA HECKOIBKO
Gonbme, yeM A0 CHX MOP CYMUTANOCh, OAHAKO UMEETCSH, B OCHOBHOM, OJHO COCTOSHHE ¢ Donbuwum
BECOM 3TOTrO COCTOSHMS . BO3HMKJIO cepbe3Hoe 3aTpyaHeHue B oO0BsCHeHMH g,/ u hy . cocTO™
SIHU#A, KOTJa pe3y/lbTaThl, NOJAy4YeHHbI€ OT PeakUHUH CTPHMNHMHTA M MOAXBaTa, 3HAYHTENbBHO OTIHYa -
10TCA Mo sapaM Mexay Mo u In. T'paduxku BepoSTHOCTe# "AbIPOYHBIX COCTOAHMI" L,' W OAHO-
KBa3WyaCTHYHbIE 3HEPIruH l:':l NpUBe IeHbl 118 BCeX OAHOYACTHYHBIX cocTosiHui ¢ N =28—82, u
MpoBe1€HO CpaBHEHHEe C MpeACKa3aHWAMH TEeOPHM MapHbIX Koppensiuui. B ocHoBHOM, cornacue
Xopoluee, XOTs HMEKTCH HEKOTOpbie TPYAHOCTH, KOTOpbie TpebyloT 06BACHEHUS .
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NEUTRON SINGLE PARTICLE STATES

The best method for determining locations of single particle states
is by studies of single nucleon transfer reactions on closed shell nuclei
(or their equivalent by elastic scattering through isobaric analogue states).
By this method, one not only determines the angular momentum and parity
of nuclear states, but also checks that the spectroscopic factors sum to the
proper value which assures that all nuclear states containing appreciable
fractions of the single particle state are included. The energy of the single
particle state is then taken as the centre of gravity of the nuclear states,
weighting each by its spectroscopic factor.

A few years ago, the information on neutron states seemed to be
fairly complete [1] but there were several uncertainties and a few missing
points. Work on the missing points has proceeded well in the past year.
Yagi [2] has located the g1/2 and d5/2 hole states in the N = 81 nucleus
139Ce ; he found the previous estimates [1] to be rather poor. Fou et al.
[3] and Bassani et al. [4] have located the pgp and fsp hole states in
N = 50 nuclei. The only single particle or single hole states in adjacent
shells still not located in this way are the i/, and hy;y9 single particle
states in N = 82 and N = 50 nuclei respectively. We have recently searched
for the latter again with the 92Mo (d, p) reaction [5], and have found an
important component at 2. 3 MeV, but its spectroscopic factor is only
about % of that expected for the single particle state.

With the recent availability of much improved accelerators and
detectors, there has been a great deal of work in checking previous
determination of energies of single particle states; in many cases the
earlier experiments were crude and left reasonable doubts. Rather
extensive work [6] has been done on locating the single particle states
in N = 83 nuclei where previous studies were made before the availability
of distorted wave Born approximation (DWBA). It has been found that
sums of spectroscopic factors fall considerably short of unity for all but
the fyp and hgp states. The locations of the pyy , Py and fyp states
must therefore be considered to be very questionable, and further studies
of this would be highly desirable.

The most complete checking has been done in the shells adjacent
to 2%Pb. In Table I, the spectroscopic factors for the previously assign-
ed single particle states in 209Ph are shown according to determinations
with (d, p) reactions at several bombarding energies at Michigan [7],
isobaric analogue studies at Texas[8], and (t, d) reactions at Los Alamos [9].
In all cases, the simple theory predicts unity. This is typical of the general
type of agreement one usually gets. An optimist points to the fact that
DWBA calculations are uncertain by about 20% at best and can sometimes
be much worse, and is therefore satisfied with the results. Where dis-
crepancies are large as for the g1z in (d, p) and the jlsﬂ in (t, d), he can
point to the fact that other experiments give more favourable results. - A
pessimist can often find reasons to argue that the DWBA uncertainties
are smaller in cases giving unfavourable results like the j;5/ where the
(t, d) measurement is remarkably intensitive to the choice of optical model
parameters.

A similar disagreement exists over the hgs, hole state in 29pb where
(p, d) work [2] indicates that the 3.6 MeV level contains almost all of the
hg/y strength while SHe, @) studies [10] indicate that it contains only a little
more than half. In both this case and the jj5, case discussed above, it is
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TABLE I. SPECTROSCOPIC FACTORS FOR SINGLE PARTICLE
STATES IN 209pb BY VARIOUS METHODS

Analogue (8]

S.P. State @.p) [T @.p) (t,d) (9]
28,4 0. 67 0. 97 0.93
liy/ 0.94 1.05
Ligp 1.13 0.51
3dg/, 1.00 0.85 0.86
45,/ 0.93 0.90 0.86
281/ 1.17 0.84 0. 90
3dy/, 1.17 0. 86 0.83

not difficult to explain fragmentation of the single particle state into several
nuclear states, but no one has found any of the other fragments.

It has long been contended by nuclear structure theorists (see, for
example, Ref.[11]) that the shell model picture of single particle states
is only about 85% correct. The sum of spectroscopic factors should there-
fore be only about 0. 85 instead of 1. 0; the remaining 15% of the strength
should be scattered over tens of MeV. The uncertainty in DWBA analyses
is easily large enough to adjust all previous data for this, and few would
argue that there is experimental evidence to dispute the point. Interest in
this matter has recently been revived by the new stripping theory of Butler,
Hewitt, May and McKellar [12], which seems to be much less parameter-
sensitive than DWBA in determinations of absolute spectroscopic factors.

It consistently finds spectroscopic factors much less than unity for states

that have long been considered to be good single particle states. While

very few calculations have been made with this theory and there have been

no checks on its consistency when applied to different reactions, it should

be viewed as a hopeful development. The uncertainties in absolute determina-
tions of spectroscopic factors are a much more serious problem than is
widely realized, and any theory that would substantially reduce them would

be extremely welcome.

In spite of the new developments, the previous analysis [13] of loca-
tions of neutron single particle states is not appreciably altered. These
locations can.be explained [13] by properly taking into account [14] special
neutron-proton interactions when they are in states with strongly over-
lapping wave-functions, self-binding energy (i.e. a single particle state
moves down in energy as it fills owing to extra strong interactions among
the particles in it), a spin-orbit force of the form r-1 (dV/dr), a velocity
dependence corresponding to an effective mass of about 1. 3 times the
nucleon mass, and a symmetry energy of the type known from the
optical model.
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PROTON SINGLE PARTICLE STATES

The most important recent development in the area under discussion
has been the cataloguing of proton single particle states principally with
(3He, d) and (d, 3He) reactions. As a result of work from Oak Ridge [15],
Aldermaston [16], Tokyo [17], Saclay [18], Moscow [19], Argonne [20],
Pennsylvania [21], and Los Alamos [22], studies are now available on both
particle and hole states at each closed shell. Unfortunately, however,
there seems to be more fragmentation here [17, 22] than was present in
the study of neutron states, so the accurate determination of single particle
state locations is not always easy.

The best information is for the Z = 50-82 and the Z = 82-126 shells
This is shown and compared with related neutron results in Fig. la. In
that figure, the results are arranged in order of increasing A, without
regard to whether they are neutron or proton single particle states. The
neutron states in the Sn region deduced from studies of the fullness of
single quasiparticle states [23] are included.

Nearly all the changes in relative energies in Fig. la are shifts down-
ward with increasing A for high angular momentum (j) states by amounts
which increase with j (or equivalently, upward shifts of low j states). This
may be explained by realizing that high-j nucleons interact more strongly
with other high-j nucleons that with low-j nucleons because of the better
overlap in their wave-functions — they have the same n quantum number
and are pushed outward by similar angular momentum barriers. Thus,
as high-j states fill, the energy of other high-j states is lowered. This
effect is larger for high-j states because of the large number of nucleons
they contain. “

An especially notable feature of Fig. la is the similarity between
proton and neutron single particle states in the same shell and in the
same nuclei. There are examples of this in Fig. 1a for the 82-126 states
in the Pb region and for the 50-82 states in the Sn region. This similarity
is far stronger than that between the same neutron states, or between the
same proton states, at different values of A. This implies that single
particle level structure is determined principally by what other states are
occupied, and does not depend much on whether we are dealing with
neutrons or protons.
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FIG.1a. Energies of single particle states in the 50-82 and 82-126 shells.
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Energies of single particle states in the 20-50 shells.

The situation in the 20-50 shells is shown in Fig. 1b. For neighbour-
ing nuclei 55Fe and %9Cu, and again for 4Ca and 418(:, the similarity
between proton and neutron single particle states in neighbouring nuclei
persists. However in 49Ca and 49Sc, it fails rather badly. Still it seems
significant that in four of the five cases where comparisons can be made,
including the three of highest mass, there is much greater similarity
between neutron and proton single particle states at the same mass than
there is between neutron single particle states at different masses. The
old custom of giving different single particle level diagrams for neutrons
and protons is misleading; it would be much better to give such diagrams

as a function of A, with the stipulation that it is only valid along the ''line
of beta stability. "

IMPERFECT MAJOR SHELL CLOSURE AT '""MAGIC NUMBERS"

It has long been realized that major shell closure is not perfect in
nuclei with "magic numbers'' of neutrons or protons. Several years ago,
Blair [22] found that well-known 7/2  states in Cu isotopes were excited in
(®He, d) reactions on Ni with a spectroscopic factor indicating that the fqyo
proton single particle state lacks being full by about 0.8 particle. Fulmer
et al.[24] found by a combination of (d, p) and (d, t) reactions that the f72
neutron single particle states lack being full in 58Ni and ®Ni by about
0.36 and 0. 28 particles even though these nuclei contain 30 and 32 neutrons
respectively. By similar methods, Jolly [25] found that there is already



8 COHEN

0.2 2f7p neutrons in the 78 neutron nucleus, 139Te. Lin [26] found similar
evidence that there are about 0. 6 neutrons in the 2ds/e state in the 44, 46,
and 48 neutron nuclei "8Se, 8°Se, and 82Se. Evidence of this type has
expanded rapidly in the past year. Peterson [27] reported that 48Ca has
about 0.9 2p neutrons. Zeidman's [28] experiments showed that Fe nuclei,
which have only 26 protons, already have 0.2-0.5 pg/; protons; this number
increases with the neutron number. Heidelberg [28] and Argonne [20] work
indicates imperfect shell closure at the "'magic number' 20: 49Ca already
has 0.8 neutrons and 0.8 protons in the f;/ single particle states. Purser
et al.[29] found that the ground state of 1O may be written approximately
as

=J0.68 p? +J0.23 p? d% + J0.09 p?© s?

Yie

The 0. 46 d-particles and 0. 18 s-particles are mostly protons, but some
are neutrons.

To the best of my knowledge there is no evidence for imperfect shell
closure in 298Pb for either neutrons or protons. This region has been
studied very thoroughly, and they seem to be the best closed shells we have.

There is, of course, nothing very surprising about imperfect shell
closure. Separations between single particle energies in different major
shells are not infinite, and the amount of mixing across shells is of about
the magnitude expected from our knowledge of residual interactions.

DEEP-LYING HOLE STATES

All the previous discussion has dealt with states near the top of the
"Fermi Sea'. Single particle states deep down in the Fermi Sea — two or
three shells below the top — have been studied with (p, 2p) reactions, and
more recently and successfully, with (e, e'p) reactions [30]. The binding
energies of these states greatly exceed 50 meV, the approximate depth
of a static shell theory potential; this requires a velocity dependence
corresponding to an effective mass considerably less than the nucleon mass
in agreement with nuclear matter theory but in contrast to the value above
the nucleon mass encountered near the top of the Fermi Sea. This velocity
dependence was pointed out by G. E. Brown several years ago, but its experi-
mental confirmation is welcome.

SINGLE QUASIPARTICLE STATES

Studies of single quasiparticle states — including determinations of
their energy E; and the ratio of their particle and hole natures, usually
expressed as the fullness of the single particle states, ij — have been
going on for many years using single nucleon transfer reactions. In heavy
nuclei, these studies were formerly limited to nuclei near closed shells,
but since higher energy precision accelerators with attached spectrographs
have become available in the past few years, virtually any nucleus. in the
periodic table is now open to such studies. Much of this work has been
done on non-spherical nuclei and will be discussed in other papers at this
meeting.



ONE-PARTICLE MOTION 9

At our laboratory we have been concentrating rather on spherical
nuclei in an effort to follow single quasiparticle states through entire major
shells and observe how they gradually shift from purely particle to purely
hole states. Fig.2 shows an example [31] of the type of data obtained; it
is from the %P4 (d, p) reaction. Vertical lines show the locations of
nuclear levels which contain components of the neutron single quasiparticle
state in whose row they are shown, and the heights of these lines are the
spectroscopic factors which measure the fraction of their wave-function
that is the single quasiparticle state. The sum of spectroscopic factors
is Uj2 , the degree to which the single particle state is empty, and the
centre of gravity of the components, shown by the X, is Ej, the energy
of the single quasiparticle state.

2,5 20 1.5 1.0 0.5 0 .
- SI/Z_ES =.52 S I/2 ® X3.0 _.4:§:‘
o | r 1 = - . I . I 0z
L d5,2-25=.24 ds,2 ®,8 4 &
s B { 1 ’5
L d3,2-25=.80 I ds‘,; I x104_[x3.3 4 &
1T X I LI S » 13T I'l B | : o)
- g‘l,z-ZS =76 g7/2 x1.2 X?O Xx4.4 - §
123
- hlllz_zs='28 hll,2 cbxz.e - 8
S
| p3,~2S=.20 P, ]l w
Tr>xew TI ¥ Fye b x _.lom
f1p-257.20 f, -
YTT ﬂ" 1 TY XX X B E.Cz
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EXCITATION ENERGY (MeV)

FIG.2. Energies, I assignments, and spectroscopic factors of nuclear states excited in '®Pd (d, p) !*Pd
reactions. Also shown are summed spectroscopic factors for each single particle state, which are sz in
Fig.3, and the "centres of gravity" of states for each j, which are Ej in Fig.4.

Fig. 3 shows the value of Uj2 for all nuclei studied in the N = 50-82
shell. It includes some data from Argonne on Ru [32] as well as experi-
ments on Zr, Nb, Mo, Pd, Cd, In, Sn, Te, Baand Ce from our laboratory [33].
The two curves show the predictions of simple pairing theory for the single
particle energies at the beginning and at the end of the shell. For the gy
and hyy states in Pd and Cd, two sets of points are shown, one for deter-
minations from (d, p), and the other for determinations from (d, t) reactions.
The lack of agreement between these is the strangest phenomenon the author
has ever encountered in many years of studies of this type; he believes it
is due to a break-down in basic assumptions of stripping reaction theory [34].

An optimist can find much reason to be satisfied by the results of
Fig.3, especially if he ignores the g;p and hy; results from Pd, Cd, and
Ru (d, p) reactions (the lower points for hj;s and the higher points for
g1/2 ). Near the ends of the shell, the results are close to the prediction
lines, and in the middle of the shell they lie between the predictions. This
is as expected from the monotonic and relatively smooth shifting of levels
with A seen in Fig. 1. On the other hand, there are several disturbing
features. The low values for the sj/p states in Ru and Pd, the high values
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FIG.3. "Emptiness"”, UJZ. for each single particle state versus neutron number in the 50-82 shell. The

dashed lines are predictions of pairing theory. Those starting at the left and right are based on single
particle energies in 51 and 81 neutron nuclei respectively.

for the dgsp states in Te and Ba, and the generally erratic behaviour of

the gq/o states are examples. These problems can generally be eliminated
by judicious assumptions about energies of single particle states if one does
not require their variation with A to be smooth. However, the author feels
that uncertainties due to difficulties with reaction theories should first be
reduced before jumping to such conclusions. We are therefore in the process
of making further studies with (d, t) reactions.

The single quasiparticle energies Ej found in these studies are shown
in Fig. 4, along with pairing theory predictions on the same basis as those
in Fig. 3. Here again there is a considerable area of agreement with
theory, but there are still some discrepancies. In the case of E;, there is
little chance of error in the analysis of experiments, but pairing theory
predictions are not reliable. For example, the quadrupole force has long
been known to produce large shifts in energies of nuclear states.

Figs b and 6 show 'similar but less elaborate studies from our
laboratory on the N = 28-50 shell [35]. The data are for Ni, Ge and Se,
and the pairing theory calculations are based on the single particle energies
in % Fe and 89Zr. The latter are shown at the right in Fig. 6. The single



ONE-PARTICLE MOTION 11
EI/2 : v T T T
3.0 1
Sy
/2 l
. -7 Ba-
o\/sln Sn, Te (Ei
';0 80
57, 1
r - Ce,]
L P Sn K
1LOF Nb # o,g/ 1
Zr Mg Cd P Te
ofsBo" e=Pa--" | ]
50 60 70 80
— . . - : -
30
3% \\\ h “/ 4
oF £ % 2 4
Mo . -
~ Q
1.0 \\\ ém » wa
< BN e._-
of, "iTeCd¥e0000
50 60 70 80
NEUTRONS IN TARGET

FIG.4. Tnergy of single quasiparticle states versus neutron number in the 50-82 shell. Dashed lines are
pairing cheory predictions as described in caption for Fig.3.

2 2
Ug . u
A T "
lQp=mEg s S msrsESE = Rs S S 1.0
o08f \/\< R 99, 1 os
Ni 8 <~ 2
06f Ge ~Os { 06
04t S Se 0.4
0.2t s 0.2
0= =3 38 a2z a6 °
2 2
Us s u : — .
A 3/2
1.0 T K ] N e
0.8 f5/ 0.8 [ P3
o 2 L \ s /
0.6 {1 o6l &\
04 ] oal O\ %,
\A Se | Ni ~ S
~Ge 4 L S S~ -
0.2 o~ TTo 0.2 “~._Ge TS ]
O 2, " S o i e 1 A A~ :_ 5 Pa . 2
30 34 38 42 46 30 34 38 42 46

NEUTRON NUMBER NEUTRON NUMBER

FIG.5. "Emptiness", UJ?. for each single particle state versus neutron number in the 28-50 shell. The
dashed lines are predictions of pairing theory. Those starting at left and right are based on single particle
energies in 29 and 49 neutron nuclei respectively.



