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PREFACE

et O

Tris book has been written primarily for use at Cornell
University and similar institutions. In this university the
classes in caloulus are composed mainly of students in engi-
neering for whom an elementary course in the Integral Calculus
is prescribed for the third term of the first year. Their pur-
pose in taking the course is to acquire facility in performing
easy integrations and the power of making the simple applica-
tions which arise in practical work. While the requirements
- of this special class of students have been kept in mind, care
~ has also been taken to make the book suitable for any one be-
ginning the study of this branch of mathematics. The volume
~ contains little more than can be mastered by a student of
* average ability in a few months, and an effort has been made
'_" to present the subject-matter, which is of an elementary char-
~ acter, in a simple manner.

The object of the first two chapters is to give the student
- a clear idea of what the Integral Caleulus is, and of the uses
- to which it may be applied. As this introduction is somewhat
~ longer than is usual in elementary works on the calculus, some

teachers may, perhaps, prefer to postpone the reading of sev-
‘eral of the articles until the student has had a certain amount
© of practice in the processes of integration. It is believed, how-
~ ever, that a careful study of Chapters L., IL., will arouse the stu-
dent’s interest and quicken his understanding of the subject.
There may be some diiference of opinion also as to whether

v



vi PREFACE

the beginner snould be introduced to the subject through
Chapter I. or through Chapter II. The decision of this ques-
tion will depend upon the point of view of the individual teacher.
So far as the remaining pbrtion of the book is concerned it is
a matter of indifference which of these chapters is taken first;
and, with slight modifications, they can be interchanged. In
Chapter III. the fundamental rules and methods of integration
are explained. Since it has been deemed advisable to intro-
duce practical applications as early as possible, Chapter IV. is
devoted to the determination of plane areas and of volumes of
solids of revolution. The subject of Integral Curves, which is of
especial importance to the engineer, is treated in Chapter XII.

Many of the examples are original. Others, especially some
of those given in the practical applications, \by reason of their
nature and importance, are common to all elementary courses
on calculus. In several instances, examples of particular interest
have been drawn from other works.

A list of lessons suggested for a short course of eleven or
twelve weeks is given on page viii. This list has been arranged
so that four lessons and a review will be a week’s work.

It is hardly possible to name all the sources from which the
writer of an elementary work may have obtained suggestions
and ideas. I am especially conscious, however, of my indebted-
ness to the treatises of De Morgan, Williamson, Edwards,
Stegemann and Kiepert, and Lamb.

To my colleagues in the department of mathematics at
Cornell University, I am under obligations for many valuable
criticisms and suggestions. Both the arrangement and the

contents have been influenced in a large measure by our con- -

‘ferences and discussions. As originally projected, the volume
was to have been written in collaboration with Dr. Hutchinson,
but circumstances prevented the carrying-out of this plan.
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Chapters V., VI, in part, and Articles 28, 73, in their entirety,
have been contributed by him. My colleagues have aided me
~ also in correcting the proofs.

From Professor I. P. Church of the College of Civil Engi-
neering and Professor W. F. Durand of the Sibley College of
Mechanical Engineering, I have received valuable suggestions
for making the book useful to engineering stu(_lents." Pro-
- fessor Durand kindly placed at my disposal, with other notes,
his article on “Integral Curves” in the Sibley Journal of
Engineering, Vol. XI., No. 4; and Chapter XII. is, with slight
changes, a reproduction of that article. I take this oppor-
tunity of thanking Mr. A. T. Bruegel, Instructor in ‘the kine-
maties of machinery, and Mr. Murray Macneill, Fellow in
mathematics in this university, the former for the interest
and care taken by him in drawing the figures, the latter for
his assistance in verifying examples and reading proof sheets.

D. A. MURRAY.
CorNELL UNIVERSITY.
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CHAPTER I
INTEGRATION A PROCESS OF SUMMATION

1. Uses of the integral calculus. Definition and sign of integration.
The integral calculus can be used for two purposes, namely :

(a) To find the sum of an infinitely large number of infinitesi-
mals of the form f(x) dx;

(b) To find the function whose differential or whose differential
coefficient is given; that is, to find an anti-differential or an anti-
derivative.

The integral calculus was invented in the course of an en-
deavor to calculate the plane area bounded by curves. The area
was supposed to be divided into an infinitely great number of
infinitesimal parts, each part being called an element of the area;
and the sum of these parts was the area required. The process
of finding this sum was called integration, a name which implies
the combination of the small areas into a whole, and hence the

4 ~ sum itself was called the whole or the integral.

From the point of view of the first of the purposes just indi-
cated, integration may be defined as a process of. swmmation. In
many of the applications of the integral calculus, and, in particu-
lar, in the larger number of those made by engineers, this is the
definition to be taken. On the other hand, however, in many
- problems it is not a sum, but merely an anti-differential, that is
~ required. For this purpose, integration may be defined as an
operation which is the inverse of differentiation. It may at once be
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stated that in the course of making a summation by means of the
integral calculus it will be necessary to find the anti-differential
of some function; and it may also be said at this point, that the
anti-differential can be shown to be the result of making a sum-
mation. Each of the above definitions of integration can be de-
rived from the other. These statements will be found verified in
Arts. 4,11, 13.

In the differential calculus, the letter d is used as the symbol
of differentiation, and d f() is read “the differential of f(x).” In

the integral calculus the symbol of integration g8 f ,and f S(@) de

is read “the integral of f(¥)da.” The signs d a,ndfare signs of

operations; but they also indicate the results of the operations
of differentiation and integration respectively on the functions
that are written after them.

The principal aims of this book are: (1) to explain how sum-
mations of infinitesimals of the form f(x)dx may be made; (2) to
show how the anti-differentials of some particular functions may °
be obtained.

2. Illustrations of the summation of infinitesimals. Two simple
illustrations of the summation of an infinite number of infinitely
small quantities will now be given. They will help to familiarize
the student with a certain geometrical principle and with the
fundamental theorem of the integral caleulus, which are set forth
in Arts. 3,4. The method employed in these particular instances
is identical with that used in the general case which follows them.

* This is merely the long S, which was used as a sign of summation by
the earlier writers, and meant ¢ the sum of.”” The signfwa,s first employed
in 1675, and is due to Gottfried Wilhelm Teibniz (1646-1716), who invented
the differential calculus independently of Newton. The word integral ap-
peared first in a solution of James Bernoulli (1654-1705), which was pub-
lished in the Acta Eruditorum, Leipzig, in 1690. Leibniz had called the
integral calculus calculus swmmatorius, but in 1696 the term calculus in-
tegralis was agreed upon between TLeibniz and John Bernoulli (1667-1748).
See Cajori, History of' Mathematics, pp. 221, 237.
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(a) Find the area between the line whose equation is y = ma,
the az-axis, and the ordinates for which x = a, x = b.

Let OL be the line y = ma; let OA be equal to a, and OB to b,
and draw the ordinates AP, BQ. It is required to find the area
of APQB. Divide the segment AB into n parts, each equal to

3 L
Y RS
7
\BratBn
Rzl
oAl Q
8 o S e o
0 A A, 4A; 4, B x :
Fia. 1.

Ax; and at the points of section A4,, A4,, .-, erect ordinates 4,P,
A,P,, ---, which meet OL in Py, P,, ---. Through P, P), Py, -++, @,
draw lines parallel to the axis of # and intersecting the nearest
ordinate on each side, as shown in Fig. 1, and produce PB,; to
meet BQ in C.

Tt will first be shown that the area APQB is the limit of the
sum of the areas of the rectangles P4, P4, ---, when n, the
number of equal divisions of AB, approaches infinity, or, what
is the same thing, when Az approaches zero. The area APQD
is greater than the sum of the “inner” rectangles P4,, P4y, ---;
and it is less than the sum of the “outer ” rectangles AP, A, Py, «--.
The difference between the sum of the inner rectangles and the
sum of the outer rectangles is equal to the sum of the small rec-
tangles PP, PPy, ---

The latter sum is equal to

B,P,Ax + B,P,Az 4 ++» 4+ B,QAwx;
that is, to (BP, + B:P; + -+ + B,Q) Aw, which is CQ Az.
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This may be briefly expressed,

EAPI—SPA1=2PP|
=0QA'.77.

When Az is an infinitesimal, the second member of this equa-
tion is also an infinitesimal of the first order; therefore, when Az
is infinitely small the limit of the difference between the total areas
of the inner and of the outer rectangles is zero. The area APQB
lies between the total area of all of the inner and the total area
of all of the outer rectangles. Hence, the area APQB is the
limit both of the sum of the inner rectangles and of the sum of
the outer rectangles as Az approaches zero. Each elementary
rectangle has the area yAw, that is ma Az, since y = ma. The
altitudes of the successive inner rectangles, going from A towards
B, are ma, m (a+Ax), m(a + 2 Ax), -, m(a+(n—1)Az). Hence,

Area APQB = limit,, . mia Az +(a + Av) Az +(a+ 2 AT)AZ + o+
+@+n— 1A%) Axt*
= limit,, . {a +(a + A2) +(a + 2 Ax) -«

+(a+n — 1Az){Ax.

Addition of the arithmetic series in brackets gives

Area APQB = limit AzéongAx $2a 4+(n — 1) Ax}

- limitA,éoﬂ—l—g%:(—Q b+ a— Az}, since n Az ="b—a,

* The symbol Az=0 means ‘‘ when Az approaches zero as a Xmiz It is
due to the late Professor Oliver of Cornell University.
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In this example the element of area is obtained by taking a
tangle of altitude y, that is, m, and width Az, and then letting
become infinitesimal.

- The expression n =« may be used instead of Az = 0, since

’ It may be noted in passing, that if the anti-differential of mada,
nely "%2, be taken, and b and « be substituted in turn for z, the

lifference between the resulting values will be the expression
obtained above.

~ (b) Find the area between the parabola y = a7 the x-axis, and
‘the ordinates for which @ = a, © = b.

Let ©,00Q be the para™ola y = ~*; let OA be equal to @, and OB
0b. Draw the ordinates AP, BQ. It is required to find the
ea APQB. Divide the seguent AB into n parts each equal to

i

2 £ /Q C ‘

P
R/
> \B;
P,
B s c
_/ ---B‘
0 A 4 4, 4, B X

Fie. 2.

v, and at the points of division 4,, 4,, ---, erect ordinates 4,P,,
P,, .... Through P, P, P, ..., draw lines parallel to the axis
2 and intersecting the nearest ordinates on each side, as in
ig. 2. It can be shown, in the same way as in the previous illus-
ion, that the area APQB is equal to the limit of the sum of



