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Introduction

In these notes we shall study algebras which are associated to blocks of tame
representation type. These are the 2-blocks whose defect groups are dihedral or
semidihedral or (generalized) quaternion. Over the last few years, a range of new
results on a class of algebras including such blocks have been obtained. The algebras
are essentially defined in terms of their stable Auslander-Reiten quivers (which we
shall describe later), and it has been proved that any such algebra is Morita
equivalent to one of the algebras in a small list which is explicitly given by
generators and relations. In particular, this describes tame blocks; and allows one
to extend classical results on the arithmetic properties of these blocks.

The aim here is to provide a comprehensive account of these developments. We
include new results, also some new proofs of known results; and the original work has
been revised. We also present some general theory on algebras, including study of
particular classes of algebras, which we think 1is important to understand the
subject.

Suppose G is a finite group and K is a field of characteristic p; we assume that K
is algebraically closed. The group algebra KG is a direct sum of indecomposable
algebras, KG = B1 ... ©® Bn, and the Bi are the blocks of KG. Equivalently, the
identity of KG is a sum of orthogonal centrally primitive idempotents e;, and B, =
eiKG.

One main topic in modular representation theory is the study of such blocks, as
algebras, and their module categories. It is known that a block is a symmetric
algebra and is in particular self-injective. When the prime p divides the group
order, then the blocks of KG are usually not semisimple.

An analogue of the role played for KG by a Sylow p-subgroup of G is the defect
group of a block. In our context, we define a defect group of a block B to be a
minimal subgroup D of G such that every B-module is D-projective. (A module M 1is
D-projective if M is isomorphic to a direct summand of W QKDKG for some KD-module W.)
The defect groups of a block form one conjugacy class of p-subgroups of G.

Considering a block as an algebra, it has a representation type. In general, an
algebra is of finite representation type if it has finitely many isomorphism classes
of indecomposable modules; otherwise it is of infinite type. An algebra of infinite

type 1is tame if, roughly speaking, there is a good parametrization of the
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indecomposable modules; and it is wild if its module category is comparable with that
of the free algebra in two generators, see 1.4.2 and 1.4.4. The representation type
of blocks is characterized as follows, summarizing a number of results ([BD], [Hi],
[Brl]):

THEOREM Consider the group algebra KG of a finite group G over a field K of
characteristic p; or a block B of KG. Suppose D is a Sylow p-subgroup of G; or a
defect group of B. Then the representation type of KG; or of B, is

(i) finite if D is cyclic;

(v¢) tame if p = 2 and D is dihedral or semidihedral or generalized quaternion;

(i1t) wild, otherwise.

(For comparison, Maschke's theorem on semisimplicity corresponds to the case D = 1.)
Blocks of finite type, from the module theoretic point of view, are now
well-understood, thanks to [J], [K], but also [Gr;], [M,] and more recently [GR] and
many others. Our interest lies in the study of tame blocks and their module
cateories.

Historically, block theory started off with the functional approach, and this was
developed by R. Brauer. There the object of study are characters, Brauer characters,
numerical data such as k(B) (the number of irreducible characters of the block B) and
1(B) (the number or irreducible Braer characters of B, that 1is, the simple
B-modules). Much work has been done by Brauer and others; and one of the original
motivations seems to have been classification problems for finite simple groups.(In
fact, there are powerful results, for example [BS], [GW], [ABG]). Experience shows
that these arithmetic data are to a large extent locally determined, that is, depend
on p-local subgroups of the given group. In fact the defect groups of a block were
discovered first in that context, but in a different form (determined by character
values reduced modulo p). This suggests the following approach : Fix a p-group D and
study arithmetic properties of arbitrary blocks with defect groups D.

There were results for particular Sylow p-groups of G, or defect groups of a
block: An early paper of this type [B2] deals with defect groups of order p, and
these results have been generalized by Dade to arbitrary blocks with cyclic defect

groups [Dal]. Later, Brauer studied blocks whose defect groups are Klein 4-groups and



dihedral groups, and O0lsson obtained analogous results for semidihedral and
quaternion defect groups. For cyclic defect groups, these arithmetic results include
more or less complete information about decomposition numbers and Cartan matrices.
For other types of defect groups, however, there were only partial results obtained
by functional methods; even with hypotheses on the groups, as in [Ll]‘

Returning to the module approach, originally the methods used were based on Green
correspondence, which exploits module categories of p-local subgroups. This works
well for cyclic defect groups and in particular cases but is not as powerful in
general.

Since then new discoveries on representations of finite dimensional algebras more
generally have had an impact. For tame representation type, Ringel gave a
classification of tame local algebras [Rl]' Going further in this direction, Donovan
classified symmetric tame algebras with two simple modules [Do]; and using Brauer's
arithmetical results on dihedral blocks, he obtained the following:

If B is a block with dihedral defect groups then the basic algebra of B belongs to
a small list of algebras explicitly given by generators and relations (at least
modulo the socle).
The hypotheses he was wusing, namely "tame, symmetric, elementary divisors of the
Cartan matrix" seemed to be too weak to deal with larger numbers of simple modules.

In the meantime, Auslander and Reiten had discovered almost split sequences
[AR1,2] and they were used with great success in classification problems.

Concerning blocks, Gabriel and Riedtmann noticed that the graph structure of the
stable Auslander-Reiten quiver is the same for all blocks with cyclic defect groups;
it is a graph of the form ZA /e (here m is the order of the defect group, and e is
the number of projective modules). In [GR] they classified all symmetric algebras, up
to Morita equivalence whose stable Auslander-Reiten quiver is of the form zA /k, for
arbitrary n and k; this includes an explicit description of the basic algebras by
generators and relations. The list contains all blocks of finite type. (As in [Do],
this work is independent of groups.)

Later, Riedtmann proved a general theorem which describes the graph structure of
stable Auslander-Reiten components (and she used this result as an order principle to

classify self-injective algebras of finite type). In the special case of group
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algebras, the graph structure of Auslander-Reiten components is even more restricted,
by [W] (and [HPR]). This encourages one to try a strategy similar to [GR] also for

tame blocks; and in fact,this approach is successful.

The algebras we study are defined as follows: Suppose A is a finite-dimensional
algebra over a field K which is algebraically closed, of arbitrary characteristic. We
say that A is of dihedral (semidihedral, quaternion) type if it satisfies the
following conditions:

(1) A is tame, symmetric and indecomposable.

(2) The Cartan matrix of A is non-singular.

(3) the stable Auslander-Reiten quiver of A has the following components:

dihedral type semidihedral type quaternion tvpe
tubes rank 1 and 3 rank < 3 rank < 2

at most two 3-tubes at most one 3-tube
others ZA:/H ZAz and ZD_

(For the dihedral type, we do not need the hypothesis that A is tame; this follows
from the classification.) If B is a block with dihedral (semidihedral, quaternion)
defect groups then B is an algebra of dihedral (semidihedral, quaternion) type, see
(VI.1, VII.1, VIII.1).

The aim is to determine these algebras up to Morita equivalence, that is, to
determine their basic algebras by generators and relations.

Comparing finite type and tame type, the difficulties are rather different. Given
an algebra with stable Auslander-Reiten quiver ZA /k; for fixed m and k it is
possible with some combinatorics to determine all symmetric basic algebras explicitly
by hand. The problem is to give a unified classification for arbitrary m, k. This was
solved elegantly by Riedtmann with help of covering theory. On the other hand, for
tame type any component of the stable Auslander-Reiten quiver is infinite; and the
number of components of a given type is almost always infinite which means that one
needs new methods again (and which makes regularity conditions, especially (2),
necessary). The crucial observations are that for tame blocks the number of 3-tubes

in the stable Auslander-Reiten quiver is finite, and that particular modules must lie
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at ends of components.

Condition (2) and the restriction to symmetric algebras is motivated by modular
representation theory; in fact, symmetric algebras have been first studied by Brauer
and Nesbitt [BN]. The importance in our context is that symmetric algebras are
self-injective, and, moreover, that for any indecomposable projective module, the
simple quotient and the socle are isomorphic. The other main property we use is that
for symmetric algebras, @-periodicity coincides with v periodicity, where T is the

Auslander translation.

We will now describe the content of these notes in more detail. The first chapter
is a general introduction into some representation theory of algebras. It includes a
survey on Auslander-Reiten theory; and we also give an outline of some covering
theory, in simple special cases, and we apply it to recognize wild algebras. Covering
theory for representations of algebras has been developed and used extensively during
the last years, especially for finite type (see for example [Ril’2,3], (G5]); but
also for tame type ([DS], [Sk]) and in general ([BG], [MP]).

In Chapter II we study special biserial algebras and also local "semidihedral
algebras" and their representation theory. Special biserial algebras form an
important class of algebras of tame or finite type. Well-known examples are blocks of
group algebras with cyclic defect groups (see [Ku], [GR], [SW]), but also algebras
appearing in the Gelfand- Ponomarev classification of Harish-Chandra modules over the
Lorentz group [GP]. In fact, our results provide another instance: Blocks of group
algebras with dihedral defect groups are also special biserial (modulo the socle);
this property characterizes them amongst the blocks of infinite type.

The classification of indecomposable modules for special biserial algebras is
essentially due to Gelfand-Ponomarev. In [GP] they have considered a special case,
however the proof generalizes, see [Ry] (also [DF3] and others). There are a number
results on Auslander-Reiten theory for special biserial algebras, such as [BS]. More
recently Butler and Ringel showed that the Gelfand-Ponamarev technique can be
exploited to obtain certain irreducible maps [BR], and our account is based on this.
There is also a new and elegant way to deal with the representation theory of special

biserial algebras with covering theory, due to [DS].
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For a long time, no explicit classification for the modules of the local
semidihedral algebras A (see II.9) was known; but recently B. Crowley-Boevey has
obtained a good parametrization [082’3]. In fact, he has found a natural way to
extend the idea of functorial filtration in [GP], and his work is of great importance
in  our context. We use his results to prove that the non-periodic stable
Auslander-Reiten components of local semidihedral algebras are of tree class AZ or
Dm. This is new; and it is essential later for determining the stable
Auslander-Reiten quiver for arbitrary blocks with semidihedral defect groups.

In Chapter III we study tame local symmetric algebras in general. This 1is a
revision of Ringel's work [Rl]’ restricted to the special case of symmetric algebras.
We give a list of these algebras, by generators and relations. One reason for doing
this is the observation that they are all either of dihedral type, or of semidihedral
type, or else the simple module has Q-period 4 (in which case, the algebra is very
likely of quaternion type). Moreover, we use local tame algebras later to determine
relations for arbitrary algebras of quaternion type. Another application 1is the
structure of the centre of these algebras. We find that a local tame symmetric
algebra which is not commutative must be of dimension 4k and its centre has dimension
k+3. The interest of centres in modular representation theory arises from the fact
that the dimension of the centre of a block B is the same as k(B); see also [CK].

In Chapter IV we collect general observations on modules with particular (small)
Q- period; we also determine all quivers for arbitrary tame local symmetr&c algebras
with at most three simple modules. Then we come to a central part, namely to
principles how to exploit the graph structure of the stable Auslander-Reiten quiver
to information on the structure of projective modules. (A short illustration may be
found in IV.3.8 where we determine all indecomposable symmetric algebras whose stable
Auslander-Reiten quiver contains a component = ZKI,Z.) The most important results
here are methods to show that certain modules lie at ends of components; these go
back to [E4]. In IV.4 we give the proof of a theorem due to Butler and Ringel [BR],
for arbitrary algebras; and in IV.5 we prove a generalization of (2.8),[E4], valid
for self-injective algebras. Then we study whether these modules lie at "a-ends"
(components with tree class Aoo or An), or at "d-ends" (components with tree class

D or D or Dn). OQur motivation 1is the study of algebras of dihedral (and



semidihedral) type; here the only ends occur at tubes (and also at ZDw—components).
Actually, since the results of these sections use only the local structure of an
Auslander-Reiten component, they can also be used for self-injective algebras of
finite type, of type An or D .

Chapter V deals mostly with group representations; the main aim is to determine
the structure of the stable Auslander-Reiten quiver FS(B) for an arbitrary tame block
B. We start with a survey on the relevant modular representation theory; then we
determine the Morita equivalence classes for a few tame blocks of 2-local groups by
hand; here we use a number of rather small general algebras, such as skew group rings
and exploit the fact that the structure of these small algebras is rather restricted.
(We note that these results also follow from more general theorems in [Ku], [KP],
[Pul,2].) In the next section we summarize more generally methods for relating stable
Auslander-Reiten components of group algebras for groups with those for p-local
subgroups. This includes new results due to Kawata [K1,2]. We use these techniques
and earlier results to determine FS(B) for arbitrary tame blocks. In the last section
we apply the theory of [AB] to determine the number of irreducible characters of tame
blocks; the results are due to [B2,3] and [0].

In Chapter VI we classify algebras of dihedral type. The proofs we give here are
new; and we also include the algebras with two simple modules which have not been
studied in [E4]; and therefore we have a new approach (and improvement) of Donovan's
results. Moreover, we have now simplified and generalized the definition, compared
with [E4] (where we assumed that each 3-tube is fixed by Q). Therefore, we obtain a
number of new algebras. To classify them, creates no problem.

In Chapter VII, we deal with algebras of quaternion type. We have a small list of
algebras explicitly given by generators and relations, and we show that the basic
algebra of an algebra of quaternion type belongs to this list. It is convenient for
this type of algebras to work directly with the basic algebra since the hypotheses
give immediately information about 32 (modulo J3). The treatment here is streamlined
and shortened compared with [E6]; we also include algebras which were omitted there;
and the relations were not always correctly stated.

In Chapter VIII we study algebras of semidihedral type. We show that any such

algebra which is basic belongs to a small list of algebras given explicitly by



generators and relations. This is a different approach from that in [Eg]: we do not
make assumptions about the number of simple modules. As an order principle we use
various possible positions of simple modules in the stable Auslander-Reiten quiver
and as for the dihedral type, modules at ends of components; however, the ends of
ZDw-components increase the complexity of the problem considerably. We obtain as a
corollary that the number of simple modules of these algebras is bounded by three;
this is a new result. The work for this type of algebra is rather more involved than
for the others; in fact, for part of the work one is close to algebras of finite type
(or algebras with Euclidean components); this recalls how much more work the
self- injective algebras of type D, required, compared with An (see [R12’3]). Parallel
to this, one might compare the relative lengths of [ABG] and [GV].

The main aim of Chapter IX is to determine which of these algebras can occur as
blocks, and to prove functional results. The proofs here are new (and simplified),
continuing [Eg]; they do not assume results from [B2,3]’ [0]. Instead, we use only
formulae for dim Z(A) from our list of algebras and k(B), together with a few general
principles. The results are a complete list of possible Cartan matrices for tame
blocks, and for each of them the decomposition matrix (which is unique). We note that
finding the decomposition matrix is very elementary; it also does not depend on
defect groups. The method also determines without extra work generalized
decomposition matrices DJ where j is a central involution of the defect group.

In Chapter X, we give a proof of the theorem by Brauer and Suzuki. As a further
application we determine the Morita equivalence classes for a family of blocks for
alternating groups. Moreover, we include some comments about misprints and errors in
earlier work.

The families of algebras obtained in VI to VIII are listed at the end. We have
adopted the following labelling: D, SD, ( denotes the type of algebra, and then we
name all possible quivers; in most cases there is not more than one family per type
of algebra with a given quiver, sometimes there are two (or three). Algebras which
are isomorphic modulo the socle usually belong to the same family. In the tables, we
do not give details on socle scalars, except for dihedral type; although in Chapter
VI, VIT we included some scalar transformations. The second part of the tables

contains conditions to be satisfied for blocks, and the decomposition matrices,
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together with examples for blocks.

When determing relations, we tacitly use some standard arguments. Namely, there
are automatic zero-relations satisfied by symmetric basic algebras, due to the fact
that eAf N soc A = 0 for orthogonal idempotents e, f. Moreover, to show that the
given relations are sufficient, one verifies that dim K@/I is the same as dim A where
A is the algebra considered; and to show that an algebra K@/I is symmetric one easily
defines a symmetrizing form.

A number of problems remain open. Concerning the algebras, it is not proved
whether the algebras in the list are tame. Possibly a new result by Bautista [B]
could help. Going further, one would like to have a good parametrization for the
indecomposable representations; perhaps there are refinements of the methods in
[CB2’3]. However, for quaternion type, it is still open at present how to deal with
the local algebra. As for blocks, we ask whether there are examples in the remaining
cases where the arithmetic conditions are satisfied. It may not be possible to answer
this by general theory; bearing in mind that the similar question for blocks of
finite type is also not answered.

There is a conjecture by Brauer, namely: Given a p-group D, there are only finitely
many Cartan matrices which can occur for p-blocks with defect group D. A stronger
question was asked by P. Donovan: Given a p-group D, is the number of Morita
equivalence classes of p-blocks with defect group D then finite?

For tame blocks, we confirm Brauer's conjecture; on the other hand, we are not able
to answer Donovan's question. For some families of blocks of quaternion type, there

are infinitely many non- isomorphic algebras which are isomorphic modulo the socle.

The mathematical work for these notes and the writing was mostly done whilst I
was visiting the University of Essen; I am grateful to Professor Michler for inviting
me, and to the DFG for financial support.

The very first attempts started with the group theoretic approach via Green
correspondence. However, J. Alperin pointed out to me that my work on Klein 4-groups
contained an error (and I am indebted to him for this); so I had to revise my
strategy, and it was possible to find a correct proof for the result using

Auslander- Reiten theory. Thanks to the suggestion by Professor Michler, I continued,
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first with the dihedral case and then with the other types, and this was a rather
interesting project. I greatly appreciate various discussions with members of the
groups in Essen and in Bielefeld and with B. Crowley-Boevey, L. Kovacs, M. Schaps and
with A. Skowronski. Also, I should like to thank the Universities of Essen (and
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