FUNDAMENTALS
OF PATTERN
RECOGNITION

Monique Pavel



Fundamentals of
Pattern Recognition

Monique Pavel

Université de Paris
Paris, France

Marcel Dekker, Inc. New York and Basel



Library of Congress Cataloging-in-Publication Data

Pavel, Monique.
Fundamentals of pattern recognition.

(Pure and applied mathematics ; v. 124)

Includes index.

1. Pattern perception. 2. Homotopy theory. 3. Top-
ological spaces. I. Title. II. Series: Monographs and
textbooks in pure and applied mathematics ; v. 124.
Q327.P388 1989 006.4 88-25808
ISBN 0-8247-8025-6

Copyright © 1989 by MARCEL DEKKER., INC. All Rights Reserved

Neither this book nor any part may be reproduced or transmitted
in any form or by any means, electronic or mechanical, including
photocopying, microfilming, and recording, or by any information
storage and retrieval system, without permission in writing from

the publisher.

MARCEL DEKKER, INC.
270 Madison Avenue, New York, New York 10016

current printing (last digit):
10 9 8 7 6 5 4 3 2 1

PRINTED IN THE UNITED STATES OF AMERICA



11.

12

13.
14.

15.
16.

MONOGRAPHS AND TEXTBOOKS IN
PURE AND APPLIED MATHEMATICS

K. Yano, Integral Formulas in Riemannian Geometry (1970)/out of print)
S. Kobayashi, Hyperbolic Manifolds and Holomorphic Mappings (1970)
(out of print)

V. S. Viadimirov, Equations of Mathematical Physics (A. Jeffrey, editor;
A. Littlewood, translator) (1970) (out of print)

B. N. Pshenichnyi, Necessary Conditions for an Extremum (L. Neustadt,
translation editor; K. Makowski, translator) (1971)

L. Narici, I£. Beckenstein, and G. Bachman, Functional Analysis and
Valuation Theory (1971)

S. 8. Passman, Infinite Group Rings (1971)

L. Dornhoff, Group Representation Theory (in two parts). Part A:
Ordinary Representation Theory. Part B: Modular Representation Theory
(1971,1972)

W. Boothby and G. L. Weiss (eds.), Symmetric Spaces: Short Courses
Presented at Washington University (1972)

Y. Matsushima, Differentiable Manifolds (E. T. Kobayashi, translator)
(1972)

L. E. Ward, Jr., Topology: An Outline for a First Course (1972) (out of
print)

A. Babakhanian, Cohomological Methods in Group Theory (1972)

R. Gilmer, Multiplicative Ideal Theory (1972)

J. Yeh, Stochastic Processes and the Wiener Integral (1973) (out of print)
J. Barros-Neto, Introduction to the Theory of Distributions (1973)

(out of print)

R. Larsen, Functional Analysis: An Introduction (1973) (out of print)
K. Yano and S. Ishihara, Tangent and Cotangent Bundles: Differential
Geometry (1973) (out of print)

C. Procesi, Rings with Polynomial Identities (1973)

R. Hermann, Geometry, Physics, and Systems (1973)

N. R. Wallach, Harmonic Analysis on Homogeneous Spaces (1973)

(out of print)

J. Dieudonne, Introduction to the Theory of Formal Groups (1973)

1. Vaisman, Cohomology and Differential Forms (1973)

B. -Y. Chen, Geometry of Submanitolds (1973)

M. Marcus, Finite Dimensional Multilinear Algebra (in two parts) (1973,
1975)

R. Larsen, Banach Algebras: An Introduction (1973)

R. O. Kujala and A. L. Vitter (eds.), Value Distribution Theory: Part A:
Part B: Deficit and Bezout Estimates by Wilhelm Stoll (1973)

K. B. Stolarsky, Algebraic Numbers and Diophantine Approximation (1974)
A. R. Magid, The Separable Galois Theory of Commutative Rings (1974)
B. R. McDonald, Finite Rings with Identity (1974)

J. Satake, Linear Algebra (S. Koh, T. A. Akiba, and S. lhara, translators)
(1975)



30.
31.
32
33.
34.

35.
36.
37.

38.
39.
40.
41.
42.
43.

44.
45.
46.
47.
48.
49.
50.
S51.
52.
53.

54.
55.
56.
57.

58.
59.

60.

61.

62.

63.

64.
65.

66.

J. S. Golan, Localization of Noncommutative Rings (1975)

G. Klambauer, Mathematical Analysis (1975)

M. K. Agoston, Algebraic Topology: A First Course (1976)

K. R. Goodearl, Ring Theory: Nonsingular Rings and Modules (1976)

L. E. Mansfield, Linear Algebra with Geometric Applications: Selected
Topics (1976)

N. J. Pullman, Matrix Theory and Its Applications (1976)

B. R. McDonald, Geometric Algebra Over Local Rings (1976)

C. W. Groetsch, Generalized Inverses of Linear Operators: Representation
and Approximation (1977)

J. E. Kuczkowski and J. L. Gersting, Abstract Algebra: A First Look (1977)
C. O. Christenson and W. L. Voxman, Aspects of Topology (1977)

M. Nagata, Field Theory (1977)

R. L. Long, Algebraic Number Theory (1977)

W. F. Pfeffer, Integrals and Measures (1977)

R. L. Wheeden and A. Zygmund, Measure and Integral: An Introduction to
Real Analysis (1977)

J. H. Curtiss, Introduction to Functions of a Complex Variable (1978)

K. Hrbacek and T. Jech, Introduction to Sct Theory (1978)

W. S. Massey, Homology and Cohomology Theory (1978)

M. Marcus, Introduction to Modern Algebra (1978)

E. C. Young, Vector and Tensor Analysis (1978)

S. B. Nadler, Jr., Hyperspaces of Sets (1978)

S. K. Segal, Topics in Group Rings (1978)

A. C. M. van Rooij, Non-Archimedean Functional Analysis (1978)

L. Corwin and R. Szczarba, Calculus in Vector Spaces (1979)

C. Sadosky, Interpolation of Operators and Singular Integrals: An
Introduction to Harmonic Analysis (1979)

J. Cronin, Differential Equations: Introduction and Quantitative Theory
(1980)

C. W. Groetsch, Elements of Applicable Functional Analysis (1980)

I. Vaisman, Foundations of Three-Dimensional Euclidean Geometry (1980)
H. I. Freedman, Deterministic Mathematical Models in Population Ecology
(1980)

S. B. Chae, Lebesgue Integration (1980)

C. S. Rees, S. M. Shah, and C. V. Stanojevic, Theory and Applications of
Fourier Analysis (1981)

L. Nachbin, Introduction to Functional Analysis: Banach Spaces and
Differential Calculus (R. M. Aron, translator) (1981)

G. Orzech and M. Orzech, Plane Algebraic Curves: An Introduction

Via Valuations (1981)

R. Johnsonbaugh and W. E. Pfaffenberger, Foundations of Mathematical
Analysis (1981)

W. L. Voxman and R. H. Goetschel, Advanced Calculus: An Introduction
to Modern Analysis (1981)

L. J. Corwin and R. H. Szcarba, Multivariable Calculus (1982)

V. I. Istrdtescu, Introduction to Linear Operator Theory (1981)

R. D. Jarvinen, Finite and Infinite Dimensional Linear Spaces: A
Comparative Study in Algebraic and Analytic Settings (1981)



67.
68.
69.

70.
71.

72.
73.
74.
75.

76.

717.
78.
79.

80.
81.
82.
83.

84.
85.

86.

87.
88.
89.

90.

91.
92.
93.
94.
9s.
96.

97
98.

99.
100.

J. K. Beem and P. E. Ehrlich, Global Lorentzian Geometry (1981)

D. L. Armacost, The Structure of Locally Compact Abelian Groups (1981)
J. W. Brewer and M. K. Smith, eds., Emmy Noether: A Tribute to Her Life
and Work (1981)

K. H. Kim, Boolean Matrix Theory and Applications (1982)

T. W. Wieting, The Mathematical Theory of Chromatic Plane Ornaments
(1982)

D. B. Gauld, Differential Topology: An Introduction (1982)

R. L. Faber, Foundations of Euclidean and Non-Euclidean Geometry (1983)
M. Carmeli, Statistical Theory and Random Matrices (1983)

J. H. Carruth, J. A. Hildebrant, and R. J. Koch, The Theory of
Topological Semigroups (1983)

R. L. Faber, Differential Geometry and Relativity Theory: An
Introduction (1983)

S. Barnett, Polynomials and Linear Control Systems (1983)

G. Karpilovsky, Commutative Group Algebras (1983)

F. Van Oystaeyen and A. Verschoren, Relative Invariants of Rings: The
Commutative Theory (1983)

1. Vaisman, A First Course in Differential Geometry (1984)

G. W. Swan, Applications of Optimal Control Theory in Biomedicine (1984)
T. Petrie and J. D. Randall, Transformation Groups on Manifolds (1984)
K. Goebel and S. Reich, Uniform Convexity, Hyperbolic Geometry, and
Nonexpansive Mappings (1984)

T. Albu and C. Nastdsescu, Relative Finiteness in Module Theory (1984)
K. Hrbacek and T. Jech, Introduction to Set Theory, Second Edition,
Revised and Expanded (1984)

F. Van Oystaeyen and A. Verschoren, Relative Invariants of Rings: The
Noncommutative Theory (1984)

B. R. McDonald, Linear Algebra Over Commutative Rings (1984)

M. Namba, Geometry of Projective Algebraic Curves (1984)

G, F. Webb, Theory of Nonlinear Age-Dependent Population

Dynamics (1985)

M. R. Bremner, R. V. Moody, and J. Patera, Tables of Dominant Weight
Multiplicities for Representations of Simple Lie Algebras (1985)

A. E. Fekete, Real Linear Algebra (1985)

S. B. Chae, Holomorphy and Calculus in Normed Spaces (1985)

A. J. Jerri, Introduction to Integral Equations with Applications (1985)
G. Karpilovsky, Projective Representations of Finite Groups (1985)

L. Narici and E. Beckenstein, Topological Vector Spaces (1985)

J. Weeks, The Shape of Space: How to Visualize Surfaces and Three-
Dimensional Manifolds (1985)

P. R. Gribik and K. O. Kortanek, Extremal Methods of Operations Research
(1985)

J.-A. Chao and W. A. Woyczynski, eds., Probability Theory and Harmonic
Analysis (1986)

G. D. Crown, M. H. Fenrick, and R. J. Valenza, Abstract Algebra (1986)

J. H. Carruth, J. A. Hildebrant, and R. J. Koch, The Theory of
Topological Semigroups, Volume 2 (1986)



104.
105.
106.

107.
108.

109.

110.

111.

112.
113.

114.
115.
116.

117.
118.
119.
120.

122.
123.

124.
125.

126.

R. S. Doran and V. A. Belfi, Characterizations of C*-Algebras: The
Gelfand-Naimark Theorems (1986) _

M. W. Jeter, Mathematical Programming: An Introduction'to
Optimization (1986)

M. Altman, A Unified Theory of Nonlinear Operator and Evolution Equa-
tions with Applications: A New Approach to Nonlinear Partial Differential
Equations (1986)

A. Verschoren, Relative Invariants of Sheaves (1987)

R. A. Usmani, Applied Linear Algebra (1987)

P. Blass and J. Lang, Zariski Surfaces and Differential Equations in
Characteristic p > 0 (1987)

J. A. Reneke, R. E. Fennell, and R. B. Minton. Structured Hereditary
Systems (1987)

H. Busemann and B. B. Phadke, Spaces with Distinguished Geodesics
(1987)

R. Harte, Invertibility and Singularity for Bounded Linear

Operators (1988).

G. S. Ladde, V. Lakshmikantham, and B. G. Zhang, Oscillation

Theory of Differential Equations with Deviating Arguments (1987)

L. Dudkin, I. Rabinovich, and I. Vakhutinsky, Iterative Aggregation
Theory: Mathematical Methods of Coordinating Detailed and Aggregate
Problems in Large Control Systems (1987)

T. Okubo, Differential Geometry (1987)

D. L. Stancl and M. L. Stancl, Real Analysis with Point-Set Topology
(1987)

T. C. Gard, Introduction to Stochastic Differential Equations (1988)

S. S. Abhyankar, Enumerative Combinatorics of Young Tableaux (1988)
H. Strade and R. Farnsteiner, Modular Lie Algebras and Their
Representations (1988)

J. A. Huckaba, Commutative Rings with Zero Divisors (1988)

W. D. Wallis, Combinatorial Designs (1988)

W. Wigsf'aw, Topological Fields (1988)

G. Karpilovsky, Field Theory: Classical Foundations and Multiplicative
Groups (1988)

. S. Caenepeel and F. Van Oystaeyen, Brauer Groups and the Cohomology of

Graded Rings (1989)

W. Kozlowski, Modular Function Spaces (1988)

E. Lowen-Colebunders, Function Classes of Cauchy Continuous Maps (1989)
M. Pavel, Fundamentals of Pattern Recognition (1989)

V. Lakshmikantham, S. Leela, and A. A. Martynyuk, Stability Analysis of
Nonlinear Systems (1989)

R. Sivaramakrishnan, The Classical Theory of Arithmetic Functions ( 1989)

Other Volumes in Preparation



Preface

Pattern recognition (P.R.) is no longer in its infancy, yet one
can picture this field as a building built on an insecure base.
Concerning the notion of pattern or shape, for instance, one may
notice that many "applied" publications in P.R. deal with shape
in an empirical manner, particularly in shape analysis, where
shape is decomposed, reconstructed, transformed, analyzed, and
even recognized, but never defined. What is essentially missing
today in P.R. is a well-grounded base or, more precisely, its
mathematical formalization.

To better explain what we mean by "base," let us also take
the notions of classification and recognition. Whereas they arise
from different methodologies (i.e., associating two objects with
the same class, without necessarily specifying which class, re-
spectively associating an object with a representative of a class,
pattern, or structure), the essential principle that they have in
common and that directs the resolution of these two problems
(classification and recognition) is their definition, which can be
given in mathematical terms such as isomorphism (homeomorphism
when the objects are topological).

Modeling is a basic activity of applied mathematics and is
necessary in such fields as P.R. In mathematics in general, the
essence of innovation and discovery is the formulation of concepts
and the elucidation of structure; mathematics has thus constantly
narrowed the gap between itself and the rest of science, and its
use is almost pervasive within the physical sciences and their
engineering applications. There are also unpredictable applica-
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tions of mathematics, which are harder to characterize and will
spring from mathematics' universality and vitality. Looking to
the future, we see a challenge in technology which P.R. must
meet. History teaches that new technology will require new math-
ematics; that excellence in technology will require excellence in
mathematics is a corollary of this lesson.

The question is: Which mathematics to use? Mathematics
thrives on the interaction of independent viewpoints and different
approaches. With luck, and taste, the choices lead in time to un-
predictable applications, but it is already obvious that a theory
analogous to that of vector spaces already led to the modeling of
the syntactic approach in P.R.

It is said that mathematics is both the handmaiden of science
and its queen, and it is for the most part driven by goals of its
own choosing; but again, luck, taste, and knowledge have made
possible recent predictable applications of recent developments of
mathematics: the theory of categories, which has already modeled
grammars, languages, and machines; and homotopy theory, which
has already been used, on one hand, to classify defects in crys-
tals and, on the other hand, for engineering applications and
economics, for which algorithms and codes have recently been
written. It is one of our goals to show how homotopy theory and
its generalization, the theory of shape, formalize the notion of
shape or pattern for regular spaces such as polyhedra, respec-
tively for very irregular spaces, such as those that we encounter
in P.R., and to show that the theory of categories does formalize
the notions of classification and recognition.

These considerations created the contents of this book, which
we hope is a contribution to the saga of making P.R. a discipline
in its own right in applied mathematics and in computer science.

This book is intended for both theorists and practitioners in
P.R. Its mathematical aspect proceeds, again, from the inter-
action of independent viewpoints and different approaches, and
the explanation stems from the fact that mathematics is to a large
extent theoretical. It is not exclusively theoretical because com-
puters give it an experimental side. Also, because some mathe-
matical notions, such as homotopy, certain topologies on a finite
set, and so on, have already been programmed, the application
of the categorical formalism is just starting to be applied in P.R.
Some other aspects suggested by this book—such as the shape-
theoretical approach—should also give rise to algorithms and com-
puter codes.

This book is self-contained, in that the necessary preliminary
notions of the theory of homotopy, the theory of shape, and the
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theory of categories will be given at the beginning of the chap-
ters where they will first be used.

This book originated from the lecture notes of the graduate
course on the mathematics of P.R. which I teach at the Univer-
sité de Paris VI (formerly known as the Faculté des Sciences
de Paris) since 1967. This course has gradually been completed
from my own original findings: in 1967, I pointed out the analogy
between (syntactic) recognition and the decision problem for finite
automata; later I enriched the course with my categorical results
in P.R., and recently with the initiation to the topological theory
of shape and its possible application to P.R. Actually, my oral
course follows the structural—discrete topological—categorical—
shape—theoretical guideline. That is the history of my own
thoughts on the field and also on the sense of the growing math-
ematical complexity needed for the comprehension of the course
by my students. This book could be used as a graduate text-
book on the mathematics of P.R., following either the presenta-
tion used throughout this book or the sequence noted above.

Monique Pavel
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1

Introduction

1.1 ORGANIZATION OF THE BOOK

Our major concern in the development of pattern recognition is

to give precise (mathematical) definitions to basic terms frequently
used in this field and to follow mathematical methods and their
ordering in fundamental research.

Chapter 2 deals with the fundamental problems of pattern
recognition: classification and recognition. These terms can be
stated generally and defined by mathematical notions. This proc-
ess raises the problem of decidability. Because we must decide,
and that by automatic means, we need to be aware of the approx-
imations that we create by substituting a decidable and automati-
cally computable problem for the given one.

Chapter 3 deals with images and patterns or shapes. It is
therefore necessary to define mathematically what we mean by
shape, and this notion can be expressed by using topological
equivalence; this is the object of Section 3.3. But because, in
automatic pattern recognition, images always present themselves
under a discrete form, we first deal, in Sections 3.1 and 3.2,
with the discretization problem of images. Given the existence
of different topologies on a finite space, we focus our attention
on discrete spaces generated by finitely presented Abelian groups,
which formalize the standard discretization of the Euclidean plane
and three-dimensional space by regular rectangular grids.

Concerning Chapter 4, recall that reality can be grasped in
all its complexity only by a descriptive approach, so we must
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make use of a structural or syntactic formalism. We also define
the vocabulary used in the categorical framework.

Finally, because all these notions, whether algebraic or topo-
logical, can be unified by powerful, general mathematical tools
which set forth the generality and unity of different concepts
and allow us to come closer to reality (less restrictive hypoth-
eses), we present in Chapter 5 the categorical formalization of
pattern classification and recognition. One of the important roles
of mathematics in society is not only the ability to solve problems,
but the ability to invent, or use if already invented, languages
in which one can express problems (for example, category theory).
This formalism also allows us to give a structure to classes of
images, their projections, and their skeletons.

What has happened in modern mathematics is that one cannot
do algebra without knowing geometry and one cannot do geometry
without knowing analysis; what has happened in our century's
science and technology is that one cannot work in any of these
fields by ignoring mathematics. It is our belief that pattern rec-
ognition does not constitute an exception to this general law, and
therefore cannot afford to ignore the more and more intertwined
branches of mathematics. This book could have been entitled
Math Anxiety in Pattern Recognition: Response to Questions
from the Floor or The Mathematical Challenge in Pattern Recogni-
tion. It is in this spirit that we give an overview of the book
and the field in Chapter 6.

1.2 MATHEMATICAL METHODS AND THEIR ORDERING
IN FUNDAMENTAL RESEARCH, PARTICULARLY IN
PATTERN RECOGNITION

If one compares the syntactic or structural, the topological (dis-
crete or continuous), and the categorical approaches in pattern
recognition and the mathematical techniques used in all of them,
one notices that i) there is an effort to study a whole class of
images by associating with it one of its representatives, which
is equivalent to and "simpler" than the original one; ii) only some
fundamental tools, such as equivalence, or invariance of some
shape properties with respect to a set of transformations are
used; iii) these tools, taken from algebra (and category theory)
and geometry (and topology) have been, or have to be, adapted
to the needs of automatic pattern recognition.

These techniques are currently used in fundamental research,
whether mathematical or nonmathematical. The process is as fol-
lows (see Pavel [1.1]):
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Define a set of objects or images, a property or "point of view,"
and a set of transformations.

Define a certain equivalence relation on the whole class of objects
with respect to the set of transformations.

Derive a partition into equivalence classes.

Study representatives of these classes, "prototypes," "canonical
forms," patterns, shapes, or structures, which, though re-
sembling from the adopted point of view the initially given
object, are more "regular" or "simpler" (think of skeletons,
of images with "regular" perimeters that are connected-
component-similar with a given image, and so on).

One can consider all present and future approaches to pattern
recognition in this general methodological framework. This state-
ment is true not only for the classical algebraic and discrete
topological approaches but, perhaps even more, for the shape-
theoretical and the categorical approaches. We intend to show
the use of this methodology in Chapters 3, 4, and 5.

The advantages of using methods of fundamental research in
different approaches in pattern recognition is considerable, since,
on one hand, it situates pattern recognition in science, particu-
larly in fundamental computer science and, on the other hand,
it allows a uniform and general perception of different notions
and results. But this general way of proceeding leads naturally
to a certain number of (open) research and development problems
when applied to practical pattern recognition. We shall deal with
some of them. We point out that i) a single approach of this
general kind is not sufficient by itself to provide all the informa-
tion we need, whence the necessity of combining several or all
of them for image analysis and recognition; ii) we need to evalu-
ate the threefold approximation that one commits by associating
with a given real image its structure, prototype, or shape (in
the eventually strict sense of the theory of shape), plus by dis-
cretizing afterward if we use continuous topology, for example,
plus by processing information automatically.

We start by giving mathematical definitions to Pattern or
Shape and to Recognition so that we deliberately choose general
methods and general tools, all the more that our objects are al-
most arbitrary sets of points.

Furthermore, if thinking and formalizing is needed before
computing, there is still another question left open before decid-
ing and computing: is pattern recognition a decidable problem?
If yes, is it decidable by automatic means and in which cases?
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If no, how can we approximate the given real problem by a de-
cidable and computable one. This seems to us to be the funda-
mental problem of pattern recognition, and we shall deal with it
in the next chapter.



